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ABSTRACT 
Three related investigations involving the fields of FIR digital 
filters, phase manipulation of speech, and speech coding via bandwidth 
compression are reported. 
The first investigation is aimed at p roviding a means of 
generating the impulse response coefficients of a non-linear phase FIR 
digital filter. Existing methods of designing linear-phase filters are 
discussed and compared from a defined common comparison base. 
The methods available for designing non-linear phase filters are 
examined. An existing linear p hase design method is extended to the 
non-linear phase case and shown to be useful. The required impulse 
response length in the presence of non-linear phase is studied. 
Particular emphasis is placed on " random phase" filters and their 
generation because they are required by the second investigation. 
The second investigation examines in detail the ramifications of 
phase randomising a speech signal. The analytic zero representation of 
speech which forms the underlying base on which the discussion, and 
answers, are based is elucidated. The technique of using a non-linear 
phase FIR filter is shown to be feasible and as a minimum, offers at 
least the same level of performance as a very early reporte d 
technique. Significant differences in the behaviour of male and female 
speech is demonstrated. 
The third and final investigation reports some early and incomplete 
experiments on a radically different approach to achieving bandwidth 
comp ression and expansion of a signal. The technique is referred to as 
"phase unwrapping". It is based on the application of a linear phase 
FIR digital filter in an adaptation of the traditional convolution 
relation. The motivation and validity of the basic idea is outlined 
and justified via application of the procedure to simple sinusoids and 
one experiment using real speech. The fundamental problem to be 
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CHAPTER 1 .0 
INTRO DUCT ION 
1 .0 P REFACE 
The invention of the telephone by Alexander Graham Bell in 1876 
gave birth to two diverse, but related , fields of rese arch and 
endeavour. The first we know today as communications engineering and 
the second as the analysis, synthesis and perception of the speech 
signal itself. That a greater understanding of the speech signal and 
our perception of it should be sought is not surprising for two 
reas ons. First, because if a system is to be near optimal in its 
operation, it must be designed to match the characteristics of the 
signals it is to handle and secondly, because such an understanding 
would allow more efficient use of the physical resources of long 
distance communication links. 
The early electronic communications equipment was entirely analog. 
So too are the events and phenomena of the world we exist in. The 
realisation and development of a body of theory that allowed the 
continuous, analog, events to be described by discrete "snapshots" 
like the separate frames of a movie film gave rise to a parallel field 
of study we now describe as digital signal processing. The development 
of this field was relatively slow until the appearance of the first 
electronic c omputers. Since c omputers work on discrete bits of 
information, the arrival of computers spurred the development of all 
aspects of digital signal processing. 
Subsequently, it did not take very long to demonstrate that 
significant advantages could be obtained in maintaining signal quality 
by representing and transmitting the signals in digital form. 
Furthermore, using digital signal processing techniques, it was 
possible to implement certain functions in an accurate, repeatable 
manner relatively cheaply where before such functions were either only 
theoretically possible as mathematical representations, or extremely 
costly and difficult to implement in analog hardware. In recent years, 
the accumulated body of knowledge and increasing power of computers 
has made it more economic to simulate and refine the parameters of a 
system on a computer, before any experimental hardware is built. 
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The advent of digital communications techniques and the desire to 
maximise the bandwidth efficiency of such systems by restricting the 
required bit-rate as far a possible has placed considerable demands on 
what is known about speech and how it may be manipulated to advantage. 
1 . 1  THE GOALS OF THIS RESEARCH 
This thesis is concerned with the digital processing on a 
computer, in non real-time, of speech by linear filtering. There are 
two principle goals of this research: 
(a) the manipulation of the phase spectrum of speech via the use o f  
non-linear phase FIR digital filters. This is motivated by an 
experiment on phase manipulation of speech originally conducted in 
1 961 , but which left a number of significant questions unanswered. 
The purpose here is to identify those questions and examine the 
ramifications of such manipulation on the characteristcs of real 
speech. 
(b) a description of some early, incomplete, experiments that use a 
linear phase FIR filter in an adaption of the convolution relation 
to give bandwidth compression and expansion of a signal. This 
method is described as "phase unwrapping". 
An implied goal of the direction of this research is that the 
knowledge gained may have some application in reduced bit-rate digital 
communications systems. 
The sections that follow describe the contents and goals of each 
particular chapter. Since FIR digital filters constitute the means of 
achieving the intended goals of this thesis, the first part of this 
work is concerned with aspects related to the design of linear and 
non-linear phase FIR filters. 
1.2 THE CONTENTS OF THE THESIS 
1 .2.1 Chapter 2:_Linear Phase FIR Filters 
The field of digital filter design has been the subject of  
intensive study for decades. Today, a considerable body of  knowledge 
exists on the methods and techniques of designing such filters. 
The fundamental problem in digital filter design is satisfying the 
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Fourier dua lity cons traint between time and frequency. The design 
process is therefore usu ally posed as an approxima tion problem. 
However, there are many issues involved in the design of digital 
filters in general. Solving the approxima tion problem to satisfy a 
frequency response cri terion i:, only one aspect. Other, equally 
important issues for example are 
(a) compu tational efficiency: algorithmic complexity, compu ter time 
and storage requirements. 
(b) finite wordleng th e f fec ts: introduced by rounding "infinite 
precison" floating point numbers to fixed digital word lengths. 
This affects the frequency response and the quantisation noise 
introduced by the filter. 
(c) s truc tural forms: different representations provide alternative 
ways of looking at  the problem and affect (a) and (b) . 
(d) practical implementation: a different formulation of the problem 
using a different structural representation c an result in reduced 
hardware complexity. 
The work in this chap ter is aimed a t  providing a workable, 
reliable method of genera ting the coefficients of the impulse response 
of a linear phase FIR filter tha t can be extended to include the non­
linear phase case. Thus, the general approach adopted for this chapter 
is, in the first part, to provide a condensed outline of the subject 
of digital filtering in general followed by a discussion of the a c tual  
performance of  several selected algorithms. 
The chapter begins by set ting out some fundamental definitions of 
line ar sys te m s  theory in terms related to filter design. It  
establishes the two fundamental classes of  digital filters: FIR and 
IIR. The origin of the term "linear phase" and the basic approximation 
problem to be solved are identified. Then the principle frequency 
response defini tions to be used throughout this and the following 
chapter, are clarified and rela ted to the c ommon usa ge in the 
literature. 
Next, the principal design methods for FIR filters are surveyed. No 
attempt is made to be either complete or exhaus tive. Ra ther, the 
emphasis is on presenting the broad ca tegories of the design methods 
and their underlying princ iples. No accoun t is taken of finite 
word-length effects or prac tical implementation aspects because all 
the work to be reported is performed on a computer. All t h e  
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computa tio ns are done in single pre cisio n  floa ting p oi n t  
representation. There are some special sub-classes of filters which 
are not considered at all. These are the sampling rate conversion 
interpolating and decimating filters [Crochiere, 1983b] and half-band 
and mirror filters. 
C omparison of the various methods is treated in section 2.4. 
However, it is demonstrated that useful comparison based on reported 
work is difficult. A common comparison base is proposed and used with 
five selected algorithms as an attempt to bring out the practicalities 
of the different design methods, rather than a theoretical discussion 
of the relative efficiencies and properties of the algorithms 
themselves. The results of the comparisons are given in terms of 
- the frequency response achieved, 
- the computer time required for a solution, 
- computer storage requirements to implement the algorithms. 
Finally, section 2.5 revisits three of the algorithms implemented: 
the McLellan-Parks algorithm, Algazi and Suk's algorithm and Cuthbert's 
method. In the first, certain practical deficiencies which are not 
apparent in the reported literature are pointed out. The second method 
is re-examined from the point of view of simplifying its use and then 
demonstrating additional behavioural aspects not reported by Algazi 
and Suk. For Cuthbert' s method, the issue of selecting weighting 
values is examined briefly. The comments are made in the context of 
their later potential use in the work on non-liner phase filters. 
With a few notable exceptions [eg Bozic, 19 79; Programs for 
Digital Signal Processing, IEEE 1979], there are few instances where 
the literature makes the effort to translate the theory into practice. 
For a novice, and in the absence of working software, this process of 
translation constitutes the major work effort. 
The outcome of this chapter and chapter 3 is a substantial 
computer program written in VAX FORTRAN, complete with HELP facility 
and graphics presentation. The program is capable of designing Linear 
and non-linear phase FIR filters by several different methods. The 
program will generate low-pass, band-pass and Hilbert versions of 
these filters with odd or even sequence lengths for orders upto 512 in 
some cases and greater in others when the FFT length used becomes the 
limiting factor. Special features such as compensating for the sine 
function roll-off of a sample-and-hold digital.,.to-analog converter 
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h a ve also been i ncorporated. 
1.2. 2 Chapter 3 :  Non-L inear Phase FIR F ilters 
Thi s  chapter expands on the work of chapter 2 to consider the non-
1 in ear phase case. In contrast to the case for l inear phase f ilters, 
very little literature e x i sts on methods for des i gni ng non-l i ne ar 
phase f ilters. Very l i kely th i s  is  due to the fact that such a 
requ irement is  completely contrary to the usual practice that requi res 
the linear system (the f ilter) introduce the least amount of inband 
distortion ( magnitude AND phase) of the si gnal. A major e xcepti on to 
thi s  rule i s  the requ irement for equali sers i n  communi cations systems. 
Equali sers are a spec i al case of non-line ar phase f i lters called 
all- pass networks. Such networks have a magn i tude response of uni ty 
and mi ni mum delay i e  mi ni mum phase (shi ft) . Trad i ti onally, such 
networks are des i gned as recursi ve structures [Brophy et al,1975; 
Gregori an et al, 1 978 ]. 
The chapter opens 
problem i s  compli cated 
response. 
by demonstrati ng how the basi c  approxi mati on 
by the i ntroduction  of a non-l i near phase 
Ne xt, exi sting approaches to the des i gn problem for FIR non-linear 
phase f ilters are descri bed . These amount to using three d ifferent 
algor i thms: a numeri cal opti mi sati on algori thm; the Remez e xchange 
algorithm and a non-linear programmi.ng problem converted to a linear 
problem and solved usi ng the si mplex opti mi sati on algori thm. 
Following this, the d i scussion di. gresses to consi der the i ssue of 
the impulse response length requ ired to sati sfactorily approx i mate the 
desired frequency response i n  the presence of a non-l i near phase. 
T here are two reasons for th i s; the f i rst i s  that i t  i s  not 
necessarily obv ious that, in general , a non-linear phase response w ill 
requ i re longer i mpulse response lengths than the equ ivalent linear 
phase f ilters to match the same magni tude response requ irements . The 
se c:ond reason i s  because the i nformation ga i ned i n  exami ning th i s  
issue for two types of phase response will be used later i n  the 
d i sc ussion on random phase f i l ters. The two phase responses used for 
the d i scussion are a sine dev i ation and a square-wave dev iation. The 
e ffe ct of wi ndowi ng i n  the presence of a non-li .near phase is  also 
exami ned and i t  is  demonstrated that the window technique of C hapter 2 
i s  not feasi ble i n  the non-li near phase case. 
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Using the square-wave phase de via tion for discussion, the ne x t  
section repor ts on t he implementation of two of the known design 
methods. One at tempt tries to use e xisting published software and 
fails for reasons not properly established. The remaining method uses 
C uthbert 's me t hod employing Fle tcher's numerical op t i mi s a t io n  
algorithm. 
Subsequently, the e xtension of Algazi-Suk's iterative algorithm of 
Chapter 2 to the non-linear phase case is considered and prese/,ts s ome 
examples of its performance. 
In Cha pter 5, random phase filters will be required. Section 3.6 
e xamines t he issues involved in genera ting the random phase filters. 
The mos t important  criteria for these filters is that they have small 
passband ripples to aviod aplitude distortion of the speech sign al. 
This work wil l  build on the earlier discussion of the square- wave 
phase deviation. It will be shown that t he desired form of phase 
response is practically almost impossible to satisfy and the desired 
phase response will have to be sacrificed to allow a physically 
practical filter to be designed and to minimise the passband ripple. 
1.2. 3 Chapter 4 :  The Speech Signal 
The speech signal - its production, properties and perception -
ha ve been studied for decades and a large body of knowledge e xi ts. 
Flanagan's  te x t  [ 1 9 72 ] is one good e xample of the accumulated 
knowledge , while that of Rabin er [ Rabiner et al, 1 978 J emphasises t he 
techniques of digital processing of the speech signals . 
The intention of this chapter is to elucida te the e xisting essential 
knowledge of this signal to establish an adequate framework for t he 
work of chapters 5 and 6. The discussion in sections 4.1 and 4.2 is very 
much a precis and draws heavily on the two tex ts mentioned a b o ve. 
Rather t han a long, detailed description, the approach taken is a 
descrip tive one, wit h  the emph asis on es ta blishin g t he b a sic 
characteristics. 
Section 4. 6 introduces the mathematics of the Analytic vector and zero 
distribution representations of a speech signal. These represent ations 
have been known and used by others in the pas t .  They are introduced 
here because they form the basis for the discussion of Chapt er 5 .  
Two examples are given to clarify the terms used. 
7 
1 . 2. 4  Chapter 5 :  Speech Phase Randomisation 
The work of this chap ter is concerned with the phase manipulation 
of, in particular, voiced speech. The stimulus for the work reported 
here is an early experiment on the phase manipulation of real speech 
by David et al [1961 ]. Rather than attempt to corroborate or argue the 
case abou t phase percep tion of the ear, the emphasis here is an 
attempt to answe r some implied ques tions raised by this early 
e xperi men t using the work of Hamil ton [198 5 ]  as a base and, if 
possible, taking advantage of digital signal processing techniques 
tha t were not possible at the time of the original experiment, either 
through technological limitations, or the lack of knowledge. 
T he chap ter opens by des cribing the original experiment and 
subsequently identifies important ques tions that arise. Preparatory to 
finding answers, section 5 .3 describes the generation of the speech 
data base on the computer, the principle of the simulations and the 
main obj ective measure called Peak f actor that will be used to 
illustrate the effe cts of manipulati ng the phases of the signal . 
T he approach to suggesting some answers uses the mathematical 
representations of the voiced speech  signal outlined in Chapter 4. T he 
idea of using the zeros of a signal in general [Bond et al, 19 58; 
Voelker, 1966a ] and spee ch  in particular [Morris , 197 2 ] as  a 
"shorthand" des cription of the signal is not new. The principal 
problem for those unfamiliar with this form of descrip tion is in 
establishing a connection between the zeros and the time behaviour of 
the signal. However, it is this relationship that provides the key to 
some of the questions raised. Thus, the discussion of the amplitude 
and zero structure of voiced speech begins by analysing a simple 
syn the tic signal of 3 harmonics as the means to justifying the 
underlying chara cteristics of the voiced segments of speech. 
The requirements of the non-linear phase characteristics of the 
filters are ou tlined ne xt, based on the established understand i ng of 
the principl e characteristics of voiced spee ch establ ished in chap ter 
4. In doing so, it explains the emphasis of the discussion on the 
design aspects of such fil ters in C hapter 3 ,  
The analysis of aspe cts relating phase rand omisa tion of real 
spee ch begins with an analysis of a single word by building on the 
initial 3-sinusoid e xample. The discussion using the 3-sinusoid model 
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raises an important question suggesting that a signal with the minimum 
pea k  factor contains only real zeros. This aspect is considered 
b riefly where the discussion is deliberately careful to avoid 
proposing "real" answers. The sole reason for this care is because the 
implications of this requirement of the signal zeros occurred late in 
the work and insufficient rigorous analysis has been performed. 
Following this , real conversational spee ch of approximately 5 
seconds duration from two male and two female adult speakers is 
processed and examined from four points point of view: change in 
- peak factor , 
- signal dynamic range , 
perceptual alteration in quality and intelligibility and 
- amplitude probability density function 
f inally , some answers to the questions ori ginally posed are 
suggested. 
1 . 2. 5  Chapter 6: Phase Unwrapp i ng of Speech 
This chapter introduces some initial experiments on attempts to 
halve the bandwidth of a signal by applying the coefficients of an  
ordinary linear phase FIR filter in an adapt ion of the traditional 
convolution process. The intention of this method is that it can be 
use d to provide bandwidth compression of a speech signal at a lower 
level of complexity than existing methods. 
The experiments are incomplete simply because the idea for this 
approach occurred late in the work and the writer simply ran out of 
time to pursue the subject in more detail. Thus , no attempt is made to 
be complete. The emphasis of the work reported here is to describe 
what has been achieved so far , and to relate it to the known methods 
of frequency division. 
The chapter opens with a very brief introduction to the broad 
su bject of digital speech coding. The intention is simply to put the 
fol l owing sect ions in context , rather than a detailed summary of the 
mul titude of different algorithms and philosophies. This is followe d 
by a se ct i on on known methods of achieving frequency division and 
serves the same puropse , but is more important here because it allows 
the phase unwrapping method to be categorised in relation to the known 
methods . 
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The principle of applying a FIR f ilter to div ide and subsequently 
expand a signal is then descr i bed. First, the basi c i dea wh i ch gave 
rise to the experi ments is outlined . Then the actual experiment that 
give a divisi on (and subsequenct expansi on) by 2 i s  descr i bed. For 
clarity and to be able to clearly establish what is happeni ng, s i ngle 
or two-tone s inusi ods are used i nti ally as the i nput s i gnals. 
F i nally, the fundamental pr o blem that must be over c ome i s  
ident i fied and one approach that has been considered as a means of 
overPoming the problem i s  outlined . 
1 .  2 . 6  '.::hapter 7: Conclusi ons and f urther research 
Thi s  chapter concludes the thesi s  by h ighlighting the principal 
outcome of this work and i n  so doi ng i dentifi es add iti onal questio ns 
that remai n unanswered. 
1.3  PRELIMINARIES 
Si nce thi s  work uti l ises d ig ital. si gnal pr ocessi ng techni ques with 
sampled data, the brief sections that follow establi sh the p r in c i ple 
aspects of Four i er theory that form the underlyi ng base of th i s  entire 
work . As such, it pr ovi des a conveni ent opening for Chapter 2 .  
1 .3.1 The Four i er Transform and Sampl i ng 
The Four i er Transform [ Papoulis, 1 962a ] F( w) of a continuous, real 
function f ( t) is  defined as 
F ( w) L f (t)e
-jwt dt ( 1 .  1) 
and i ts i nverse as 
f ( t) • _1_ r F ( w ) ej w t  dw 2 11 
- oo  
( 1 .  2) 
and the n otati on f ( t) < - >  F ( w) denotes .1 Four i er Transform pa i r .  F ( w) 
is  in general complex: 
F ( w) = F ( w) + jF  ( w) 
r q 
( 1 • 3a) 
( 1 • 3b) 
1 0  
A ( w )  i s  t h e  magnitude, t ( w )  the phase  and � is the co nt inuous  ( ra d ian ) 
frequency : w = 2nf.  For f ( t )  a r eal f u nc t ion , the components  o f  F( w )  
exhi�it Hermitian symme try :  
F ( w )  r 
F ( w )  q 
F ( -w )  eve n func tion 
r 
-F ( w )  , odd function 
q 
( 1 • 4 a ) 
( 1 • 4 b )  
Note  in the above d i scus s i o n , that t h e  Fo urier Tr ansform and it s 
inverse  requires the defining fun c t ion  be known ove r  t h e  i n f in i t e  
range (- 00, 00 ) and that apa r t  from requ i ring that f ( t )  b e  real and s quare 
i n tegrable , no  special pr oper ties are  ascribe d t o  i t .  
F o r  a discre t e  signal, the deve l opment  o f  i t s  Discr e t e  Fourier 
transform ( OFT ) has  some import ant consequenc es on the proper ties of 
the  f u n c tions that form a Discrete  Fourier t ransform pair. Fig. 1 . 1  
g i ves a pic t o r i a l  d e v e l op m e n t  o f  t h e  O FT [ B r i g h a m ,  1 9 7 4 ] . 
Deno ting * as the convol ution operat or , the we l l  kn own convo l u tion 
theorem can be expr ess e d  in two ways : 
t i me convol ution : ( 1 • 5a ) 
( 1 • 5b ) 
Defining t he impulse  funct ion  
6 ( t )  ( 1 • 6 ) 
then the sampling func tion sT ( t )  and its Fourier transf orm are ( Fig .  








o ( w 
_ 2nn ) 
T ( 1 . 7 ) 
whe r e  T is the sampling int erva l , so that , us i ng equat ion  ( 1  . 5a ) , t he 
sampl ed ver sion of f ( t )  is f ( t ) sT ( t )  wh i ch has the spec trum of Fi g. 
1 . l c. Obs erve that the spec trum is pe rio d i c  a n d  t h e  ove r l ap, o r  
" a l i a s ing",  of the spec trum at the 1 / 2T poin t s  i s  a manifes tati, i n  of 
th'3 Sampling Theor em that requires the minimum sampl ing rate  of an 
a n a  l o g s i gna l  occur at a rate  at l east twice the highes t fre quency 
component of f ( t ) . ie 
w � 2w s m ( 1 .  8 )  
T h u s , t h e first  co nsequence of d i scret i sing f ( t )  is that  f ( t )  mus t, in 
a 
sr ( t) 
· · ·m1mmtmm1n ·� , 
f (t) s r (t) 
1ft11ftit1h C 
, r  d 
! (t) s1 (t)w(t) 
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Fig . 1 . 1 : The deve lopment of the Discre te Fou rier Transform 
from i ts con tinuous def i n i tion at a .  
[ af ter Brigham , 1 9 74 ) 
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practice, be st rictly bandlimited if the aliasing of the spectrum is 
t o  be avoided. Also note that  at this point , the sampled fun ction f ( t )  
is defined for all time and has a con tin uous spect rum . 
Practically, f ( t )  is only ever known ove r a finite int erval . The 
penalty incurred by this rest riction is the introduction of ringing or 
ripple in the spec t rum of f ( t ) .  Trunca ting (or " windowing" ) the 
infinite ( time ) length by the " window" of Fig 1 . l (d )  restric ts the 
exten t of f ( t )  to a ( time ) leng th T 0 - Fig 1 . l e .  
The fin al step is to  discre tise the fre quenc y spect rum by 
introducing the frequency sampling function SF ( wk ) 
CD 
2n  I o ( w 
- kw 0 ) , 
k =  -oo 
( 1 • 9 )  
which , from equa t ion ( 1 . 7 ) and shown in Fig 1 . 1 ( f )  gives a time 
spacing of the impulses of TO • The co nse quence of t he fre quency 
sampling function is that the sampled ve rsion of f ( t )  is now periodic 
in T0 • The fin al discr ete fun ctions ar e show n in Fig . 1 . 1  ( g ) . 
Comparing Fig 1 . 1 (b )  wi th Fig . 1 . 1 ( f ) , i t  is apparen t  that N = T
0 /T.  
Fr om the development of Fig 1 .  1 ,  the Discrete Fourier t ransform 
and its inverse are 
F ( k )  
f ( n ) 
N- 1  . 2nkn 
L f ( n )e
_J _N_ 
n=O  
1 N - 1  . 2nkn 
N L F( k )e
J _N_ 
k=O 
( 1 • 1 Oa ) 
( 1 • 1 Ob ) 
where n is the time index and k the f requency index cor responding to 
dt and dw respectively in e qua tion ( 1 . 1 ) and ( 1 .  2 ) . Equa tion ( 1 . 1  0 )  is 
the Four ier t ransform pair used in practice (on a computer ) to handle 
sampl es of real data . The time re quired to compute either of t he above 
equa tions is pr opor tional N 2 • The Fas t Four ier Transform ( FFT ) ,  firs t 
publi shed by Cooley et al [ 1 9 65 ] is a fas t means of computin g e q ua tion 
( 1 . 1 0 )  where the time requ i red is  propor tional to Nlog 2N .  
Note tha t since the OFT re quir es both f ( n ) and F ( k ) be pe riod ic, 
us i n g t he t heor y of Four i er series , f ( n ) can be represen ted as a 
Fourier series over the fundamental period : 
1 3 
f ( n ) 
N-1 
, A j wkt L k e k=O 
, t =- nT, n = O, . . .  , N-1 ( 1 .  11 ) 
Equa tion ( 1 .11) is oft en used in the lit erature on FIR fil t ers, where 
f ( n) is called the impulse r esponse and t he Ak are the Fourier 
coefficients d escribing the frequency response of the filter at the 
(discret e) frequencies k .  This is a Fourier series repres entation and 
should not be confused with t he inverse DFT of equation (1 .10b) . 
1.3 .2 Practicalities in using the DFT 
For notational convenience and retaining the link to the original 
definition of the Fourier Transform, the dev elopment of the DFT in Fig 
1 . 1  deliberately centered the functions about the origin . In practice, 
the principle  of causality, f ( t) = 0, t< O means that informa t ion  is 
only available for t e;: O .  This is why equation ( 1 .10) above is de fined 
for n, k = O, . . . , N-1 .  Practically, this means that the data segme nt 
compu ted is shown in Fig . 1 . 2 .  Given the periodicity of the functions, 
this means that the data in the upper half is e quival en t  t o  the 
n ega t i ve da ta  i n  t he principal i nt erva l of Fig . 1 .1 (g) and the 
midpoint ( N-1 ) /2 is the aliasing or "r eference" point in the data . 
This appar ent  shif t of the ref erence point is important when trying to 
establish the phase function cp ( w) of equation (1.3b) because of t he 
difference be tween an arbitrarily defined "zero" point of the data and 
the zero point of t h e DFT . The work in C hapt er 5 . 0 explici tly 
compensat es for this dif ference . 
The final point relat ed to the use of the DFT is based on the fact 
that most FFT routin es use a highly composit e numb er that is usually 
f(f:) r='(w) 
�lh-11f 1lll' 
--N �I --N -1 
Fig . 1 . 2 :  The ac tual data segment represented and 
manipulated in practice by the OFT on a 
compu ter . 
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based on a power of 2 :  N = 2 p, p an integer. Thi s  means that N is an even 
number. In the frequency domai n ( i ndex k ) , k =O corres ponds to the DC 
term. This leaves an odd number to represent the spectral informati on 
over one period and establish the al iasing point. The a p proach adopted 
throughout th is work is to assi gn, in the frequency domain : 




2+2 , . . . , N- 1  
DC term 
" +ve harmoni cs" 
11 -ve harmonics" 
Thi s  assi gnment al ways provides one more 11 +ve 11 harmonic than there are 
11 -ve" harmonics. 
2 . 1 INTRODUCT ION 
1 5  
CHAPTE R  2.0 
LINEAR PHAS E FIR FILTERS 
This chapter presents a survey of the broad cl asses of design 
methods of FI R filters and sel ects five al gorithms to impl ement and 
compare. A great many dif ferent algorithmic approaches have been 
proposed in the l iterature . Some are very el egant and mathematical l y 
ef ficient, but require considerabl e  mathematica l manipulation to get 
the algorithms to the point where they can be used on a computer. Thus 
the discussion that fol l ows is restricted to those that a novice, in 
the abse n ce of working software, can success ful l y  impl ement in a 
reasonab l e  time frame. The emphasis is on trying to put the different 
algorithmic approaches in perspective from a practica l - or users -
point of view. 
2. 2 FUNDAME NTALS 
2.2. 1 Linear systems Theory 
A digital fil ter is a member of the general class of linear 
discrete systems. To be realisable, the l inear system is causal - ie 
the output y ( n ) of discrete system onl y  exists for n � O. The general 
mathematical theory of l inear discrete systems is well  documented [eg 
Rabi ner et al, 1 975a ; Oppenheim, 1 975 ]. Suf f ice to say here that a 
general expression for an N -th order causal,  time invariant, l inear 
discrete system is 
Y ( n) l 
i=O 
b . x ( n-i )  -
1 l 
i = l  
a . y ( n -i )  
1 n ,:: O ( 2 .  1 ) 
where x ( n )  is the input sequence and y ( n ) the output sequence . Using 
the z- transform, suc h a system c-an al so be described by a rat i onal 
- 1  pol ynomial i n  z with the transfer function : 
l b . z -i 
Y ( z )  i=O 1 H( z )  
X ( z )  M ao ( 2. 2 )  
l -i a . z 
i=O l 
1 6 
Equa tion (2.2 )  i ndicates the system function is characterised by 
i ts se t of zeros ( the numerator ) and i ts set of poles ( the 
denominator ).  Fil ters that contain both poles and zeroes - ie they 
rel y  on past values of inputs and outputs to compu te the present 
output are recursive and are described in the literature as Infinite 
Impulse Response ( IIR ) f ilters. Such fil ters possess " infinite memory" 
in the same manner as an analog R-C filter. 
Filters that contain only zeroes in their transfer function - ie 
rel y  on the past and present inputs to compute the present output are 
non-recursive and are described as Finite Impulse Response ( FIR ) 
f ilters. This principle distinction has resul ted in two entirely 
separate classes of filters, each with its own attributes and body of 
literature. 
For the purposes of this work, the maj or differences between the 
two types are tha t FIR fil ters are guaranteed to be always stable and 
can have exact l inear phase. IIR filters can suffer instability and 
limit cycles, especially when the coefficients of the impulse response 
are quan tised, and exact linear phase cannot be guaran teed. This work 
is about FIR filters, so all further men tion of IIR filters will be 
dropped from this point. 
For a FIR system, equation 2. 1 reduces to 
y ( n )  I b . x ( n-i)  
i=O 1 
( 2 .  3 ) 
This relationship between input and outpu t can be represen ted by many 
s tructures [ Oppenheim , 1975b]. Different structures may be equivalent 
from some points of view, but not others - eg when finite word-l eng th 
e ffects are considered. The direct form structure of equation (2. 3 ) is 
shown in F ig. 2. 1 and is the structural form that will be used 
throughout this work. 
the 
The b (  i )  are the weighting or impulse response coefficients of 
- ,  
system, z is a unit delay operator and N is the order of the 
fil ter . The work tha t follows is directed at  the methods used to 
generate the b ( i ) ,  which, i n  the context of fil ter design literature, 
uses the symbol 11 h 1 1 in place of " b "  
Thus, i f  h ( n ) is a real, causal sequence representing the impulse 
response of a real FIR fil ter, the frequency response of the fil ter is 
Fig .  2 .  1 : Direct Form Structure that realises  the 
non-recursive d i f ference equation ( 2 . 3 ) .  
g i ven by the Discrete Fourier transform H ( w )  of h ( n ) :  
H ( w )  
N- 1  - jwTn h ( n )e , n=O, . . .  , N- 1  
n=O 
1 7  
( 2 .  4 )  
where T is the sampling interva l of the sequence h ( n ). At this point, 
no special properties are ascribed to h ( n ) .  Thus, H (w ) is, in general, 
complex 
H ( w )  H ( w )  + j H ( w ) r q 
I H ( w ) i e
j 8 ( w )  
( 2 . 5a )  
( 2 . 5b )  
Fun damenta l  Fourier theory requires N -.00 in ( 2 . 4 )  if h ( n ) is to 
represent exactly some ideal frequency res ponse - eg the l owpass 
res ponse of Fig . 2. 2 .  
The de scription of the f re que ncy res ponse in equation ( 2 . 4 )  
re f l ect s the ca us a l ity requ i rement of the sequence h ( n ) .  By 
s traightforward application of the time- shift property of the Fourier 
transform by writing k=n- ( N- 1 ) / 2 in equation 2 . 4, whence 
H( w )  
N- 1 
e- j w ( N- 1 ) T/2 ! h (k+ ( N- 0/2 ) e-j wTk 
k = - ( N - 1 ) 
2 
( 2 .  6 )  
whe re the " l inear phase" term <j, ( w ) = -wT ( N- 1 ) /2 is now c l earl y  e vident, 
a n d  H ( w )  has re a l  and  qu a d rature components as in ( 2 . 5 ) . U sing 
equat i on ( 2.5b ) in ( 2 . 6 )  and  re- arranging, 
( N- 1 ) /2 
= l h ( (k+ ( N- 1 ) /2
) e-J wTk 
k = - ( N - 1 ) /2 
( 2 .  7 )  
_04--___ _,_ ____ ..;.+-, ----------,...-.: w n 2 n  
T T 
Fig . 2 . 2 :  An ideal sampled low-pas s f i l ter frequency 
response . T=sampling interval. 
The total phase response of the filter is 
� ( w) = w ( N-1) T/2 + S (w) 
1 8  
( 2.8) 
I f  the constraint H (w) =O in equation (2.5) is imposed, then e ( w) =O 
q 
and the filter itself has zero phase shift from the linear phase base . 
Recalling the definition of Group Delay is the delay imparted to the 
energy (envelope) of a signal: 
GD -dip (w) /dw 
-(N-1) T/2 ( 2 .  9 )  
if e (  w) =O 
Equation ( 2 . 9) show that all frequencies have identical time delay 
imparted to them so there is no phase distortion of the signal . 
Thus , the term "linear-phase filter" is used to describe the specific 
case H (w) =O and is an implicit statement that the impulse response of 
q 
the filter is causal - ie it is physically realisable. 
2 . 2 , 2  Problem Definition 
S ince N above is finite and usually  small , the design problem is 
an approximation problem: find a design method that will produce a 
sequence h(n) possessing a frequency response that is the best (in 
som e sense) approximation of the "ideal" or "desired" frequency 
response. What is "best" depends entirely on the problem at hand and 
the point of view of the designer. More generally , the finite length 
of  N - ie the time length of the filter - i ntroduces a fundamental 
limitation wh i ch cannot be avoided . This is the time-bandwidth 
19  
uncertainty relation which says [Woodward, 195 3, p 1 19 ;  Ternes et al, 
19 7 3 ]  that if a signal f (t) (or system function) exists over a finite 
time interval 
condition 
t, and contains a f requency spread 6w, then the 
/:,wt,t ;:: 1 /2 ( 2. 10) 
holds. Slepian [ 19 76 ]  descibes this argument rigorously. The design of 
digital f ilters is thus a sub-set of the larger general problem of the 
optimisation of band-limited signals and systems. This larger problem 
is thoroughly discussed by Papoulis [ 1967 ] and Ternes et al [ 19 7 3 ].  
All the design methods that will be discussed are in gene r al 
manipulating the fundamental limitation of ( 2 . 10) to best satisfy one 
or more particular requirements of the designer, where "best" is most 
usually understood to be the conflicting requirements of smallest 
transition width, least passband ripple and stopband magnitude for a 
chosen value of N that is as small as possible. 
2 .2.3 Frequency Response Definitions 
A common practice in the literature for defining key parameters in 
the frequency response of a digital filter is shown in Fig . 2. 3 (a) for 
a lowpass filter. 
wp and ws are passband and stopband edge f requencies ; 6 P 
and 6s 
are the peak passband and stopband ripple magnitudes. The interval 
w - w s p is the transition bandwidth where the response is not usually 
specified, or left as a free parameter in the design algorithm. I t  
reflects the admission above that for a finite N, the ideal r esponse 
of Fig. 2.2 where w = w p s is not possible. 
Such a procedure is useful for mathematical reasons related to 
optimisation techniques, but confl :L cts with the well establi shed 
practice that the cut-of f frequency of an (analog) filter is the -3dB  
point in the magnitude of  the frequency response. 
For reasons that will become apparent when the results of some 
design methods are compared and for consistency among the design 
methods, all the f i lters used in th is wor k will be specified using w 
acco rding to Fig . 2. 3 (b) . The transition band w 1 w 2 when 
spec i fied, will be centered symmetrically on w . For bandpass filters, 
C 
there is one additional spec i fication: w 0 , the centre frequency of the 
passband. 
20 





1 - 1--------,... 
�. p I I 
0·5 - -- - - - - - -1 --1 --
1 
I 
.Ss - - - - - - - - ,� - - -1.. --4-------+-+---+---++----. w o ) I we 
( a )  usual l y  found in  the 
l i terature 
( c ) McLe l l an-Parks algori thm 
only .  
c.>, Wp 
( b )  corranon defini tion adopted 
i n  thi s  work . 
Fig . 2 . 3 :  Di fferent def ini tions of f requency response parame ters . 
The s i ng l e  excepti on to thi s  rule w ill be the Mclellan-Parks 
algori thm. Thi s algori thm requires the speci fication on a d i sjoi nt 
frequency i nterval shown i n  Fig  2. 3 ( c). For this algori thm only, 
w 2 = w in the speci ficat ion of the "des ired" frequency response. s 
(i.J 1 
= w , 
p 
2. 3  LINEAR PHASE DESIGN METHODS 
Fundamental Fourier theory requ ires that i f  h ( n ) in equation (2.4 ) 
is  real and causal, and H ( w )  = O i n  equat ion ( 2. 5 ) ,  q 
h ( n ) possess even symmetry: 
H ( w )  r 
h (n ) 
H ( 2 n _ w ) r T 
h ( N-1 - n )  
, w 0 ,  . .. , n /T 
, n = O ,  • • •  , ( N-1 ) / 2 
However , us ing the H i lbert Transform defi ned as 
then H C w )  and r 
( 2. 1 1  ) 
f ( t ) 
I t  can be 
H ( w )  = 
sgn ( w )  
1 Joo f(t ) d1 '1T t-1 -oo 
shown that 
-jsgn (w ) H ( w )  
{ '  
w > 
0 ' w 
- 1 ' w < 
2 1  
( 2 .  1 2 )  
( 2 . 1 3 )  
0 
0 ( 2 .  1 4 ) 
0 
wh i ch requ i res i n  equati on (2 . 5a ) that 
H ( w )  r 
H ( w )  -H ( 
2rT 
q T 
- w )  ' w = 0, . .. TI IT ( 2 .  1 5 ) 
and h ( n )  i s  sti l l  real and causal, but now possesses odd symmetry : 
h (n ) = -h ( N- 1 -n ) ,  n = o ,  . . .  , ( N- 1 ) /2 ( 2 .  1 6 ) 
F ig. 2 . 4 shows the (non-causal ) frequency response of equation (2.1 3 ) .  
Thus, there are four parti cul ar cases to be considered: 
N E V EN 
Case 1 :  
Case 2: 
-/Jc 
h ( n ) 
h (n ) 
,, 
0 
h ( N- 1 -n ) , even symmetry (2 . 17 a ) 
h ( N  1 ) dd t 






c.>, (j 0 - w 
- n;2 
Fig . 2 . 4 :  Frequency response of  an ideal  H i lbert  low-pas s Fi l te r . 
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Case 3: h ( n) 
h ( n) 
h ( N-1-n) , even symmetry, n=O, ... ( N-1) /2 ( 2.17c) 
Case 4 :  -h ( N-1 -n) , odd symmetry, n�o, .. . ( N-3) /2 
0 , n= [ N-1 ] /2 ( 2.17d) 
Cases 1 and 3 correspond to basi c l inear phase f i lters. Cases 2 and 4 
correspond to H i lbert ( l inear-phase) f i lters. 
I t  i s  therefore i mmedi ately apparent that whatever the des i gn  
method chosen, the computational load i s  reduced by a hal f  because at 
most onl y  hal f  of the sequence needs to be computed. Appl icati on of 
the symmetry property completes the requ ired sequence. 
A broad categor i sati on of desi gn methods whi ch represent the 
initial approach to the problem i s  
(a) zero location and z-transform methods. 
(b) energy concentration and smoothi ng wi ndows. 
( c) opti mi sation ( in a mathemati cal  sense) methods. 
2.3.1 Zero methods 
These techniques are parti cularly abstruse because they rely on 
the desi gner havi ng an extensi ve experi ence i n  the use of z-transform 
cal cu l us to rel ate zero pos i ti ons to frequency responses. Thi s  
approach has been considered by Requ i cha and Voelker [1970 ], whi l e  the 
work of Rader and Gold [1967 ]  clearly demonstrates the fundamental 
rol e pl ayed by the z-transform i n  f i lter desi gn. Beari ng i n  mind that 
the ulti mate i nterest i s  i n  non-l i near phase f i l ters ( w i th a 
parti cu l arly d i fficult phase response), i t  i s  considered to be a 
sign i f i cant problem i n  i tsel f to establ ish the requ ired zero posi tions 
of the non-linear phase response i n  conjucti on wi th the magnitude 
response. Thus, thi s  approach wi ll  not be considered any further. 
2.3 . 2  Energy Concentrati on - wi ndows 
Th i s  approach i s  based on the appl ication of a non-negative , 
symmetri c weighting function w ( t) to a truncated Fouri er seri es i n  
order to control the ri ng i ng ( G ibbs phenomenum) i ntroduced by the 
truncation [Kai ser,1966 ]. The ideal frequency response ( Fig 2.5 (b)) 
H ( w) 
and 
{ 1 • 0 , -w :£ w ::a w 
0.0 oth�rwi se 
c 
H ( w) H ( -w) 
( 2 .  1 8 )  
23 
h {t ' 
__ ___..__ _______ .,::: (.) 





Fig . 2 . 5 :  Windowing an ideal "brick-wal l "  frequency response 
specif ication . 
has , as i ts i nverse  Four i er t ransform , the i mpu l se res ponse sequence 
( F i g  2 . 5 ( a ) )  
h ( t )  = si n ( w  t ) / nt , 
C 
If h ( t )  i s  ti me l i mi ted ( t runcated ) by  w ( t ) ( F i g .  2 . 5 ( c ) )  
w ( t )  { l
. 0 , - 1 ::;, 1 
0 . 0  , otherwi se 
w ( t )  = w ( - t )  
then the wi ndowed funct i on h ( t ) ( F i g .  2 . 5 ( d ) )  i s  w 
h ( t )  = h ( t ) w ( t )  , w 
( 2 .  1 9 )  
( 2 . 20 )  
( 2 . 2 1 a )  
and has a Fourier transform 
H ( w ) = H( w ) *W (w ) w 
where * i s  the convoluti on operator and 
W ( w ) 2 2sin ( wT ) /w 
2 4  
( 2 . 2 1 b )  
( 2 . 22 )  
Thus, exami n i ng any particular frequency w 1 of H( w ) , -we � w 1 � we 
yields 
H ( w ) = H( w 1 ) *2s i n (wT ) / w w 
( 2.2 3 ) 
as shown i n  Fig. 2.5 ( e ). The appl icati on of the wi ndow has s pread the 
s i ngle s pectral component w 1 over a region . T he question  the n i s  what 
i s  the " best" wi ndow functi on w ( t )  that wi l l  mi n i mi se the width of the 
s preadi ng and g i ve l ow sidelobes i n  Fig 2 . 5 (e ) . T he short answer i s  
there i s  no "best" wi ndow i n  an absolute sen se. Harri s  [ 1 978 ] has 
given a very comprehen s i ve tre at i s e on va r i ous as pects of many 
d ifferent wi ndows . 
However, at thi s  po i nt, knowi ng t hat the appl icati on of any wi ndow 
wil l  i nevitabl y i ntroduce s ome s preadi ng and have f i ni te amp l i tude 
s i del obe s ,  a more useful questi on to as k i s  what wi ndow wi l l  
contai n the max imum energ y i n  the defined frequency res po nse , relative 
to the total energy ava i l able . Define the rat i o  [ Papoul i s  1 972 ] 
r I H ( w l l '  dw 
-w 




IH ( w ) I 2 dw 
Then, the questi on becomes what i s  the funct i on h (t ), of fini te extent 
21, that maximi ses thi s  energ y rati o? The solution to th is probl em i s  
known to be 
h (t )  = {
Q
ij> o ( t ) , l t l :£ T 
otherwi se 
( 2. 25 ) 
where  ij> 0 ( t )  i s  the e i gen fun ct i o n corres p o nd i ng to the largest 
ei genvalue >. of 
f t si nWc ( t-µ) 4> ( t ) d µ 
rr ( t - µ )  n 
- 1  
>. qi ( t )  
n n 
25 
( 2 . 2 6 )  
The sol ut i ons of e qua t i o n ( 2 . 26 )  are known as the P rol at e Spher o i da l  
Wave f un c t i ons o f  S l ep i an , Pol l ak and L andau [ 1 9 6 1  ] .  
Out o f  al l the pos s i b i l i t i es of wi ndow f un c t i ons w ( t )  tha t  coul d 
be use d , there ar e two wi ndows that pos s e s s  s pe c i al proper t i es .  The 
f i r s t  i s  the Kai ser wi ndow [ K a i ser , 1 96 6 , 1 97 4 ] .  Thi s wi ndow i s  a 
good approxi mat i o n to the e i genfunct i o n 4> 0 ( t ) of  equa t i on ( 2 . 25 ) . the 
s e co nd wi ndow is the Dol ph- Che byshe v wi ndow . Thi s has the smal l es t  
s i d e - l o b e  l e v e l  for a g i v e n  m a i n l o b e  w i dt h , or , c o nversl y ,  the 
smal l es t  mai nl obe wi dth  for a gi ven s i de l obe l evel [ H e l ms , 1 9 6 8 ] .  
I n  i ts i nf ancy , the process of wi ndow i ng a F our i er ser i es was 
l abo ri ous an d rel i e d on expl i c i t an al yt i c  e xp r e s s i ons be i ng a va i l abl e 
t o  com put e  the F our i er seri es . Helms [ 1 9 6 8 ]  demons trated how the FFT 
c o u l d b e  used to make the pr oce dur e very e f f i c i en t  by el i mi nat i ng the 
n eed for expl i c i t anal yt i c formul as . 
V er y  r ecen t l y ,  Mathews et al [ 1 98 5 ] d e s cr i be the D i scr e t e  P rol at e 
S p her oi dal f i l ter e qu i val en t  t o  equa t i on ( 2 . 2 4 )  and compa r e  i t  wi th , 
among others , the Kai ser an d D ol ph -Cheby she v wi ndow appr oach . F i g  2 . 6  
i s  repr i nted f r om the i r  pa per an d shows the f r e quency res ponses of the 
d i f f er ent appr oaches . These  pl ots ar e m i sl ead i ng because the aut hor s 
a dj us t e d  the  d e s i gn pa r a m et ers of the f i l t ers t o  gi ve i den t i cal 
normal i s e d  3 d B  f r e qu e n c i e s of  0 . 0 5 .  S u c h  a pract i ce i s  qu i te 
l eg i t i m a t e ,  b u t  onl y serves to confuse the i s sue when t r y i ng t o  
es t a b l i sh the d i f f er ences be tween t h e  wi ndows f or a f i xe d  des i r ed 
f r e q u e n c y r es ponse . I n  fact , of the thr e e  wi ndows shown an d f or a 
f i xe d s pe c i f i ca t i on ,  the prol ate sph e r oi da l f i l ter has the nar r owes t 
ba n d w i d t h  ( -3 d B )  poi nt , b u t  at the same t i me ,  the l owest s i de l obe 
l evel . 
2 . 3 . 3 Opt i m i sat i o n Techn i qu e s  
A l l the remai n i ng des i gn t echn i qu es  tha t wi l l  b e  d i scussed  fal l 
under t h i s  gen e r a l  he a d i n g .  Th e r e  ar e ,  h o w e v e r , m a n y  w a y s  of 
" opt i mi s i ng" the des i gn .  W i th the exc e p t i ons of the methods i nvol v i ng 
e xpl i c i t matri x i nvers i o n t echn i qu es , the common denom i nator i n  al l of 
the o p t i m i sat i o n techni ques i s  the formul at i on of the probl em i n  t e rm s 
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Fig . 2 . 6 :  Frequency response of the discrete prolate spheroidal 
f i l ter compared with the Kiaser and Dolph-Chebyshev 
windows . [ after Mathews et a l , 1 98 5 ]  
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of mi n i miz i ng an er r or cr i ter i on by an i terat i ve mathemati cal 
procedure. F ilters des i gned by these methods are more ususally 
descr ibed as hav i ng equ i ripple or mi n i max responses. A mi n i max error 
[ Hel ms, 197 1 ] is  one in  wh ich the mini mum of the maxi mum absolute 
value of the error i n  the f i l ter' s  response has been found. An 
eq u i ripple filter possesses more than one maxi mum absolute value of 
th i s  er ror and all of these errors are equal . A fi lter possessing one 
of these properties does not necessar i l y  possess the other property . 
Some of the more i mportant design methods i n  th i s  category are 
(a) frequency sampl ing technique 
(b ) Cheby shev appr oximat i on 
( c ) least square 
2 . 3. 3 . 1  Frequency Sam�l ing techni que 
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Thi s  method was or i g i nally pr oposed by Gold and Jordan [ 1 96 9a ] as 
a semi -automat ic procedure ,  which was then made ful ly aut omat ic  by 
Rabi ner et al [ 1 970 ] .  The pr i nciple  of the method i s  to appr oxi mate 
the desi red ( cont i nuous ) frequency response wi th a f in i te number of 
samples N correspo nding to the des i red i mpulse response length and 
allowi ng a mi n imisat i on procedure to alter the magn i tudes of (usually 
2 or 3 )  of the frequency samples i n  the transi t i on band i n  order to 
find the bes t fi t .  The procedure used by Rabi ner [ 1 970 ] was a s teepes t 
descen t mi nimi sat i on techni que. Later Helms [ 1 97 1 ]  and Rabi ner [ 1 97 2 ]  
showed how the pr oblem could be formul ated as a constrai ned li near 
pr ogramming pr obem. Thi s appr oach was more eff icient and had fewer 
unco nstrai ned var i ables. Convergence to  the global mi n i mum was also 
guaranteed . 
Mcc reary [ 1 972 ] has shown that  one par t i cular case of Rabi ner ' s  
(Case C )  i s  related to the d i rect Four i er seri es techn i que and amounts 
to  choosi ng an opt i mum wi ndow . Stei gl i t z  [ 1 97 9 ]  has shown tha t  by 
add i ng su i table constrai nts , the l inear programmi ng appr oach wi l l  
generate filters wi th mono tone passband responses i nstead o f  mi n i max 
responses . 
2. 3 . 3. 2  Chebyshev appr oxi mat i on 
Th i s  method has rece ived co ns i derable atten t i on i n  the l i terature 
and has pr oved very successful . The basi c  pr i nciple of the techn i que 
[ Rabi ner et al , 1 975 ] i s :  
I f  D ( w )  is  the desi red frequency response , H( w ) the actual frequency 
response of the f i l ter whose impulse response coeff i cients are h ( n ) 
and W (w ) i s  a non- negat ive wei ght i ng funct i on on the appr oxi mat i on 
error i n  di fferent frequency bands, form the wei ghted error 
function : 
E ( w )  = W(w ) (D ( w ) -H( w ) ) ( 2. 27 ) 
Then the Cheby shev approxi mat i on problem i s  to f i nd the coeff i c ients 
h ( n )  that mi ni mi ze the maxi mum absolute value of the er ror . i e  
I I E (  w )  I I mi nimi se 
coeF F 1c 1 e.nb  
max J E ( w ) I )  
w e,  ri 
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where n represen ts  the di sj oi nt i nterval of the frequency bands  of 
i nteres t. 
The me thod rel ies on the mat hemat ical  propert i es of Cheby shev 
funct ions [ R ice ,  1964a ] .  Parks and McLel l an [ 1 972 ] appl ied the Remez 
Exchange Algori thm [ R ice , 1 964b J wh i eh made the procedure eff icient 
an d guaranteed convergence . Later , the theory was unif ied to i ncl ude 
a l l  four cases of l inear phase FIR fil ters [McLel l an et al , 1 973a ] ,  
a n d  the i r  wi de l y  publ i s hed a l gor i thm [McL el l an et  al , 1 9 73b ] 
i mpl emen t s  the t heory. In recent years , several researchers have 
described accelerat i on procedures for the ori g i nal algori thm to reduce 
the compu t a t i on t i me s i gn i fican tly  [ Anton i ou , 1 983 ; Ebert et al , 
1 983 ]. In addi t i on ,  the bas i c  pri nci ple  has been exten de d to g i ve very 
f l at passbands [ Vai dyanathan , 1 985 ] rather than equ i ripple pas sbands . 
2 . 3 . 3. 3  Leas t Square methods 
The cl assical leas t - square approxi mat i on problem i s  to mi n i mi se 
the error funct i on [ R ice ,  1 96 4c ]  
e = f (f (x ) -f (x ) ) 2 dx 
I 
( 2 . 28 )  
on an i nterval I ,  where f (x )  i s  the approximat i on t o  the des ired 
funct i on f ( x ) .  In terms of f i l ter de s i gn , t he problem can be 
consi dered from two d i s t i nct poi nt s  of vi ew. 
The f irs t approach i s  to cons i der the problem as a s t r i et l y 
mat hemat i cal  opt i mi sat i on prob l em :  f i n d  t he sequence h ( n )  that  
mi nimi ses the wei ghted error obj ect i ve funct i on 
e = L ( D ( wk ) - H( wk ) )
2W ( wk )
2 
k=1 
where H( w )  i s  gi ven by equa t i on ( 2 . 4 )  
W ( w )  i s  a non- negat i ve symmetri c weight i ng funct i on 
( 2 . 29 )  
Lewi s et al [ 1 976 ] used a cons trai ned l i near programmi ng appr oach 
which , when compared wi th a mi n i max method , ga ve i mproved s topband 
rej ect i on an d reduce d passband rippl e at the expense of a smal l 
increase in  the trans i t ion wi dth . 
Cuthbert [ 1 97 4a ] used a numerical opt imi sat i on al gori thm [ Fletcher , 
1 9 7 1  J wi th a we i ght i ng function W ( w )  i n  the passband to g i ve a 
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"crescent rippl e" design. The algorithm used is specifical l y  intended 
for sums-of-squares problems, but has considerable additional 
computational requirements. Re-writing equation (2.29) as 
( 2 .  30 ) 
the algorithm requires the computation of the Jacobian matrix A and a 
vector V that is hal f  the gradient vector [ Cuthbert 19 74 a ] : 
i ,j 0 ,  • • •  , ( N /2 ) - 1 ( 2 .  31 ) 
V ( i) L rk ( ark ! ah J k=1 
i = 0 ,  . . .  , ( N/2) -1 (2.32) 
Algazi and Suk [19 75 ] showed that with a careful formulation of the 
problem in equation (2. 29) ,  with an ar bitrar y ideal lowpass 
specification 
and frequency weight 
I W ( w ) l z = { 1 ,  
l w l  < W z , w 2 > we 
A, otherwise 
(2. 3 3a) 
(2 . 3 3b) 
the solution reduces to finding the expansion coefficients h (k) of the 
solution h ( t), where 
00 
h (t) ( 2 .  34) 
and the �k ( t) are the prol ate spheroidal functions of order k. Most 
importantl y however, they demonstrated that the difficult probl em of 
finding the explicit eigenvalues and eigenfunctions can be avoided and 
that practically, an iterative process 
(2 . 35) 
can be used, where h .  (t) is the inverse Fourier transform of 1 H . ( w) and 1 
hk+ l (t) is the ( k
+ l ) th approximation to the solution. 
Fourier transform G ( w) and considering the term inside 
then 
If hk ( t) has 
the ( ) as g ( t ) 
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D g ( t )  = { �
( t )  ' I t I $ , /2  
l otherwise ( 2. 36 )  
BG ( w )  = { :
C w )  ' l w l $ W 2  
otherwise 
where w 2 is defined in F i g .  2. 3 ( b ) and , is the desired time length  of 
the filter impulse response. The process successively bandlimi ts a 
previous approximation and then dur ation limits a weighted sum of the 
model and the bandlimited function Bh k ( t ). C omparing this appr oach 
with the earlier section on energy concent ration , it is apparen t from 
equation ( 2. 3 4 ) that higher order eigenfunctions � �t ) ,  k > 0 are 
included. The effect of this is to dramatically impr ove the behaviour 
of the passband response of Fig. 2. 6. The beaut y  of the iterative 
process in equation ( 2. 3 5 )  is tha t  it  only requ ires mul tiple 
appl ications of an FFT routine to implement it. 
The second approach is statistical : 
If  the fil ter is co nsidered as an es tima t or of a signal ( the 
passband ) , with a noise componen t ( t he stopband ) ,  the problem is to 
find the weigh ting se quence ( t he impulse response h ( n ) )  that gives the 
bes t (in a least-mean- square er ror sense ) signal estimate and noise 
rej ection. The classical solution is the Wiener fil ter [ Bozic , 1 97 9b ] .  
The principle of the met hod is based on the well known convolution 
relation relating the input and output of a linear system : if the 
stationary , zer o mean , random pr ocesses x ( n ) and y ( n ) are the input 
and output of a linear system with impulse response h (n ) , then 
y ( n )  L h ( i )x ( n-i )  
i=O 
The es timation error is 
e ( n ) = y ( n )  - y ( n ) 
( 2. 3 7 )  
( 2. 38 )  
where y ( n )  is the "desired" output sequence. The pr oblem is then t o  
minimise the mean - square er ror 
( 2. 3 9 )  
whe re E (  ) is the expectation operator. The solution can be shown to  
that of finding the vector h ( i )  in  the set of l inear equations 
( 2 .  4 0 )  
where 
r xx ( l )  r
xx ( 2 ) . . . . . . . •  r x x ( N ) 
r xx ( 2 ) r xx ( l )  . . . . . . . .  r x x ( N- 1 ) 
· xx · x x  r ( N ) . . . . . . . . • . • • . . . .  r ( 1 )  
3 1  
( 2 . 4 1 a )  
( 2 . 4 1 b ) 
* 
and rxx ( k ) � E ( x ( j + k ) x ( j ) )  i s  the aut ocor r e l at i on f un ct i on of the i nput  
yx * 
x ( n )  at l ag k ,  and r ( k ) =E ( y ( j + k ) x ( k ) )  i s  the cr oss- corr el at i on 
fun c tion between the out p ut and i n p ut pro c es s es a t  l ag k .  
The s ol ution of ( 2 . 4 0 )  re qui r es t h e  i n ver s i o n  of t h e  mat ri x R:x 
F or a l i near phase  F I R  f i l ter , t h i s mat r i x i s  known t o  be a s ymmet ri c 
Toepl i t z  matri x . A Toepl i t z  mat ri x i s  on e w h os e i j  t h  el eme nt i s  a 
f un c t i o n only of i-j . Such a s truc t ur e  a l l ows a dras t i c r educ t i on i n  
comput a t ional and m emor y r e qu i r ements over s t an dar d matri x i n ver s i o n  
rout i nes [ Far den , 1 976 ] .  One o f  the earl i es t  f as t  methods f or s ol v i ng 
the syst em of e quations i n  ( 2 . 4 0 )  i s  L e v i nso n '  s A l go r i thm [ Le v i ns o n , 
1 94 7 ] .  K el l og [ 1 97 2 ] ,  Far den and Scharf [ 1 97 4 ] and Manol a k i s e t  al 
( 1 9 8 2 )  ha ve des cri be d  thi s a pproa ch f o r  the known s t a ti s ti cs c ase . T he 
m aj or di s t i nc t i on be tween t he s e  approaches i s  that the method pr opo s e d  
by  F ar den an d Scharf us es a w ei ghted  e r r o r  f o rm ul a t i o n  s i mi l a r  t o  t h a t  
o f  A l g a z i  an d S u k .  S u b s e qu e n t l y ,  C l er ge o t  an d S c h a r f [ 1 9 7 8 ]  
demonstrated t he conn e c t ion between the c l a s s i c a l  an d s t a t i s t i c a l  
m e t hods . Mor e recent l y , Mar pl e  [ 1 98 1 ] and Kal poupt s i des et a l  [ 1 98 5 ] 
have e xamined the mor e general un know n s t a t i s t i cs case . 
2 . 4 DES I GN METHODS IMP LE ME NT E D  A N D  CO MPA RE D  
2 . 4 . 1 Ex i sting L i terature 
Uni  f orm compar i s on o f  the per f or m a n c e  of a l t ernat i ve de s i gn 
methods from se veral points  of v i e w  i s  f r a u g h t w i t h  d i f f i c u l t i es 
be cause 
( a )  d i f f er en t  m e t ho d s ha v e  d i f f er e n t  s e t s  of des i gn par amet ers ; 
(b ) i n  pres en t i n g e xam pl es o f  t he p e r f o rm an c e  o f  t h e i r  m e t ho d s , 
a u t h o r s  ar e not us ua l l y  cons i s tent i n  t he i r  cho i ce of N or the 
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exampl e ;  
( c )  al ter nat i ve ways o f  pr esent i ng t he f i l t er performance . 
H ow e ver , Tuf ts et al [ 1 97 0  J have com pared  the prol ate- spheroi da l  
f i l ters  of S l e p i an e t  a l  an d t he l eas t - m e an - squ a r e m e t hod  o f  
Ror abacher aga i ns t  a m i n i max  des i gn .  They used a f i xed  sequence l ength  
N 2 1 1  and  compared  the  relat i ve per f ormance of each method in  rel at i on 
t o  the " de s i red" w and w of F i g  2 . 3 ( a ) . I n  co ntras t , Rabi ner [ 1 97 1 ] 
p s 
compar es the wi ndow , frequency sampl ing  and  e qu i r i ppl e  procedur es from 
the po i n t of  v i ew of  no rmal i s e d  tran s i t i on wi dt h  D ver s us pea k  
s topband r i ppl e 6 wi th the peak pas s band r i ppl e 6 as a par am et er . H e  
s p 
def ined the norm al i sed trans i t i on bandwi dth D as 
D � NT ( w - w ) !2 n  s p ( 2 . 42 )  
F i g 2 . 7 i s  r e p r oduced  from hi s pa per . H i s  res ul ts show that t he 
e qu i r i ppl e met ho ds ( C heby she v approxi mat i on ) are opt i mal i n  mi ni mi s i ng 
the trans i t i on wi dth f or a f i xed  sequence l ength  N .  
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Fig . 2 . 7 : Normali sed tran s i tion bandwid th ve rsus 
stopband ripple for three different 
de sign methods . [ a fter Rabiner , 1 97 1 ] 
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Her rmann et al [1 9 73 a ] in a compr ehensive paper discussed 
practical design rules for lowpass f i l ters using Chebyshev minimax 
methods. They demonstrated the relat ionship between the parameters as 
D = D ( 6 , 6 ) - f ( 6 , 6 ) ( !.IF) 2 
a, p s p s 
where D = ( N-1) !.IF 
!.IF ( ws - wp) /2 n  
K 6 /6 
p s 
D ( 6 , 6 ) = [ a 1 ( log 1 0 6 )
2 +a 2 log 1 0 6 +a J 







+ [ a 4 ( l og 1 0 6 )
2 +a 5log 1 0 6 +a 6 ] 
p p 
5.30 9x l o-3 b l 11. 01 21 7 
7. 114 x10 -2 b 2 0 . 51244 
-4. 761 X10 -1 
-2.66x10 -3 
-5 . 94 x 10 -1 
-4. 278 x 10 - 1  
(2. 43) 
Subsequently, Rabiner [1973] showed how this relationship could be 
used with the McLel l an-Parks program so that given any 4 of the five 
parameters N, w , w  , 6 , 6 , the program wi l l  give the opti mal p s p s 
Chebyshev soluti on. This is the only case for which the rel ationship 
between the basic design parameters has been determined. 
The prolate spheroidal fi lters of Mathews et al [1 985 ], and Tufts 
et al [1 970 ], are the zeroth order eigenfunction corresponding to the 
l argest ei genvalue of the characteristi c equation (2.26) . A major 
penal ty of the method is a large distortion of the passband wh i le 
giving extremely l ow sidelobes. In addi tion, the transiti on w i dth is 
very much wi der than soluti ons der i ved from mi nimax methods. Usi ng 
A l gazi and Suk ' s  method to include h i gher order eigenfunct i ons 
improves matters considerably and g i ves soluti ons that are comparabl e 
with those provided by C hebyshev methods. fig. 2.8 i s  reproduced from 
the i r  paper. In add ition, they demonstrate the relati onship between 
the transi tion bandwidth and the i r  wei ght parameter A of equation 
(2. 35)  in a s i mi lar manner to Herrmann et al. fig. 2. 9 i s  also 
reproduced from the paper of Alga z i  and Suk. 
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Fig . 2 .  9 :  Ef fects of A and f, on the normali sed 
transi tion bandwidth and s topband 
ripple . Solu tion i s  via equation 2 . 3 4 . 
f , corre sponds to W, of the text ; 
f0 is rel a ted to the weight function 
magni tude - see fig . 2 . 1 0 ( a )  
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O t her w r i t e r s  s u c h  a s  F' ar de n  et  a l  [ 1 9 7 4 ] pres en t  t he i r  
i n form at i on i n  a manner that  makes i t  al mos t i mposs i bl e  t o  ga i n  a 
m e an i ngful com pari son . As a f i nal po i nt before d i scus s i ng a common 
bas i s  for com pa r i son , there i s  ver y  l i t tl e  r eport ed i nf ormat i on on t he 
a l gor i t hmi c e f f i c i en c y  of  d i f f er en t  al go r i t hm s  f r om t h e  j oi nt 
per s pect i ve of code com pl ex i ty and e l apsed  t i me t o  pr oduce  a so lut i on .  
Some met hods - such as the McLel l an-Par ks al go r i thm ar e ver y  e l egant , 
but , in  the absence of the publ i shed pr ogr am , are  very compl ex t o  co de . 
The wi ndow methods onl y requ i re an F'F'T rout i ne ,  but the mathemat i cal  
opt  i m i  sat  i on methods can have ver y  l ar ge s t or age requ i remen t s  and 
cons i derabl y l onger execut i o n  t i mes to provi de a solut i on .  
2 . 4 . 2  A common com pari son base 
The previ ous sect i on showed tha t  whi l e  som e  com pa r i sons have been 
r e p o r t ed , the i r  effect i veness i n  i nform i ng t he pot ent i al users i s  
en t i rely  dependent on the knowl edge and fam i l i ari ty of the users wi th  
the detai l s  of  the des i gn met hods . 
A mor e us eful appr oach des cr i be d  her e , i s  to def i ne a common 
" i de al "  f i l ter an d compare  the res ul ts of the d i ffer ent methods us i ng 
a common s et of de f i ned parameter s . Three  t ypes of compar i son w i l l  be 
made : 
( a )  frequency response 
( b ) CPU t ime for solut i o n  
( c ) data storage requ i remen ts 
lwc(.Jl 
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The FFT routine FFT842 [Bergland et al, 1979] is the common 
denominator used in estab l ishing the frequency response of the 
filters. This FFT routine expl icitly retains the real and quadrature 
components over the whol e of the first Nyquist interval (ie O - Fs, Fs 
the sampl ing frequency) . For l inear phase filters, most of this 
information is redundant. However, in the work on non-l inear phase 
fil ters to foll ow, all the information is required by some of the 
design methods. The princ ipal frequency domain parameters to be used 
were de fined in section 2.2.2 and shown in Fig. 2.3 (b) . Such a 
specification allows the McLellan-Parks program to be consistent with 
the other methods by specifying only w and w and ignoring w 
p S C 
Some of the al gorithms require a weight function W(w), and 
different authors have used sl ightly different variations. In this 
work, the procedure of Algazi and Suk is adopted in defining W ( w) .  
This is shown in Fig. 2 . 10 (a) for a l owpass filter. The reader is 
cautioned not to confuse this weight specification of Fig 2.10 (a) (for 
the computer algorithm) with the filter specification of Fig. 2.3 (b). 
The singl e exception to this rul e  is the McLell an-Parks algorithm that 
requires W(w) to be specified on the same disjoint frequency interval 
as the desired function. This is shown in Fig. 2.10 (b) for the same 
1 ow pass filter. 
The methodology adopted in producing the comparisons i s  shown in 
F ig. 2.11. The McLell an-Parks algorithm source code from the IEEE 
package was modified sl ightly to separate the input and output bl ocks 
as separate subroutine calls  and to include the VAX system specific 
CPU timer calls. The output code was altered to al l ow the result to be 
writ ten to a disk fil e whi eh could be read by the main program and 
thus use the common graphics package. 
The design methods chosen were 
1. Windows - Kaiser 
- Dolph- Chebyshev 
2. McLel lan-Parks algorithm ( C hebyshev approximation) 
3. Cuthbert (1974a) (l east square, numerical optimisation) 
4. Algazi-Suk algorithm (iterative procedure) 
5 .  C lergoet-Scharf (19 78) ( statistical formul ation, Toepl itz matrix 
inversion) 
The choice was motivated by the desire to minimise the overal l 
computational effort involved in getting the al gorithms running, the 
availabil ity of software such as the T oepl itz matrix inversion 
Ap 
A, 
Fig . 2 . 1 1 
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3 8  
routine , and the po tential o f  the method to  be extended  t o  include the 
non-linear phase case to f ollow. 
For Cuthbert ' s  method, his original weighting function in the 
passband giving cresent ripple was substituted by tha t  defined above . 
In addition, he used the subroutine E04 GAF from the NAG (Numerical 
Algorithms Group) Library . This particular routine was not available 
(on the VAX) , but an equivalent subroutine VA07 A from the Harwell 
Library was available and used the same algorithm by Fletcher. 
For the Statistical formulation, the Fortran subroutine TPLTZ of 
Farden [ Farden et al, 1 97 4 ], and reprinted later in Farden [1 97 5 ]  was 
used as the Toeplitz inversion routine . 
All the calculations and results are based on single precision 
f l oating point representation . 
Two examples will be used : a lowpass and bandpass filter . The 
bandpass example is a f requency translated version of the lowpass 
example an d ret ains the same bandwidth (bet ween -6 d B  points) and 
t ransition widths . The parameters of the norml ised "ideal" frequency 
responses used as the common examples are shown in Fig . 2 . 1 2 .  
2 . 4. 3 Lowpass Filter example 
The next step is to choose a f ilter length N. For the moment, 
consider only the lowpass example : the choice of filter length  N, 




! H {w) j 
( a ) lowpas s ( b ) bandpass  
fig . 2 . 1 2 :  frequency response spec i f ication o f  the common 
examples . 
Alga z i -Suk , they are cons tra i ned by t he t i me-bandwi dt h product 
C • 1T Nti F  
where ti F  = ( w  - w ) / 2 1T  s p 
N n umber of i mpu l se res po ns e  co ef f i c i en t s  des i r e d  
3 9  
( 2 . 4 4 )  
I n  addi t ion , both the K ai s er a n d D o l p h - C h e b y s he v w i n d o w s  ar e 
par am et eri sed on a and N [ K ai ser , 1 97 4 ; H ar r i s , 1 97 8 ,  e qu a t i on ( 4 6a ) ]  
whi ch is  a d i ff er ent way of i n d i c a t i n g  t irne- b a n d w i  d t h  d e p e n d e n c e . 
S e l e c t i n g ,  ar b i t r a r i l y ,  an a c c e p t a b l e s i del obe l evel  of - 6 0  d B ,  
ti F•0 . 0 5  wi th a normal i sed sampl i n g  i nt erval  T - 1 , A l ga z i  an d S u k  ha ve 
tabu l at ed the m i n i mum s topband at t en ua t i on as a f unct i on of C .  Thus 
fr om ( 2 . 4 4 ) , N=5 1 . For t h e  C h e b y s h e v  s ol u t i o n , R a b i n e r ' s  ( 1 9 7 3 )  
r e l at i onshi ps of equa t i on ( 2 .  43 ) a l so s ugge s t  N = 5 1  f or K = 1 0 .  How ever , 
K a i s er ' s  em p i ri cal r e l a t ionshi ps 
a {
0 . 1 1 02 ( ATTE N -8 . 7 ) ATTE N > 5 0  
0 .  584 2 (  ATTE N -2 1 ) o . 4  +O . 07886 ( ATTEN-2 1 ) 2 1  :£ A TTEN:£50 
0 . 0  A TTEN < 2 1  
N - 1  = ATTE N-8 1 4 . 3 6 ti F  
( 2 . 4 5a ) 
( 2 . 4 5 b ) 
w her e A TTEN i s  the r e qu i red at tenua t i on i n  dB  as a pos i t i ve n um ber , 
tiF i s  the norm al i s e d  t r ansi t i o n  wi dth , suggest t hat a "' 5 . 6 5 3  and N = 7 3 , 
so the l arger val ue of N=73  i s  used her e . 
Tabl e I an d F i g . 2 . 1 3  pr esent t he fre quenc y  r es ponses o f  t h e  f i v e 
met hods . Tabl e I I  i s  the C P U  ti me r e qu i r e d  f or a sol ut i on ,  a n d  Tabl e 
I I I  indi c at es the amount of e x t r a  ar ray s t or a ge beyond the b as i c  F FT 
ar r a ys , r e qu i r e d  by e a ch a l go r i t hm . The C P U  t i mes refl ect f ul l y  
opti mi sed com p i l e d  co de  w i t h  no VAX  D EBUG co d e  in clude d . 
T he r e s u l t s  f or t h e  wi ndow met hods us i ng the e xampl e o f  F i g .  
2 . 1 2 ( a ) ar e mi sl eadi ng be ca use a t r an s i t i on band h as been e x pl i c i t l y  
i n cl ud e d . The pr i nc i pl e  o f  the wi ndow method i s  that i t  i s  i n t ended t o  
be use d  in  conj un c t i o n  with  an i de a l  " b ri c k-wa l l "  s pe c i f i ca t i o n  t h a t  
corresponds to F i g  2 . 4 ( b ) .  Thus , us i ng 
I H ( f )  I 
{ 1  , i f l  
0
1 12 , I r 1 
, i f l  
f = wT /2 n ,  T= 1 
< 0 . 2 2 5  
0 . 2 2 5  
> 0 . 2 2 5  
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TAB LE I: COMPARISON OF THE RESULTANT FREQUENCY RESPONSE OF 5 DESIGN 
ALGORITHMS: LOWPASS FILTER 
normalised frequency f = wT/2 n  , T= 1 
impulse response length N = 73 
d B = 20.0 *LOG 10 ( ratio) 
Algorithm f f f parameter p C s 
D esi red f 1 =0. 20 
0. 225 f2
=0.250 
( i ) 
W indows: 
Kai ser 0. 1 78 0.225 0.274 -
Dolph-Cheb 0. 1 7 1  0.225 0.282 -
( ii ) 
McLe-Parks 0.200 0.222 0.252 NGRID= 1 6 
K=10  
( ii i ) Ap =1  
Cuthbert 0. 198 0.225 0.253 As=1 00 
i ter=3 
( i v )  
Algazi-Suk 0. 199 0.225 0.254 A = 1 0 5 
i ter=1 0 
To�pi itz 0.002 0. 1 72 0. 250 Ap = 1 .  0 





0 .01 5 
0.24 7  
0 .  1 1  4 
-0. 203 
se e plot 
TABLE II: CPU T IME REQUIRED FOR SOLUTION: LOWPASS FILTER 
Algori thm ti me Parameter 
( s) 
( i ) 
Windows: 
Kai ser 0.32 FFT len=1 024 
Dolph-Cheb 0.84 
( ii  ) 
McL e-Parks 9.39 NGRID= 1 6 
K= 10 
( iii ) 
Cuthbert 52. 77  order 73 x5 12 
( i v ) 
Algazi-Suk 5.8 1  FFT len=1 024 
( V )  





-6 9. 7 
-75 . 5 
-6 1 .  28 
-44. 25 
-62. 0 7  
TABLE I I I : P RINCIPAL ARRAY STORA GE REQUI REMENTS OF THE 5 ALGORITHMS 
IN EXCESS OF THE B AS IC FFT ARRA YS USED  TO DEFINE THE 
DES I RE D  F RE QUENCY RESPONS E .  
N i s  the des i red i mpul se r es pons e  l ength 
41  
M i s the number of frequency poi nts  use d  to  s pe c i fy the 
frequency domai n i nf ormat i on 
NFFT i s  the FFT l ength used 
symbol ogy i s  Px L :  no of arr ays  P ,  of l ength L requ i red . 
Algor i thm 
( i ) 
W i ndows : 
Kai ser 
Dol ph-Cheb 
( i i  ) 
McL e-Par ks 
( N� 1 28 )  
( i i i  ) 
Cuthber t 
( i V )  
Alga z i -Su k 
( V )  
Toepl i t z  
Ex t ra array  s tor age 
0 
1 xNFFT 
1 x 20 ;  3 x 1 0 ;  6 x 6 6 ; 
3x 1 05 6  
2xNFFT ; 3xM ; 7 xN ; 
1 x ( NxN ) ; 1 x ( MxN ) 
1 xNFFT 
4xN ; 1 x ( [ N+ 1  ] * *2 /4 ) 
TAB LE IV : FRE QUENCY RESPONS E PARA ME TE RS OF WINDOW METHODS WITH A 
"BRICK-WA LL "  DES I RE D  RESP ONS E .  ( LOWPASS F ILTE R )  
normal i sed frequency f =  wT /2n , T= 1 
i mpul se  res ponse l ength N = 7 3  
d B = 2 0 . 0 *LOG 1 0 ( r at i o )  
Algor i thm f f f par amet er 6 6 S p C s p 
( d B )  ( d B )  
Des i red - 0 . 225 - < -60  
( i ) 
Wi ndows : 
Kai ser 0 . 20 1  0 . 225 0 . 25 1  - 0 . 009 -6 1 . 2 
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( b ) tran s ition band reg i on for McLe l l an-Parks 
and Cuthber t ' s  method s . 
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( c ) transi tion band region for Algazi ' s  and 
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Fig . 2 . 1 3 :  Frequency re sponses  achieved by the 
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Fig . 2 . 1 4 :  Wi ndow me thods appl ied to the ideal 
"brick-wal l "  speci f ication 
4 3 
4 4  
a n d  a p p l y i ng t h e  w i n d o w  t e ch n i que s  onl y ,  Tabl e I V  and f i g  2 . 1 4  
i ndi cates the r e s ul t s .  f i g  2 . 1 4  shoul d be com pa r e d  wi th f i g  2 . 1 3 ( b )  
a n d  ( c ) .  The s t opband r i ppl e i s  wi th i n  t he r e qu i re d  t ol er ance and the 
tot al wi dt h of the f i l ters as gi ven 
very s i mi l ar . 
2 . 4 . 4  Bandpass f i l ter Exampl e 
by f i n  T abl es I 
C 
and I V  ar e 
In exact l y  the s am e  m anner us e d  f or the L owpa s s  exampl e above , 
f i g .  2 . 1 5  and T abl e V pr esent the f r e qu e n c y  r e s po ns e  par am et ers f or 
t h e  ba n d p a s s  spe c i f i ca t i on of  f i g .  2 . 1 2 ( b ) .  f i g  2 . 1 6  a n d  T abl e V I  ar e 
t h e r e s ul t  f or the  w i n d o w  m e t h o ds a p p l i e d t o  t h e  e qu i v a l en t 
" b ri ck- wal l "  band- pass spe c i f i ca t i on and s ho ul d be com pa r ed wi th f i g .  
2 . 1 5 ( b ) , ( c )  a n d  ( d ) . f or t h i s  e xa m p l e ,  t he r e  ar e t wo s e t s  of 
param at ers cor r es pond i ng t o  the l ower an d upper t r an s i t i on ban ds . The 
s uf f i x  ' L ' or ' U ' i dent i f y the appropr i at e  ba n d . The pl ot s of f i g .  
2 . 1 5  and 2 . 1 6  show t he upper t rans i t i on band . 
2 . 4 . 5  D i sc uss i on 
The key concl us i ons t o  be dr awn f r om T abl e I , IV and V , V I ar e :  
( a )  wi t h  t he exc e pt i on o f  metho d ( i v ) , a l l  t echn i ques exc e e d  the 
re qu i red s t opband r i ppl e spe c i f i ca t i on .  
( b )  f or t he l owpass exampl e ,  m e t ho ds ( i ) ,  ( i i i ) and ( i v )  p r e s e r ve the 
s pe c i f i ed cut off fr equen c y , whi l e  t ha t  f or m e t ho d  ( i i ) repr es en t s  
a 1 .  3%  shi ft . Thi s pr eserva t i on of t h e  - 6  d B  frequency i s  the 
princip al r e as o n  f or f r e quency  s pe c i f i ca t i on adopted  i n  f i g .  
2 , 3 ( b ) .  Tha t the wi ndow metho ds preserve the -6 d B  p o i nt i s  wel l  
k n o w n . However , s uch beha v i our of the M cL el l an-Par ks al gor i thm 
( m e t ho d  ( i i ) )  h a s  no t b e e n  r e p o r t e d , b e ca u s e  the al gor i thm 
prohi bi ts any s pe c i f i ca t i on or co nt r ol over t he t rans i t i on r egi on . 
for t he bandpass exampl e ,  the i den t i cal commen t s  appl y t o  the 
uppe r -6 d B  frequency fcU However , f or the  l ower -6 d B  f r e quency 
fcL , onl y me thods ( i )  and  ( i v ) p r es erve  the s pe c i f i ca t i on .  M ethod 
( i i )  g i ves  a +2 . 25% s h i f t  an d metho d  ( i i i ) a + 0 . 8 % s h i f t . 
( c )  the trans i t i on ba ndwi dth i s  mai ntai ned for al l the me thods e xc e p t  
for the D ol ph- Chebyshev wi ndow ( Tabl e I V ) . 
( d )  The s t at i sti cal  formul at i on of method ( v ) produc e s  a ve r y  poor 
r e s u l t in every r e s pect  exc e p t  the s t o p ba n d  r i ppl e r equ i r em ent . 
TABLE V :  COMPAR ISON OF THE RES ULTANT F REQUENCY RESP ONSE OF 5 DESI GN 
A LGORITHMS : BANDPASS FILTER  
normalis e d  fre quency f =  wT /2n , T= l  
i mpuls e r es ponse leng th N = 73 
dB = 2 0 . 0*LOG ( r at io ) 









par amet er 
Des ired 0 . 1 1 2 5 0 . 1 3 75 0 . 1 625  0 . 3 375 0 . 3 625 0 . 3875 
( i ) 
W indows : 
Kai ser 0 . 0879 0 . 1 3 77 0 .  1 84 6 0 . 3 1 54 0 . 3623  0 .  4 1  2 1  } NFFT= 1 02 4  
Dolph-Cheb 0 .  0 82 0 . 1 377 0 .  1 9 04 0 .  309 6  0 . 3 623  0 . 4 1 80 ) 
( i i ) 
McLe-Parks 0 .  1 1 1  4 0 . 1 406 o. 1 62 1  0 . 3 379 0 . 3623  0 . 4 1 80 K,. 1 0  
N GR ID=l  6 
( i i i )  Ap =l  
Cuthbert 0 .  1 1  04  0 . 1 3 87 0 . 1 650  0 . 3 3 59  0 . 3 623 0 . 3906 A s = 1 00 
i ter=3  
( i v )  
Alga z i -Suk o. 1 084 0 . 1 377 0 .  1 6 3 1  0 . 3369  0 . 3623  0 . 39 1 6 A = 1 0  
i te r= 1 0 
( V )  
Toepl i t z  0 . 1 093 0 . 1 62 1  o .  1 6 3 1  0 . 3369  0 . 3 379 0 . 3906 Ap = l  
see plo t As= 1 0 
6 6 sL p 
( d B )  ( d B )  
< 6 0 . 
0 . 0004 6 -8 5 . 0 
0 . 000 1 2 -90 . 0  
0 . 0 1 3 -76 . 1 
0 . 2 . 96 -6 1 . 9 
0 .  1 1 1  -4 4 .  1 
0 . 253  -6 4 .  0 
TAB LE VI : F REQUENCY  RESPONSE PA RAMETE RS OF WINDOW METHO DS WITH  A 
"BRICK-WALL"  DES I RE D  RESPONS E : BANDPASS F ILTER  
normal i se d  fre quenc y f=  wT/2 n , T�1 
i mpul se r es po nse l ength N = 7 3  
d B = 2 0 . 0* LOG 1 0 (rat i o )  
A l gori thm f 
sL 





parameter 6 6 sL p 
( d B )  ( d B )  
Desired  - 0 . 1 3 75 - - 0 . 3 6 25 - < 6 0 .  
( i ) 
W i ndows : 
Kai ser 0 .  1 1 1  3 0 . 1 3 77 0 . 1 62 1  0 . 3379 0 . 3623  0 . 3887 } NFFT= 1 02 4  0 . 0085  -6 1 . 1 
Dol ph-Cheb 0 . 0 9 86 0 . 1 3 77 o .  1 6 8 9  0 .  3 3 1 1 o .  3 62 3  o .  4 01 4 } 0 . 002 3 --6 8 . 5  
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( c )  trans i ti on band region for Algazi ' s  and 
Toep litz method s . 
Fig . 2 . 1 5 :  Bandpass Example - frequency responses 
achieved by the different design me thods .  
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( b )  pas sband response . Compare with Fig . 2 . 1 5d .  
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Fig . 2 . 1 6 : Bandpas s example : window me thod s applied to the 
"bri ck-wal l "  ideal speci f ication . 
50  
W i t h r es pe c t  to  the CPU  t ime r e qu i red f or a sol ut i on ,  all  the 
m e t hods except  C uthbert ' s  g i ve fas t solut i on t i mes . Thi s makes them 
u s e f ul  in an experi ment al envi r onm en t  wher e  d i f f er en t  f i l ters and 
c om b i n at i ons of param et er s  can be s yn thes i sed and compared  rap i dl y .  
C ut hbert ' s  method by com par i son i s  50 - 1 00  t i mes sl ower . Thi s i s  
d ue t o  t he l ar ge amount of com put at i on r e qu i red by the n umer i ca l  
pr o c e dur e .  A t  each i ter at i on ,  equ a t i ons ( 2 . 3 1 ) a n d  ( 2 . 32 )  mus t be 
comput ed and the sol ut i on of 
n 
j= l 
a . . X .  l J J 
b .  l i 1 ,  • . . .  n 
( 2 . 4 6 )  
mus t b e  f ound . The sol ut i on o f  equ a t i o n  ( 2 . 4 6 )  i s  do ne by t radi t i onal 
mat r i x i n v e r s i o n t e chn i ques  whi ch ar e cons i derabl y sl ower than a 
sol ut i on tha t  can exp l oi t a T oepl i t z  s truc t ur e .  
From the po i nt of vi ew of compu t er s tor age r equ i rem ents , the mos t 
eff i ci en t  al go r i thms ar e those  of methods ( i ) and ( i v ) , f ol l owed by 
M c L e l l an-Parks ( i i ) ,  and then C l er geot -Scharf ( v ) .  C uthbert ' s  method  
requ i res  a ver y  l ar ge amount of  arr ay s tor age r ef l ect i ng the embe dded 
matri x comput a t i ons men t i oned above . 
M or e  w i l l  b e  s a i d a bout Cut hber t '  s m et hod i n  C hapter 3 ,  but  
A p p e n d i x g i ve s  the  com pu t a t i onal det ai l s  rel at i ng to  act ua l l y  
i mpl emen t i ng the al gor i thm . However , f rom Appendi x  1 ,  f or a f i xe d  
choi ce o f  N ,  the amount of storage and C P U  t i me r equ i red i s  co ntrol l ed 
by M :  the number  of frequency poi nt s  use d  to  s pe c i f y  the mode l or 
des i red frequ en cy respons e .  
I n  the res ul ts repor ted above , M=5 1 2 corr es po nd i ng t o  the Nyqu i st 
i nt erval of the f requency s pe c i f i ca t i on setup  i n  the FFT arr ays . Thus 
M al so co nt rol s the accur acy of the frequen cy s pe c i f i ca t i on us ed by 
t he o p t i mi sat i on pr ocedur e . Hence , i f  accur a t e  s pe ci f i ca t i on of the 
cut-off f requency we and t ran s i t i on bandwi dt h i s  not requ i red , M can 
be reduced  to smal l er val ues wi th a co nsequ en t  reduct i on i n  array 
s torage and f as ter s ol ut i on t i mes . 
2 . 5  THREE ALGOR I T HMS REV IS IT E D  
A t  t h i s po i nt , t he al go r i thms  of McL el l an-Par ks , Alga z i -Su k and 
C ut h b e r t  ar e r e v i si ted . For the McL e l l an-Parks  _ al gori thm , certai n 
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sho r tc o m i n g s  ( c o nnected wi th f i lter s  requ i r i ng odd symmet r i c  
sequences ) are po i nted out, as they have a bear i ng o n  the d i scussi on 
of no n - l i near phase f ilters that i s  to follow . For the algor i thm of 
Alga z i - Su k, some pract ical aspects related to the value of the i r  
wei ght pa r ameter A are exami ned, and the use of the i terati ve 
pr ocedur e to "refi ne" the result der i ved from method 5 ( Toeplitz  
s olut i o n ) . For Cuthbe rt ' s  method, aspects related to the wei ght 
parameters A and A are exami ned. 
p s 
2.5. 1 McLellan - Par ks algo r i thm 
For ordi nary Case 1 or Case 3 ( e quati ons 2. 1 7a,c ) lowpass f ilters, 
the speci f icati on of the des i red passband explici tly i ncludes the w =O 
poi nt. For the common example of sect i on 2. 4. 2, th i s  i s  
(0.0, 0. 2, 0. 25, 0.5 ) .  
The di scuss i on o n  no n-li near phase filters i n  Chapter 3 wi ll show 
that anti - symmetric  sequenceS' of Case 2 or Case 4 will be requ i red. 
However, a problem ar i ses i n  specify i ng w =O for the e quivalent Hilbert 
f ilter . Hi lbert f ilters are represented by Case 2 or Case 4 ( e quati on  
2 . 1 7b, d ) and such sequences re qu i re jH ( w =O ) j =O. O from equati on 2. 1 3. 
Thus, a passband specificati on jH ( w =O )  j > 0 i s  illegal. 
The questi on that ar i ses then, i s  how close can the lower passband 
spec i f i cati on get for a f ixed cho i ce of N wi thout i ncur r i ng a maj or 
deteri oration i n  the resulti ng frequency response? In the i r  or i gi nal 
pape r descr i b i ng the pr og r am, M cLellan et al gave an example 
[McLellan, 1 973b, Fig. 1 9, 20 ] wi th a lowest ( normal i sed ) band edge of 
0.0 5. If  the sampli ng rate of a speech pr ocessi ng system i s, say, 8 
KHz, th i s  bandedge i s  0.05 x 8 KHz = 400 Hz. The speech pr ocessi ng of 
Chapter 4 wi ll i ndicate that passband responses down to at least 50 Hz 
( at an 8 KHz sampling rate ) wi ll be requ i red. Normalisi ng 50 Hz to 
T= 1, g i ves a requ i red lower passband edge of 0.0062 5. 
Expe ri ence wi th thi s  algor i thm has shown that for H i l bert filters, 
the allowable lower passband edge speci f i cati on and transiti on  band 
i nterval ar e not i ndependent of each other. Fig 2 . 1 7  demonstrates the 
i nteract i on obtai ned. The starti ng poi nt i s  the lowpass common example 
of Fig. 2. 1 2 ( a )  wi th the lowest passband edge lifted (arbi trar i ly )  to 
0.025. Fi g. 2. 17 (b ) then ha lves th i s  passband edge to 0.0 1 25 whi le 
mai ntain i ng the same transiti on wi dth . The result i s  that the upper 
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o.o o. , 0.2 0.3 0.4 0.5 
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( b )  s pec= ( 0 . 0 1 2 5 , 0 . 2 , 0 . 2 5 , 0 . � )  





0.0 o. , 0.2 0.3 0,4 0.5 
F"REQ 
i c )  spec= ( 0 . 0 1 2 5 , 0 . 2 1 2 5 , 0 . 2 3 7 5 , 0 . 5 )  (d ) spec= ( 0 . 0 0 6 2 5 , 0 . 2 1 25 , 0 . 2 3 7 5 , 0 . 5 )  
Fig .  2 . 1 7 :  Hi lbe rt F i l ter  via McLe l lan-Parks algori thm : 
demons tration of  the interaction between the lowe s t  
pas sband frequency speci f ication and tran s i tion 
bandwidth speci f ication . 
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transition bandwidth by half symmetrically about f without altering 
C 
the new lower passband edge restores the passband ( F i g  2 . 1 7 ( c))  but at 
the expense of greatly increased passband and st opband ripple because 
t he transition bandwidth is less than the time-bandwidth required by 
equat ion (2. 43) .  Subsequent further reduct ion of  the lower passband 
ed ge in Fig 2.17 ( d) t o  0. 00625 gives even larger ripple with a slight 
deterioration at the edge of  the transition band. 
The reason for this algori thm exhibiting this behaviour has not 
been explored. It will, however, cause problems when attempting t o  
generate non-linear phase filters. 
2 . 5. 2 Algazi-Suk 
The resul ts of Fig 2.9 are based on the solution of equation 2.34 
using o nly 5 t erms with C=8. 0 in equation (2. 44) . The result of 
Fig 2. 8 is based on an initial solution provided by the Toeplitz 
matrix inversion technique of method (v), followed by application of 
the iterative procedure of equation (2. 35) . This procedure requires 
the designer s tart wit h  several at t empts using method (v) with 
different weight values AP, As in Fig 2. 1 0 ( a) .  Subsequently, applying 
the iterative procedure, how many iterations are required and what 
value of A in equation (2.35) should be used? 
Starting with the initial result of the lowpass example from method 
(v) , Table V II and Fig 2. 1 8  demonstrate the effect of 20 iterations of 
equa tion (2 . 35) with three values of A. A low value of A restores 
m uch  o f  the passband region of the filter ( Fig 2.18 ( a)) but at a cost 
of a significant decrease in the stopband a t tenuation. Increasing the 
value o f  A reduces the ability of the procedure to  correct the 
premature fall of the s topband response and for A=1 0 an increase i n  
s t opband at tenuation is achieved. From Fig 2 .18 (b) this increase is 
ach i eved af ter 2 i tera t ions bey o nd which t here is no further 
i mpr ove:n en t . 
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Fig . 2 . 1 8 :  Algazi ' s  i terative algori thm wi th the Toeplitz  
solution as  a s tarting es timate : the e f fect of  
d i f ferent weigh t  values A for  the Lowpas s 
examp le . 
20 
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TAB LE V II :  APPLICAT ION OF 20  IT E RATIONS OF THE IT E RAT IVE  
PROCEDURE OF ALGAZ I TO THE RES ULT FROM THE TOEPL ITZ 
SOLUTION US ING THE LOWPASS EXAMPLE WITH "A" AS THE 
PARAMETE R. 
f f f 6 6 p C s p s 
( dB)  (dB)  
Desired 0. 200 0. 225  0 . 250 < -60 
A = 1 0  0. 0 0. 222  0. 255  * -4 4 . 22 
1 0 2 0. 0 0. 188 0. 254  * -5 7. 42 
1 0 4 0.0 0. 1 72 0. 253  * -6 9.  1 2  
* see Fig. 2. 18 ( a )  
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The discussion above raises several questions : why not apply the 
iterative procedure directly , using , as an initial starting estimate a 
truncated version of the model h .  ( t ) .  The secondary questions are then 1 
what val ue A should be used and how many iterations are needed? 
The first question has already been answered. Method ( iv)  of Tabl e 
I reflects the result of the direct appl ication of the iterative 
pr oced ure . T he res u l t  fails to meet the des ired stopband 
specification. With regard to the choice of A ,  Algazi et al  in their 
ori ginal work showed that as A -> 00 , the procedure converges to � 0 ( t ) , 
the zero order prolate spheroidal wavefunction. Thus a large value of 
A is inferred . Fig 2. 1 9  demonstrates the convergence property of 
method ( iv )  with A as the parameter. 
Comparing the result of Fig 2. 18 with Fig 2. 1 9 ,  it appears that with a 
l ow value of A ( A= 1 0 in Fig 2.18 ) ,  the sol ution is converging to that 
provided by the direct application of the iterative procedure in Fig 
2 . 1 9  with A= 1 0 5 • The conclusion is that the appl ication of the 
iterative procedure as a trimming procedure to an initial solution 
provided by the Toeplitz matrix inversion method is pointless because 
there  is no real benefit over the d i rect appl ication of the iter3tive 
procedure. 
2 . 5.3 Cuthbert ' s  Method 
In Chapter 3 ,  this algorithm will be discussed in more detail. 
Howe ver , when reporting h i s  approach to the solution of a non-linear 
pha s e  p r obl em he raised the i ssue of weighting [Cuthbert , 1 974b ] 
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wi thout indica t i ng typi cal values of A and A that could be used p s 
Thi s ques t ion i s  examined here bri efly . 
For the lowpass example of Fi g 2 . 1 2 ( a ), Table V I I I  shows the 
effect on the frequency parameters for d ifferent values of A For 
the l ast case wi th A = 1 0 �, the algori thm had diffi culty in  arri vi ng at 
a sol ut i on when t rying to  solve e qua t i on ( 2 . 4 5 ) . In  addi t i on, the 
f inal result produced a filter wi th loss because I H ( w ) I = 0. 71 i nstead 
of 1 . 0 .  
2. 6 SUMMA R Y  
Thi s  chapter has catalogued some of the more i mportant approaches 
to solving the approx i mat i on problem for l i near phase FIR filters and 
a t t empted to present thei r performance in  a consi stent and uni f i ed 
manner to bri ng out t he i r  relat ive strengths and weaknesses from a 
pract i cal poi nt of vi ew .  Of the f ive al gori thms i mpl emented, two stand 
out : the class i cal wi ndow techni que and the McLellan-Parks algori thm . 
It i s  cl early evident that the classi ca l  wi ndow methods offer very 
good resul ts wi th the addi t i onal advantage that  they are ext remely 
s i mpl e to  i mpl ement . Of the t wo wi ndows demonstrated, the Kai ser 
wi ndow i s  to be preferred on t wo counts : i t  mai ntains the desi red 
transi t i on width more closely and i s  si mpl er t o  i mplement . Furt hermore, 
many o t her well known wi ndows such as the H amming and Hanni ng wi ndows 
tha t  were exami ned but have not been di scussed, all fai led to meet the 
s tandard ach ieved by the Kai ser wi ndow . 
The algori thm of McLell an-Parks offers the bes t  result at a cost 
of a small amount of addi t i onal storage spa ced and increased CPU t i me, 
but  i s  ma t hemat i ca l l y  compl ex t o  i mplement . The fact that the 
al gor i t hm has been publ i shed and i s  wi dely ava i labl e makes i t  
po tent i all y one of the mos t eff i c i ent desi gn methods ava i l able for 
s t ri c t l y  l inear phase f i l ters . However, unl i ke the c lassi cal wi. ndow 
techni que, as i ndi cated in  sect i on 2. 5 . 1, there are hi dden traps when 
the al gori thm i s  used to generate Hilbert filters . 
Cuthbert ' s method i s  reasonabl y  suc cessful but at a cos t of very 
l ong solut ion t i mes and very l arge array storage requ i rements . Both 
can be reduced by reduc ing the probl em order . The order used for the 
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TA B LE V I I I :  P E RFORMANCE OF CUTHBERT'S METHOD AS A FUNCT ION OF 
THE STOPBAND WE IGHT PA RAMETER A 
A = 1.0 , iter= 3 
p 
f f f 6 
p C s p 
( d B) 
Desired 0.200 0.2 25 0.250 
A = 1 0 0.200 0.22 6 0. 254  0. 158  
1 0 2 0. 1 98 0.225 0.253  0.2 4 7  
1 0 3 0 .  1 90 0.222 0.252 0 . 248  
1 0 4 0 . 208  0.2 1 8 0.25c: -0. 6 8 1  
u see t e x t  : f i n a l  pa s s ba n d I H ( w ) I ,. 0 . 7 1  
6 s 
( dB )  
< -60 
-4 7 . 88 
-6 1 .  28 
-77 .65 
- 9 2. 1 6  JHI 
5 '7 
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r es pons e  po i nt s  an d 5 1 2 i s  the n umber o f  po i nt s  de f i n i ng the f r e qu e n c y  
r es p o n s e . If  a coar s er gr i d  o n  w h i ch the i de al frequency res po ns e  i s  
de f i ned can be tol er at ed , t hen t h i s wi l l  reduce bo t h  the r equ i r ed 
s ol ut i on t i me an d memor y r e qu i r em en t s . 
The s t a t i s t i ca l  appr oach whe r e  the f i l t er i s  cons i de r e d  as  a 
s i gn al es t i mator and e xp l oi ts cer t a i n  m at hemat i ca l  symmet ry proper t i es 
o f  the pr obl em to  ach i eve a f as t  sol ut i on t i me i n  f act pr ovi de s a 
r es u l t that i s  very poor when co ns i de r e d  s t ri ct l y  as a f i l ter . I n  
s i t u a t i ons  wh e r e  t he be s t  s i gn al es t i ma t e  of a noi sy s i gn a l  i s  
r e qu i r e d , s uch as  i n  proces s co nt r ol system s , t h i s r es ul t may b e  qu i t e 
a de qua t e . In addi t i on ,  t he al go r i thm as i mpl em en t e d i n  t h i s wor k was 
s ens i t i ve to t he s t opband w e i gh t i ng val ue . Bo th F ar den an d A l ga z i  use  
A = 1  O O O . Thi s val ue ga ve very  poor r es ul ts  when used  he r e , whi l e  s 
v a l ues  of 1 0  and 1 0 0 gave a sol ut i o n tha t  was unus abl e .  Stopba n d  
w e i gh t s  of  1 0 " 1 0 6 w e r e f o u n d t o  b e  t h e m o s t u s e f u l . 
3 . 1 INTRODUCT I ON 
CHAPTE R  3 . 0  
NON -LINEAR PHASE  FIR  F ILTERS 
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Th i s  ch a p t er e xpands  the wor k of  chap t er 2 .  0 t o  cons i der the 
non-l inear phase case . Repe a t i ng , f o r  t h e  s a k e  of  cl a r i t y , s om e  
equa t i ons  of Chapter 2 . 0 ,  reca l l  the frequency response of a f i l ter i s  
des cri bed by 
H ( w )  H ( w )  + j H  ( w )  
r q 
s I H ( w )  I ej e ( w )  (3. 1 )  
and that f or the l i near phase c ase , the cons tr a int  H ( w ) 2 0 w as 
q 
imposed . Thi s constraint  i s  now r emoved . Thus , i ntrod uct ion  of a p hase 
res pons e com pl i cates the approxi mat i on probl em i n  two ways : 
( a )  t wo constra ints  - ma gni tude and  p h a s e  m us t  now  be  s a t i s f i e d  
s i mul taneousl y .  
( b )  remov i ng the cons trai nt H ( w ) =O now proh i bi ts the i mpul se res ponse 
q 
se quence h ( n )  from exh i b i t i ng any s ymmet r y . Fur thermor e ,  s trai ght  
forwar d appl i cation  of Four i er theor y r e qu i r es that  for h ( n )  to  
remai n a r eal sequence , t he real an d quadratur e  components  
of e quat ion ( 3 . 1 )  must  e xhi b i t H ermi ti an s ymmetr y :  
H ( w )  = H ( - w )  r r 
H ( w )  = -H ( -w )  q q 
I w I � 1T /T (3 . 2 )  
In  Chapter 2 .  0 ,  i t  was shown that the re qu i rement of ca usal i t y  
prod uced t h e  l i near phase t e rm q, ( w ) 2w ( N- 1 ) T /2 . Th i s t e r m  i s  s t i l l  
p r e s e nt , s o  a non- l i near phase  f i l ter has a total phase res ponse  
q,t ot ( w )  = w (
N- 1 ) T /2 + e0 ( w )  ( 3 . 3 ) 
where e0 ( w )  i s  the e ( w )  of equat i on ( 3 , 1 ) .  Thus i t  i s  apparent that 
the f i l ter phase response is a de v i at i on e0 ( w )  f rom the impl i c i t  
l i near phase ba s e .  A l l  fut ure  di scus s i on of phas e res ponse  wi l l  refer 
onl y to e0 ( w )  of e quat ion ( 3 , 3 ) . 
3 . 2  EXISTING DES I GN METHODS 
Cuthbert ( 1 97 4 b ) recogn i sed that gi ven the symmetry  requ i rements 
6 0  
of the fre quency  r es ponse i n e quat ion ( 3 .  2 ) , the  i mpulse  r es po nse can 
be cons i dered as the s um of two s ymmet ri c sets  a ( n ) and b ( n ) ,  whose  
DFT ' s  corr es pond  to  the c om ponen ts of  e quat ion  ( 3 . 1 ) .  For  N e v en , 
h ( n ) 2 a ( n )  + b ( n )  
h ( N - 1 -n )  '" a ( n ) - b ( n )  
( 3 .  4 )  
w he r e  N i s  the number of i mpu l se r es ponse  coeff i c i ents . Re-wri t i ng 
e quation  ( 2 . 4 )  f or cl ar i t y :  
N - 1  
H ( w )  • l h ( n ) eJ w
T n  
( 3 .  5 ) 
n=O  
and subs ti tut i ng ( 3 . 4 ) , i t  can be s hown tha t  the  frequen cy respo nse  
i s  gi ven by  
H ( w )  
. N 1 T /2 2 
{ � - 1 
e -J w (  - ) l 2a ( n  )cos ( wT ( n- [ N - 1  ] /2 } ) 
n =O 
N 
-j  ! 
-
�b ( n ) s i n ( wT { n - [ N - 1  ] /2 l ) }  
n =O 
(3 . 6 ) 
f or N even . S i mi l ar l y ,  separat i ng t he de s i red  f requen cy res ponse i nt o  
real and quadr at ure  compone nts 
D ( w )  I D ( w ) l cos� ( w )  + j J D ( w ) l s i n� ( w )  3 . 7  
then , u s i ng e quat ions ( 3 . 6 )  and ( 3 . 7 ) , C uthbert  s ol ve d t hi s pro bl em 
us i ng t he m e an - square appr oach of e qua t i on ( 2 . 29 )  and a publ i she d 
o p t i mi sat ion  al gor i thm [ F l etcher et al , 1 9 63 ] t o  separat el y sol ve  for  
the  s e que n ces a ( n ) and b ( n ) .  I n add i t i on , he  demons trated that by 
perform ing  a secon d opt im i sa t i o n r u n o n e a c h c om po n e n t o v e r t h e  
s t o p b a n d  s pe c i f i ca t i o n o n l y ,  a u s e f u l  i m pr o v e m e n t  i n  s t opb a n d 
r ej e c t i o n was achi e ved  at the e x pense  of a ver y smal l i n creas e i n  t h e  
pass  band r i pp l e .  
The equ i val ent formul at i on t o  equa t i on ( 3 . 6 )  for N odd i s  s i mi l ar , 
but requ ires an addi t ional s tep  i n or d er to  f i t i t  i nt o  t h e  s ame  
a lgor i thm . Appen d i x  det a i l s  the der i va t i on o f  equat i on ( 3 , 6 )  for 
both  odd an d e ven N an d shows the extra  computat ional s tep for  N o d d . 
H o l t et al  [ 1 97 6 ]  used the same appr oach as Cut hbert , but i nst ead 
demons trated  the use of the Reme z Exchange A l gori t hm whi ch guarant e e d  
t h e  magn i tude error wi l l  be wi th i n  t he pres cr i bed  tol erance . Nei ther 
method , howe ver , gi ves pr ec i se co ntrol  over the phase error . 
6 1  
S t ei gl i t z  [ 1 9 8 1 ] i ns t ea d  approached the probl em as a no n-l i near 
p r ogr am m i ng pr o b l em : f i n d the  h ( n )  i n  e qu a t i o n ( 3 .  5 )  3 0  as to 
mi n i m i s e  the par ame t er >. i n  
I I H ( wk ) I - D k l :;; >.TMk 
( 3 . 8 )  
I ArgH ( wk ) - <t>k I :;. >. TP k 
where Dk an d <l> k 
ar e t he des i r e d  magn i tude an d pha s e  an d T M
k
, TP k a r e  
t h e  s e t  o f  magn i t ude and pha se  tol erances res pec t i ve l y .  H i s  sol ut i on 
was to convert the  no n-l inear pro bl em to a l in e ar pro bl em and u s e  t h e  
w e l l  known  s i m p l e x  m e t ho d  o f  l i n e a r  p r o gr amm i n g .  Thi s appr oach 
guar anteed bo t h  the ma gni tude and phas e  err ors wer e wi t h i n t ol er a n c e  
a n d  t h a t  th i s  appr oach was opt i mal t o  a f i rs t or der appr oxi mat i on of 
the er r or . 
3 .  3 I MP ULS E RES P ONSE  LE NGTH 
Fo r s om e one wel l ve rsed  in  t he pract i ce of Four i er theory , i t  may 
be a p par ent that , in general , one pen al t y  of re qui r i n g  no n - l i n e ar 
p h a s e r e s po n s e  i s  t h a t  a l on g e r  i mpu l s e  r e s po n s e  i s  requ i r ed to 
m a i n t a i n  the sam e  ma gni tude r es po ns e  of the e qui val e n t  l i near p h a s e  
f i l t er . However , s uch an obs ervat i o n i s  no t i n t u i ti ve l y  obv i ous . 
T h e b as i c  q u e s t i o n s  o f  " h o w  m u c h  l o n g e r "  an d w h a t  i s  t h e  
rel ati ons h i p be t ween the phase res ponse  an d i mpu l se res ponse l en g t h  
r em a i n l ar gely un e xp l or e d . Thi s se c t i o n  i s  an at t em p t  to  pr ovi de a 
pa r t i al an swer to  the qu es ti ons rai sed . For cl ar i ty and s i mpl i ci t y , 
the di sc us s i o n w i l l  be i n  t e rms of t he co n t i n uous vari a bl es t ( t i m e )  
and w ( fr e quency ) .  
Two cas es w i l l  be co n s i der e d : 
( a )  s i ne phase  de v i at i on 
( b ) s quare - wave phas e devi at i on .  Thi s  ca s e  i s  i mpor t an t  her e  be cause 
the w or k  on s peech r an domi sat i o n  in  C ha p t er 4 . 0  sug ges ts th i s  f orm 
of pha s e  res ponse i s  requ i red . I t  i s  a l s o  the o p po s i te e x t reme of  
the  s i ne phase devi a t ion . 
T he e xc e p t i o n to the ge n eral rul e i s  the " mi n i mum phas e"  or m i n i mum 
delay f i l t e rs [ Op pen h e i m , 1 9 7 5 b ] .  T h e s e  f i l t e r s  ar e mor e u s e f u l l y  
d e s c r i be d i n  t e r m s  o f  t h e i r  z - t r a n s f or m  a n d  ze r o  d i stri but i on .  
Herrmann [ 1 9 7 0c ] s howe d how t o  gener a t e  mi ni mum phase F I R  f i l t ers by 
s e l e c t i n g ha l f  of the zeroes of a prot o t y pe l i near pha s e  f i l t er .  
Howe ver , whi l e  t h i s  pr oced ur e  gen er ates a no n-l in e ar phase r es po n s e , 
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the desi gn er has no  cont rol over i t :  t he  phase r es po nse i s  f i xe d  b y  
th e pos i t i ons of the remai n i ng zer oes . Thus a m in i mum phas e f i l ter i s  
a speci al cas e of the mor e general no n-l i near phase c ase . I n  t hi s c as e  
onl y , the number of co ef f i c i ents  requ i red for the i mpul se res ponse  i s  
l ess  than t he e qui val ent l i ne ar phase f i l t e r  t o  sa ti sfy t he s ame g a i n 
response . Lat er , Goldberg e t  al [ 1 98 1  J showed that thi s  approach of  
zer o sel ect ion gi ves the l owest  poss i bl e  or der N an d showed how  t h e  
R e:n e z  exchange al gor i thm co ul d be used t o  advant age . Mor e  recen t l y , 
Kamp  et al [ 1 983  J demonstrated  a constra i ned  a ppro x imat ion pro c e d  ur e 
f or l ow - pa s s  m i n i m um phase f i l ters tha t can be i mpl emen t ed v i a a 
si mpl e mod i f i cat ion t o  the McLel l an-Par ks al gori thm , b ut that ban d pas s 
f i l ters may i n  pr i nci pl e  requ i re mor e soph i s t i cated means . 
3 , 3 , 1  S i ne phase dev ia tion 
A par t i cul ar sol ut i on to  th i s  cas e i s  known [ Papoul i s , 1 96 2 b ] ,  but  
i s  he a v i l y  d i s gu i s e d  be c a u s e  i t  i s  pr es e nt e d  i n  t e rm s  o f  t h e  
d i s t or t i on products i nt r oduced i nt o  the out put of a l i near s ys tem . 
Here , t he sol ut ion  i s  gener ated  and gi ven i n  t e rms of the i m p u l s e 
re s po nse f unct i on of the s ys tem . Cons i der the ( causal ) spec i f i cat i on 
( F i g .  3 ,  1 )  
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Fig . 3 . 1  : Causal spe c i f i cation for the s i ne phase 
deviation . 
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H ( w ) = A ( w ) e xp ( - J<PT ( w ) ) wi th e0 ( w )  
= b s i n ( 2nw/w 0 ) 
( 3 .  9a )  
( 3 .  9b ) 
Then the impulse response h ( t )  
transform 
h (t )  = [°s c w ) e j wt dw w C 
and the sol ution 
h (t )  w - w  C o 
( Appendi x  2 )  





is  g i ven by the inverse Fourier 
( 3 . 1 0 ) 
i s  
+ 
( 3 . 1 1 )  
where 1 = ( t-t0 ) and the J (b ) are Bessel functi ons of the first k i nd .  n 
The particul ar soluti on usual ly described i s  for w 0 = 
case, equation ( 3 . 1 1 )  col l apses to 
w • In this 
( 3 . 1 2 ) 
Equation ( 3 . 1 1 )  says: 
( i )  in theory, the i mpulse response is i nfini tely l ong with s i ne 
functions of pea k  ampl itude J (b ) spaced e venly ev ery 2 nn/w 0 n 
i n  time, with the spacing and wi dth controll ed by w 0 • 
( ii ) in practice, the number of important terms is governed by the 
magnitude of b .  I f  b is small ( « 1 )  ' then only the first 3 
Bessel terms J - 1  ' Jo, J l are s i gnificant. 
( i i i ) when W o  < w c ' the first two terms in equation ( 3 . 1 1 )  appear and 
the second term i n  W o  has a wider mainl obe than the first . 
Fig .  3 . 2  shows each term in  e quation ( 3 . 1 1 )  for b= 0 . 5  and the 
first 3 Bessel terms � , , J0, J 1 If, as a first approximati on, the 
main l obe wi dths between the first zero crossings are used as the basis 
of the re quired impul se response l ength, a l inear phase fi lter only 
contains the term sinc ( w  t ) ,  so the mainl obe wi dth i s  t1 = 2 n /w . In C p C 
contrast, in  equation ( 3 . 1 1 )  where w 0 < w the extent of the impulse C 
res pone is dominated by the sine function associ ated with the J ( b ) n 
terms as shown in  Fig . 3 . 2 (b ) . Using the outer end points 
main lobes of the J _ 1  and J 1 terms, the re quired l ength i s  
t = 2 X :!! ( 2n + 1 ) nlp w 0 
of th e 





\ 2 nd TERM 
Fig . 3 . 2 :  Sine phase deviation - compone nts of the impulse  
re sponse : b=0 . 5 ,  fc =0 . 1 2 5 ( norma l ised freque ncy ) .  
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For the specif ic case of w 0 = w ( e quat i on ( 3 . 1 2 ) ) ,  t hen t 1 = 6 n /w C n p C 
as evident from Fig. 3. 2 ( a ) .  This is 3 t i mes the l eng th requ ired f or 
the l inear phase case . 
3. 3.2 Square-wave phase deviation 
Consider the ( causal ) specification ( F i g .  3 . 3 )  
i e  
A ( w )  
4>T ( w ) 
H ( w ) 
H (w) 
{ 1 . 0 , 
0 , otherwise 
r· 
+ b , 0 
= wt 0 - b , w / 2  C 
wt 0 , otherwi se 




$ w s w /2  C 
< w s w 
C 
and 8 D ( w ) ±b 
b i-----. 
/� -+------"---��--� w 
0 
-b 
Fig . 3 . 3 :  Specif ication for causal square-wave phase 
de viation . 
( 3 . 1 4a ) 
( 3. 1 4b )  
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In the same manner as the previous section , th e impulse r espons e i s  
given by ( Appendi x  3 )  
h 1 ( t )  sq 




+ si nb c l
sin 2 ( w  1 / 2 )  
w 1 /2 C 
( 3. 1 5 )  
Equati on ( 3 . 1 5 ) i s  de l i b e r ate l y  pr esented in thi s  manner to 
emphasi se the sine-function components. C ompar ed wi th  the pr e v i ous 
cas e, thi s for m  of pha se  dev i at i on only r e qu i res thr ee terms to 
compl etely descr i b e  the  i mpul se  r esponse. For b = ±n1T, then h ( t )  
col l aps es to the f i rst term, whi ch for n=O r epr esents the normal 
l inear phase f i lter. Fig. 3. 4 depi cts the three  components of e quati on 
( 3.1 5 )  for b =1 . Note the last term i n  w / 4  has a mainl obe wi dth four 
C 
ti mes greater than the f i rst te rm. Ther efore, usi ng the mai nlobe wi dth 
as a f i rst approxi mat i on to the requ i r ed i mpulse response l ength, th i s  
squar e-wave devi ation re qu i r es a l ength at l e ast four ti mes gr e ater  
than the e qu i val ent l i near phas e f i lter in contrast to the s ine 
devi ation whi ch onl y re qu i red a 3 ti mes incr e ase. 
Also noti ce in Fig. 3. 4b, i ncr eas i ng the phase dev iation b causes 
an i ncr ease i n  the ampl i tude of the second and th i rd components of 
e quat i on ( 3. 1 5 ) .  For b = 1 as shown, the secondary l obes beyond the mai n  
lob es have a si gn i f i cant ampl i tude and ar e th er efor e  l i ke l y  to 
cont ri bute si gn i f i cantl y to the overal l fre quency r esponse. Thus, the 
0 
l. 
( a )  b=O . 5 
0 
3,d T E R M
',.
_.· · ·  .. 
. . . . 
,, 
( b ) b= 1 
Fig . 3 . 4 :  Square-wave phase deviation - components of the 









Fig .  3 . 5 :  Two square-wave phase cycles 
in the pas sband . 
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or i gi nal ext i mat e of  a 4x  i ncreas e  i s  conserva t i ve .  
Ext en d i ng the above argument on e s tep , co nsi d er t he e xpanded phas e 
spec i f i ca t i on of F i g .  3 . 5 s o  that  two s quar e- wave " phase cyl ce s "  ar e  
incl ude d :  
wt 0 + b 0 s w s w / 4  C 
w t 0 - b w / 4  < w :s w /2 C C 
�T ( w ) wt 0 
+ b w /2  < w s 3w / 4  ( 3 .  1 6 )  
C C 
wt 0 - b 3w / 4  < w s w C C 
Fol l ow i ng the i dent i cal proce dur e i n  Appen d i x 3 ,  i t  can be shown that 
h 2 ( t ) sq 4 b
s i n  hWc. ) cos ----- + 
1W 
C 
- 2 s i n 2 ( 1 3w /8 ) + C 
8 s i n b ( . 2 ( 12 ) -- s i n  1 w  
1W C 
2 s i n 2 ( 1 w / 4 ) - 2s i n 2 ( 1w /8 )) 
C C 
( 3 . 1 7 ) 
Not e  thi s t i me that l as t  term i nvo l ves w /8 - i e  a mai nl obe w i dth C 
e i ght t i mes l onger than the bas i c  l i near pha s e  term . 
Com pari ng the s i ne  an d s quar e-wave de v i a t i ons , the  foll owi ng g en e r a l 
compari sons and concl us i ons can be made : 
( i )  I n  theory , the s i ne phase devi a t i o n  re qu i r es an i n f i ni t e  n um be r  
o f  s i ne  com po n en t s , wh i l e  t he s qu a r e - wave  dev i at i on has a 
f i ni t e  num ber ( 2 * M+ 1 ) of components  wher e  M i s  t h e  i nt e gr al 
numbe r of whol e " phas e cyc l es "  i nc lud e d . 
( i i ) The i n cr e as e  i n  impulse  r es po ns e  l ength  re qu ired  i s  det ermi ned 
i n  a com pl ex mann er by the peak phas e de v i at i on b ,  the number 
an d ext ent of the " p hase c y cl es" and the  form of t he phase 
response . 
( i i i )  pract i cal l y ,  for w 0 
t he s pe c i f i ca t i o n 
= w i n  the s i ne de v i at i on case  an d f or 
C 
of  e qua t i o n ( 3 . 1 4 ) f or the  s qu a r e- wave  
de vi ation , t he  re qu i r e d  i n crease i n  i mp u l s e  r es ponse  l ength  f or 
t h e  s i n e de v i a t i o n i s  smal l , but  f or the square wave phase  
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dev i at i on i t  i s much gr eat er ( demons trated be l ow ) . 
( i v ) G i ven that a s quare  wave i s com pos ed of an i nf i n i te num ber of 
( odd  or der ) s i ne wa ves , the two cas es e xami ned can be v i ewe d a s  
two oppo s i t e  ext rem es and s o any gener al phas e de v i at i on wi  1 1  
re qu i r e  an i mpulse r es ponse  l ength s omewh e r e  b e t w e e n  t h e  t w o  
ext rem es . 
3 . 3 . 3 W i ndow i ng and Non- l i near Phas e 
The d i s c u s s i on  i n s e c t i o n 2 . 3 . 2 on  wi ndow methods s howed t he 
effect of appl yi n g a win dow to cons tra i n the  ( t ime ) l ength of  t h e  
f i l ter . App l y i ng t he same ar gument her e  by us i ng e quat i ons ( 3 . 1 )  and 
( 2 . 2 2 ) i n e quat ion ( 2 . 2 2b ) , then 
H ( w ) = H ( w )
* 2s i nwT + j H ( w )
* 2 s i nwT ( 3 . l S ) 
w r w q w 
Both compon ents of the t ot al fre quenc y r es po nse under go " sme ari ng" . 
R e c a l l i ng  tha t s uch smear i ng i s  mos t no t i ce abl e i n the v i c i n i ty of  a 
di sconti n ui t y , i t  i s  obvious that i f  e i ther H ( w )  or H ( w )  i n  e quation  r q 
( 3 . 1 8 ) above co nt a i n di s co nt i nu i t i es to sat i sfy  a phas e requ i remen t , 
ther e w i l l  b e  cons i derable degr a d a t i o n  o f  b o t h  t h e  am pl i t u de a n d  
pha s e pe r f orman ce o f  t h e  f i l t er . From thi s obs erva t i on ,  i t  can be 
i nferred  that t h e  s quar e-wave phase de v i a t i o n of F i g .  3 . 3  w i l l  s uff er 
mor e di s tor t i on t han t he s i ne- phas e de v i at i on of F i g  3 . 1 . For exampl e ,  
us i ng a " b ri c k-wal l "  s pe c i f i ca t i o n  w i t h  ( n o rmal i s e d ) f r e q u en c i e s 
f =0 . 1 2 5 and t he phas e s pe c i f i cat i on of  F i g .  3 . 3 w i th f 0 = f , b =0 . 5 , 
C C 
F i g  3 . 6  demons trates the effect of the K ai s er wi ndow to res tr i ct the 
impul se r es po ns e to N=7 3 . 
A s expe cted , the s i ne phas e de v i at i o n f i l ter shows small err or s i n 
t h e  ma gn i t u de an d pha s e ,  b u t  t h e  s quar e- wa ve  p h as e e x h i b i t s 
cons i der abl e er r or i n the ach i eved magn i tude and phas e .  Thi s s upport s 
ob s er vat ion ( i i i ) of se ct ion 3 .  3 .  2 above . I t  i s apparent ther efore , 
t h a t  t he w i ndow t echn i que i s no t ,  as a ge n eral rul e ,  us eful as a 
de s i gn techn i que for no n-l i ne ar phas e f il t er s . 
3.4 SOME EXISTING DES I GN METHODS IMP LEMENTED 
Ba s ed o n the di scuss i o n s o f ar , there are thr ee pot ent i al des i gn 
al gori thms that have been used i n  the l i t eratur e  f or des i ngi ng non­











I DE A L  \ 
... _ /  .,) 
\ 
\ 
0. 1 7 0  
FREQ 
I 
0. 1 70 
FREQ 











' .,.. ,_,  










6 8  
0. 1 70 
FREQ 
0. 1 7 0 
FR EQ 
( b )  square-wave phase deviation 
Fig . 3 . 6 :  Ef fects of windowing in the presence of a non- line ar 
phase us ing Kaiser ' s  window with f =0 . 1 2 5 ,  b=0 . 5 .  
numerical optimisation technique and Steiglitz ' s  l inear programming 
method. The Remez algorithm is, in theory, avail abl e through Mcl e l l an ' s  
program and Cuthbert' s method has been prog rammed for the examples  in 
Chapter 2, so they ar e immediately availab l e. Steiglitz ' s  m e thod 
r e quir e s  considerable mathematical manipul ation and, as he said, a 
special formul ation of the Simpl ex al gorithm. The simplex algorithm is  
also  a multi-dimensional numerical optimisation technique . Thus, it 
is likely that Steiglitz ' s  method will requir e a similar ord e r  o f  
mag nitude in C P U  time for a solution as Cuthbert ' s method. Thus, a n  
im pleme ntation of Steig l i  tz ' s method is not attempted. I nstead, the 
availabl e, alr eady prog rammed algorithms are investigated . 
3.4.1 McLe llan-Parks A lgorithm 
Equation 3. 4 showed that the composite impu l s e  respons e can be 
formed by the sum of two symmetric s e ts of s e q u e n c e s. Thus,  in 
principl e, if the real  and quadrature parts of the desired frequency 
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response ar e ma pped co nsec uti vel y ont o  the d e n s e  gri d  ( array GRID ) of 
the M c l e l l an - P a r ks al gor i t hm , i t  shoul d be ca pabl e of gen er at i ng 
non-l i near phase f il t ers . 
However , bear i ng i n  m i nd sect i on 2 . 5 . 1 where  i t  was poi nt ed out 
that in some cas es the al gori t hm has d i f f i c ult y  wi t h  H i l ber t f i l t ers , 
al l at tem pts to ge t thi s al gori thm t o  pr ov i de us eful res ul ts f ai l ed . 
Mos t of the f ai l ur es occ urre d  when t r y i n g  t o  s ol ve the qua dr a t ur e  p a r t  
of the f requency res ponse ( i e  r e ques t i ng a n  o d d  s ymmetri c s e quence ) .  
Aft er a short at t empt t o  t r y  an d e s t a b l i s h t h e  r e as o n s  f o r  t h e  
al go r i thm ' s fai l ur e , i t  was abandoned from any fur t her  co ns i derat i on .  
3 , 4 . 2 C uthber t ' s  Method 
The F or t r an s ubrout i ne as set out i n  Append i x  1 was de vel ope d from 
the outset to be abl e to han d l e  both l inear an d no n - l i n e ar p h as e  
f i l t er s . The res ul ts of C hapter 2 demons t rated t he s uccess of the 
method  for l inear phase f i l t ers at a cos t of s i gni f i cant com p ut e r  t i m e 
an d stor age requ i rements . For a non- l i ne ar phas s f i l t er , the r e qu i re d  
computer t ime  for a solut ion  w i l l  double  be cause t h e  r o u t i n e  m us t  
perform two opt i mi sat i on runs . 
U s i n g t he common exampl e of F i g  2 . 1 2 ( a )  i n  C hapt er 2 ,  Tabl e 3 , 1 
shows the r es ul ts for the s i ne phase de v i a t i o n  of F i g . 3 , 1  wi th w 0 =w .  
Table 3 . 2 , F i g .  3 , 7  an d F i g .  3 . 8  show t he r es ul t for  t he s quar e - wa v e  
phase de v i at i on o f  F i g .  3 , 3 a s  a f unct i on o f  N and b .  I n  both cas es , 
the same parameters  use d  to gi ve  the  r esul t f or C uthber t ' s m e t ho d  i n  
Tabl e 2 . 1 are us ed her e  as wel l . 
TAB LE 3 , 1 CUTHBE RT ' S  METHOD A P P LIE D TO  THE COMMON L OWPASS 
E XA MPLE WITH S INE P HASE DEV IAT I ON 
6 
6 
Paramet ers : A = 1  A = 1 0 0 ,  i ter = 3 ,  NFFT= 1 02 4  
p , s 
N = 7 3  desi red b =O . 5 b = l  
f 0 . 200  p 0 . 1 98 0 . 1 9 8 
0 . 225 0 . 225 0 . 225  
f 0 . 250 0 . 253 0 . 253  s 
p ( d B )  0 . 227 0 .  1 83 
( d B )  $-60  -6 1 . 30  -6 1 .  37  s 
C P U  2 : 1 0 . 83 1 : 5 5 . 3 4  
TIME 
7 0  
T h e  r es ul t s  f o r  Table 3 . 1 u s e  o nl y  N .. 7 3 , t h e  impul s e  r es po n s e  
l en gt h r e qu i red for the l inear phas e cas e ,  i n  spi t e  o f  the argument of 
se ction 3 . 3 . 1 whi ch sugges t e d  that a 3 x  i n cr e as e  would be necessar y . 
C om par i n g t he s e  per f or m an c e  f i gu r e s wi th those  of  the entry f or 
Cuth ber t  i n  Table 2 .  1 show no degradat i on i n  performan ce as a r e s u l t  
of i nt roduc i ng the non- l i near pha s e  res po ns e . The reas on for thi s i s  
simpl y that o n  the basi s of the arguments  i n  s e ction  3 . 3 . 1 ,  t h e  l e n g t h  
N =7 3  i s  al ready l onger than pre d i ct ed woul d b e  requ i red : for thi s 
exampl e , the ( normal i sed ) mai nlobe wi dth of a l inear phase f i l t er i s  
4 . 4 ( 1 /f T = 4 . 44 f or T = 1 ) .  I t  was s ugges ted  that 3x 4 . 4 4 = 1 3 . 32 woul d 
C 
be neede d . The normal i sed t i me l ength of the f i l ter i s  73 whi ch i s  
5 . 4 8  t i m es l onger than pr e d i cted . The  r es ul t  for CPU t ime abo v e  wo u l d 
i n d i ca t e  that the probl em was eas i er to solve for b= 1  t han for b=0 . 5 .  
In  fact , pl o ts of the r es ul tant phase wer e indi s t i ngu i s habl e fr om the 
des i r ed s pe c i f i ca t i on .  
TAB LE 3 . 2  C UTHBERT ' S  METHOD A P P L IE D  T O  THE COMMON L OWPASS 
E XA MPLE WITH SQUA RE WAV E  P HASE DEV IAT I ON .  
0 
0 
parameter s : A = 1  , A = 1 0 0 ,  i ter =3 ,  NFFT= 1 02 4  
p s 
b = 0 . 5  b = 1 
des ired 
N = 7 3  N=2 9 1  N=29 1 
f 0 . 200 0 . 208  0 . 20 7  0 . 22 4  p 
f 0 . 225  0 . 225  0 . 225  0 . 225  
C 
f s 0 . 250 0 . 253  0 . 254  0 . 254 
( d B )  1 .  1 1 .  0 1  3 . 29 p 
s ( d B )  $-60  -60 . 95  -77 . 39 -7 5 . 98 
C P U  1 : 5 7 .  2 7  3 0 : 1 0 . 4 6 30 : 2 3 . 4 1 
T I ME 
The app r o x i mat i on i n  s e ct i on 3 . 3 . 2  r e qu i r i ng a 4x i ncr ease i n  N i s  
reasonabl y acc ur at e  for bot h the phase an d am pl i tude r es ponse as shown 
i n  F i g .  3 . 7 .  However , i n  F i g .  3 . 7 ( c )  i t  i s  no t eworthy that the l arge 
di p in t he pass ban d r es ponse occ urs at the fre quency of the s h ar p  
phase t r an s i t i on ,  and i ts de pth i s  l arge l y  un affected by the i ncreas e  
i n  N .  That th i s shoul d b e  s o  i s  i nt u i ti vel y corre c t  i f  t h e  t i m e ­
ban dwi dth co ns tra i nt of equat i on ( 2 . 1 0 ) i s  recal l ed .  Fur t hermore , the 












( a )  phase re sponse compared 
with spec for N=7 3 . 
( b )  phas e re sponse with N= 29 1  
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( c ) passband re s ponse achieved for N=73 and N= 29 1  
Fig . 3 . 7 :  Cuthbert ' s  method appl ied to the square-wave phase 
deviation : resul ting phase response for different 
f i l ter lengths N and b=0 . 5  us ing the common 
lowpas s example of Fig . 2 . 1 2 ( a )  and the phase 
specification of Fig . 3 . 3 .  
qua dr at ur e  c om po n e n ts of the  fre quen c y  r es pon s e . I t  i s  wel l know n t hat 
a n y  t r un ca t i o n of a s e qu e n c e wh o s e  F o ur i e r com po n e n t s  c o n t a i n 
disco n t i nui t i es i n trod u c e s  r i n g i n g  ( G i b b s p h e n om e n um ) . H e n c e  t h e  
r i n g i n g  e v i de n t  i n  the phas e r es po ns es and the pass ba n d  i n  the r e g i ons 
of the phase t r a n s i t i o ns . 
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Fig . 3 . 8 : Cuthbert ' s  method for the s ame example in Fig . 3 . 7  
but thi s  time with b= 1 . 0 : resul ting passband for 
N= 2 9 1 . 
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F i g .  3 . 8  demons trates the eff ect of doubl ing  the phase  de v i at i on 
fr om 0 .  5 to  1 .  0 for N=2 9 1 . T he r es ul t ant phas e r es po nse  i s  un c h an ge d , 
bu t t h e r e  i s  now a v e r y l ar ge d i p i n  the pas s band  at the pha s e  
transi t i on fre quency whi ch r e qu i r es e xcessi vely  l ar ge val ues o f  N t o  
begi n t o  corr ect . 
F i nal l y ,  f or N=29 1 , t he order of the probl em i s  29 1 x 5 1 2 .  Not i ce 
the very l ar ge i n cr e ase  i n  CPU t i m e  re qu i r e d  for a sol ution . 
3 . 5 ALGAZ I -S UK ' S  ITE RATIVE METHOD R EV IS ITE D 
The o r i g i nal  wor k t h a t  de v e l ope d t h e  i t erat i ve proce dur e of  
e quat ion ( 2 . 3 5 )  was r est ri cte d  t o  l inear phase f il t e r s .  H owever , wi t h  
appr opr i a t e  ch o i ce  o f  the  FFT rout i ne , the procedur e i s  d i r ect l y  
appl i cabl e t o  the non-l inear phase  c ase  wi tho u t  a n y  mo d i f i c a t i o n . 
I t  has been es tabl i she d that a non- l i near phase  r epsonse pr e0.l udes  
any  symmetry  in  the  i mpulse  r es ponse  of  the f i l t e r . T h us  t h e  F FT 
r out i n e us e d  m u s t e x p l i c i tl y  r e t a i n bo t h  ha l ves of the i mpu lse  
r es ponse . The al gori thm FFT8 4 2  h as the  r e qu i r ed chara ct e r i t i c s .  I n  
pe rform i ng the bandl imi t i ng o perat i on ,  i t  i s  i mpor tant to  ensur e  that 
the real and qua dr at ure  parts  of t he fre quency  r es po nse are l i mi t e d  
i dent i ca l l y . 
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U s i ng the same exampl e from the prev i ous s ection ,  Algaz i 's method 
giv es al most identical r esults as those for Cuthbert' s method for f , p 
f f and c c '  s p 
The phase and passband r es pons es of F ig . 3 .7 and 3 . 8  
ar e dupl i cated . The r eal d i ffer ence between the two methods i s  i n  the 
r esulting stopband ripple 
solution ,  as shown i n  Tabl e 3 . 3 .  
and the CPU time required  for a 
TAB LE 3 . 3  STOPBAND R I P P LE AND CPU TIME FOR A LGAZ I'S METHOD 
COMPA RED WITH CUTHBERT 'S USIN G THE SQUARE-WAVE 
PHASE. 
parameter s :  NFFT=1 024 , A=1 0 5 , iterati ons=20  
,5 s ( d B) 
AL GAZ I CUTHBERT 
b = O .  5, N =7 3  -4 3 .61 -6 0 .  95 
b =O . 5, N=291 -61 . 66 -7 7 . 39 
b =1 . 0, N=291 -61 . 25 -75 .98 
CPU TIME 1 2 .  6 s 30 : 2 3 .  41 ( N=291) 
The s ine phase deviation i s  not shown because it has been d emonstrated 
that Alaz i 's method g ives identical resul ts to Cuthbert's method for 
the phase and passband r espons es . 
3 .6 RANDOM P HASE FILTERS 
3 .  6 .  1 Background 
Her e, the r equ i rements of Chapter 5 . 0  are anticipated , but s i nce 
the emphas i s  of the di scussion w ill  be on f i lter des ign and w i l l  r el y  
on the work of earl i er secti ons, it i s  i nclud ed her e .  
Chapter 5 .  0 wil l show that a spe e ch band l owpass f ilter with w = 
34 00 Hz and a random phas e r espons e such as that shown i n  F ig . 3 .  9 i s  
desirabl e .  
The phas e r espons e i s  constrai ned to l i e between w and w 
X y such 
that O < w < w < w 
X y 
a frequency wi dth 
assumi ng a l owpass f i lter . Each phas e band has 
i s  centred on harmoni c multi pl es 
9. =1, . .  L .  For the work of Chapter 5 . 0, the most i mportant cr i ter i a  of 
the f i lter performance is the passband rippl e ,5 • In order to avoi d p 
mod i fication of the ampl itude spe ctrum of the spe ech si gnal , ,5 should p 
0 
- n  
C,+-1)(.), 
0. 1 40 
FREQ 
Fig . 3 . 9 :  " Ideal " des ired phase re sponse 
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be as smal l as pos s i bl e .  An ar bi trary des i gn maxi mum of o = ±2 d B  p 
i s  set  her e .  I n  the d i sc us s i o n  that f ol l ows , i t  w i l l  
gi ven a r andom number s e quence { r } , n there ar e two 
be shown tha t 
ways tha t thi s 
se quen ce can be appl i e d  to genera t e  the phas e r es po nse an d t h a t  t h e  
cho i c e o f  method has a not i ce abl e effect on t he r es ul t i ng pas s band and  
stop ban d ri ppl e .  It  will  al so be  shown that  the  i deal  r es po n s e  o f  F i g . 
3 .  9 c a n  be co ns i de r e d  a s  an e x t en s i on o f  the s quare-wave phas e 
res ponse of section  3 . 3 . 2 . I t  w ill  be shown that the phase ban d- w i d t h  
�w6 i s  the dom i nant i nfl uen ce o n  the r e qu i r e d  number of the i mpul se 
r e s ponse co eff i ci en t s  and tha t a prohi  bi  t i  ve l y  l ar ge i mpul se r es ponse  
l ength is  re qu i re d . I n  pra ct i ce , p h as e  a c c ur a c y  w i l l  ha v e  t o  b e  
sacr i f i ce d  i n  order t o  ge t pract i ca l l y  useful f i l ter  l engths and t o  
meet t h e  desired pass band r i p pl e  s pe c i f i cat ion . 
I t  has been demons trat ed t hat the onl y d i ff erence i n  perf ormance 
bet ween Al ga z i ' s  an d Cuthbert ' s  m e tho ds i s  that Cuthbe r t ' s met hod i n  
gen eral gi ves bet t er ( l ower ) s topband ri ppl e .  Thus , i n  v i ew of the 
very long s ol ut i on t imes re quired  by Cuthbert ' s method , Al ga z i ' s metho d  
i s  chos en to the co eff i ci ents  of the random phas e f i l t ers . 
3 . 6 . 2  Basi c F i l ter  Spe c i f i ca t i o n for D i scus s i on 
U s i ng the c ommon def i ni t i o n  of fre quenc y r es ponse parame t e r s  s e t  
out i n  sect ion 2 . 2 . 2 , the normal i sed s pec i f i ca t i on o f  the f i l ter that 
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Fig . 3 . 1 0 :  Example used for d iscussion : ampl itude and phase 
specif ication . 0l is given by equation ( 3 . 20 ) .  
f 1 0 . 4  f X 0 . 00625  
f 0 . 42 5  f 0 . 1 3 1 25 y 
f2 0 . 45 
llwe 
0 .  0 1  25 
0 ::; 2 d B  £.we 
= 0 . 0 1 25 £. , £, 1 ,  . . .  , 1 0  p 
:;; - 4 0  d B  s 




3 400 H z  w i th  a t ransi t ion wi dth of 4 0 0  Hz . T he fre quency wi d t h  of  e a ch 
pha s e  ban d i s  1 00 Hz and i s  cen tred  on mul t i pl es of 1 00 Hz . The m anner 
i n  whi ch the phase ma gni tudes 6
£. 
( w )  ar e es tabl i s hed  i s  des c r i be d  i n  
the se c ti o n  that fol lows . 
The ( normal i sed ) trans i ti on w i dth of 0 . 0 5 of the common exampl e of 
Chapt er 2 .  0 has been r et ained , so the arguments of sect ion 2 .  4 .  3 t h a t  
sugge s t e d  N=73  for a l i near phase  f i l ter appl y her e .  However , based  o n  
the foregoi ng di sc us s i on s o  f ar , i t  i s  obvi ous that for the s a m e  N = 7 3 , 
ther e i s  no pos s i bi l i ty of  ach i ev i ng the s ame s t opband performance as 
the l i near phase e xampl es . Thus , the ori g inal stopban d s pe c if i c a t i o n  
i s  rel axed here  and ar b i trar i l y  set  t o  o �- 40  d B .  
3 . 6 . 3  Ran dom Phase Gener a t ion 
The magn i t udes  6
£.
( w ) of each phas e  band are deri ved from a 
u n i form di s tri but i on random number gen erator that  generates a s e quen ce 
{r } £ [ O ,  1 ) .  These r ar e mo d i f i e d to  gi ve n n 
r'  n ( 2r - 1 ) TT n ( 3 . 1 9 ) 
so t ha t ( r ' } E: ( -n , n ) . n 
ass i gned to  S i ( w ) :  
S i ( w ) = r i 
There ar e t wo ways the s e quence 
i = 1 ,  • • .  , L 
( a )  
( b )  S i C w) = S i - l C w ) + 
r i 




( 3 . 20a ) 
( 3 . 20b ) 
How ever , becaus e of the man i pu l at i on per f ormed  i n  equat i on ( 3 . 1 9 ) , i t  
pos s i b l e  to get  
I r � - r �- 1 I > n 
Thus , f or opt i on ( a ) ,  i t  i s  poss i bl e  t o  ha ve 
l s i ( w ) - S i _ 1 ( w ) I  > n 
but for op tion  ( b )  
= r '  
n 
where l r '  I � rr from equa t i on ( 3 . 1 9 ) . n 
( 3 .  2 1 ) 
( 3 .  2 2a ) 
( 3 . 22b ) 
I n  a d d i t i o n ,  opt i on ( a )  has a phase  r es po ns e  tha t  i s  res tr i ct ed  t o  
the principal i nt erval - n  < S i C w )  < rr ,  but o p t ion  ( b ) c an r an ge o ver 
-prr < S i ( w ) < prr , p > 1 .  Lat er on , i t  wi l l  be demons trated  that us i ng 
opt i on ( b ) ach i eves a l ow er f i nal pas s band  and  s topband r i ppl e t han  
vers ion ( a ) . That opt ion ( b ) s houl d gi ve a bet t er beha v i o ur  of the  
f i l ter ampl i tude res ponse i s  ass umed  to  be  because the  cond i t i on of 
equat ion ( 3 . 22a ) n e v er a r i s e s .  H ow e ver , t h i s as pe ct  h as n o t  been 
pu r s ue d ;  r a t h e r  the phenomenon has  s i m pl y been observed and  i s  
reported her e .  
For thi s  di scus s i on , opt i on ( a ) ( e qua t i on 3 . 20a ) i s  us ed  t o  ass i gn 
the r andan phase val u es at the s i ( w ) po ints . 
3 . 6 . 4  Establ i s h ing  the impulse  r es ponse  l ength 
Gi ven the phase s pec i f i ca t i o n  of F i g .  3 . 1 0 (b ) , i t  i s  desi rabl e t o  
be abl e t o  es t a b l i s h a r o u gh es t i mat e f or the requ i re d  i mpul s e  
res ponse l ength , b u t  i t  i s  not i mmed i atel y o b v i ous that the e arl i er 
di scus s i on of sect i on 3 . 3 . 2  i s  of an y he l p .  
Howe ver , i n  Appen d i x  3 ,  when der i v i ng the sol ut i on t o  equa t i on 
( 3 . 1 5 ) d es cri b i ng the s quar e- w a v e  p h a s e  r e s po ns e , t h e  d e r i v a t i o n  
c o ns i dered the frequency respo ns e  of the f i l t er as the s um of two 
canpon en ts . Expan d i ng on thi s approa ch , t h e  fre quenc y r es po nse of F i g . 
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Hp(t.l) '� 
0. ((.)) 1 ,ti D 
b I :;: (.) � (J 0 �t.) 0 �(i) 
Fig . 3 . 1 1 : Prototype lowpass f i l ter 
element . 
3 . 1 0  can  be c o n s i d er e d  as t h e  s um of  a p pr o p r i at e l y  fr e q u e n c y  
transl at ed causal protot ype l owpass  f i l ters of the f orm of F i g .  3 ,  1 1 .  




( w ) I 1 .  O .  
f i l ter i s  ( Append i x  4 ) : 
h ( t )  p 
wher e 1 = t- t 0 
The i mpu l se res pons e  h ( t ) of thi s  protot ype p 
( 3 .  2 3 )  
Note the s i nx/ x t erm i s  i n  �w e/2 . For the phase  r es ponse of F i g .  3 , 3 ,  
�we
= wc/2  , and thus the s i nx/ x t erm i n  equ a t i on ( 3 . 23 )  i s  i n  t erms 
of w / 4  whi ch matches the l as t  term of equat i on ( 3 . 1 5 ) . Hen ce , from 
equat i on ( 3 . 23 )  an d usi ng the main- l obe wi dt h argument of sect i on 3 , 3 . 2 ,  
i t  i s  pos s i bl e  to es tabl i sh an es t i mate  for t h e  r e qu i r e d  i m p u l s e  
res ponse gi ven by 
N nl p 
( 3 .  2 4 )  
where Nl p  i s  the l i near phase es t i mate es tabl i shed i n  the manner 
section 2 . 4 . 3 .  
However , e qua t i on ( 3 . 2 4 )  i s  not real i s t i c  be ca us e N i s  nl p 
of 
apparentl y de pendent on w . Equa t ion  ( 3 . 2 4 )  sugges ts t hat two f i l t ers 
w i th i de n t i ca l  pha s e  r e s po n s e  but one wi th ha l f  the ( am pl i tude ) 
bandwi dth of the other re qui r es onl y  h a l f a s  many  p o i n t s  i n  i t s 
impulse  res pons e . Such a s ugges t i on i s  wrong , because Nl p  i s  dependent 
on the trans i t i on bandwi dth of the f i l t e r :  two l i near phase f il ters  
wi th i dent i cal transi t i on bandwi dth but  wher e wc2
2wc 1 12 have the  same 
N 1P 
to gi ve the same o p and o s r es ul t . The pro bl em is compoun ded  
beca u s e  e quat i on ( 3 . 24 )  t akes no  account of the phas e  de v i at i on b and  
earl i er se cti ons showe d that thi s par ameter has a s i gn i f i cant ef f e c t  
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on  the r es ul t ing  ampl i tude r es po nse . 
A s  d i s c u s s ed i n  sect i on 3 . 3 . 2 ,  the root of the probl em l i es i n  the 
time- ban d wi dth constra int of e quation 2 . 1 0 . An  he uri s t i c approach base  




x 2 ( f -f ) /� f  nl p p s p 8 ( 3 .  25 ) 
wher e t he f '  s i n  equat i on ( 3 .  25 ) ar e the normal i sed param et er s  of 
F i g . 3 . 1 0 . E quat ion ( 3 . 2 5 )  sugges ts  N 1 = 5 85 whi ch , o n  the bas i s  of  n P 
the di s c uss ion i n  sect i on 3 . 3 . 2 i s  l i k e l y t o  g i ve  a r e as o n a bl e 
appr o xi mat i on to  the des i r ed phas e res pons e , but the pas s band  wi l l  
cont ai n s i gni f i cant ri p pl es .  F i g  3 . 1 2  an d T a bl e 3 .  4 i n d i c a t e t h e  
res ul t ach i eve d .  
0 
- rr  
TAB LE 3 . 4 :  RES ULT OF AP P LYING  E QUATION 3 . 25 THE SP ECIF ICAT ION 
OF F I G .  3 . 1 0  US IN G ALGAZ I ' S METHOD . 
par amet er s :  NFFT= 1 02 4 ,  A= 1 0 5 , i ter at i ons = 2 0  
des i r ed res ul t  
f 0 . 400  0 . 420  p 
f 0 .  425  0 . 42 5  
f 0 . 450 0 . 450 s 
6 ( d B )  � 2 . 0 2 . 7 9 p 






0 . 1 40 - 1  
FREQ 
- 2  
-3 +---L--...&.L---------� 
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Fig . 3 . 1 2 :  Pas sband and Phase re sponse achieved with Algazi ' s  
me thod appl ied to the example  of  Fig . 3 . 1 0 for 
N=5 8 5  ( see table 3 . 4 ) . 
0 . 4 1 4 
FREQ 
7 9  
C om pa r i n g  the pas s ban d r es po ns es o f  F i g  3 . 1 1  wi th 1 0  "phas e  ban ds "  
an d F i g .  3 . 7 wi th 2 " phas e bands " , i t  i s  evi den t  tha t  aw 8 cont rol s the 
degrada t i on of the pas s band vi a the number of phas e  t r ans i t i ons tha t 
occ ur . De cr e as i ng the wi dth of 6w 8 i s  o nl y  goi n g  to c om po un d  the  
pr obl em . Ther efor e , for  pra ct i cal l y  useful f i l t er s , es pe c i al l y  wher e 
aw8 be com es smal l , t he i de al phas e r es po ns e  of F i g .  3 . 1 0  m us t  be 
sacr i f i ce d . 
3 . 6 . 5  Sacr i f i c i ng Phas e  A c c ur acy 
The qu e s t i o n addressed  her e  i s  what  modi f i ca t i on to the i de al 
phas e r es ponse  of F i g . 3 . 1 0  s houl d be ma d e  t o  al l o w  t h e  p as s ban d 
r i ppl e s pe c i f i ca t i on t o  be met wi thout ha v i ng t o  us e ver y l ong i mpu l s e  
res ponse se quen c es . Es senti al l y , t he s har p phase tr ansi t i o ns m us t  b e  
repl ace d wi th a smooth phase t r ans i t i on ,  tha t  b y  i mpl i ca t i on ,  has s om e  
fre quenc y wi dth . 
Bas e d  on the e xam i nat i on of the s i ne pha s e  de vi at i on of sect i on 
3 . 3 . 1 , t wo approaches were con s i der e d . U si ng the def i n e d  fre quenc y  tw 6 
poi nts of F i g  3 . 9 ,  f i t  e i t her a si n ( ) or s i n 2 ( ) f un c t i o n  between 
th e s e  po i n t s . Ret ai ni ng for t he use of opt i on ( a ) of e qua t i on 3 , 20a t o  
assi gn the phase val ues , F i g  3 . 1 3 ( a ) i s  an e x pan s i o n  of t he f i r s t  5 
ph a s e  bands of F i g .  3 . 1 0  w i th the s i n 2 ( )  f unct i o n used . F i g  3 , 1 3 ( b )  
shows t he d i f f er en ce betw e en the s i n ( )  an d s i n 2 ( )  f i t  and shows  t ha t  
the s i n 2 ( )  f i t  pr e s e r v e s  m or e o f  the o r i g i nal phas e " ar ea" . I n  
addi tion , i t  i s  smoother a t  the ver t i c es ( the tw 8 poi n t s ) i n  c o n t r as t  
t o  the s i n ( ) f i t  whi ch shows a d i s c o n t i n u i t y  i n  c h an g i n g  
d i r ect i on a t  s om e  o f  the vert i ces . 
0 
-n  
( a )  s i n2 ( )  fit  compared to 
the ideal . 
0 
-n 
(b ) d i f ference between s i n ( ) 
f i t  and s in2 ( )  f i t . 
Fig . 3 . 1 3 :  Al ternative ways of approximating the ideal des ired 
phase specif ication of Fig . 3 . 9 .  
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Experiment has shown that the sin 2 ( )  f i t  gives the better passband 
and stopband ripple results . Thus the s in 2 ( )  is chosen . In parti cular , 
the constraint that 
retained , and for 
the phase r esponse lie in the range 
w = !lw 
8 
, • • • , ( !l + 1 ) w 
8 
!l = 1 , • • •  , L 
w - w X y 
is 
(3 . 26b) 
For the first and last hal f  intervals , the curve i s  fitted between 
w - 8 1 and 8 - w respectively . X L y 
Establi shing an analyti c  soluti on for a prototype filter i n  the 
manner of Fig . 3 . 11 with a phase r esponse of equation 3 . 26 is very 
difficult . Thus , as a beg i nning , the arguments of section 3,3 . 1 that 
led to an esti mate  of a 3 x  increase in impulse r esponse length for a 
sine phase dev i at i on are used here and suggests N 
1 
= 219 . Fig. 3, 1 4 a  n p 
shows the phase specifi cation equivalent to  Fig . 3 .1 0  but with the 
si n 2 ( )  f it and option (a) of equati on (3 . 20a) used . F ig . 3,14b i s  the 
resulti ng pass band . C anpared with Fig . 3 .  1 2 ,  the passband i s  far 
better controlled but still retai ns three  large dips at the normalised 
frequencies of 0 . 00875 , 0 . 044 and 0 . 06875 (7 0 ,  3 50 , 5 5 0  Hz) . T h e  d i p  
at 7 0  Hz defies explananti on ,  but those at 35 0 and 550 correspond to 
the phase transitions between the 3 ,  4th and 5 ,  6th phase intervals of 
Fig . 3 . 11 .  These phase transi tions and parti cularly the one between 
the 5 ,6th interval e xceed n accordi ng to equation (3 .22a) . 
Where the assi gnment of the random sequence i s  by equation (3 . 20b) 
( option (b)) , the final phase val ue at w is the nearest multiple of 
2n to 8 C w \ so that the situation of equation (3 . 22a) is avoided . 
F i g  3. 1 5  shows marked i mprovem ent in the passband behav i our when 
option (b) is used . No phase plots are shown for either case be cause 
the phase response ach i eved was essenti ally indistingu i shable from the 
specification . 
-n 
o. , 50 
FREQ 
( a )  phase re sponse using sin2 ( )  f i t  and 










(b ) pas sband response . 
0.4 1 4 
FREQ 
Fig . 3 . 1 4 :  Passband and phase re sponse achieved us ing Algazi ' s  
method on the example of Fig . 3 . 1 0  where the sin2 ( )  
f i t  has been used . N= 2 1 9 .  
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Fig . 3 . 1 5 :  Pas sband response achieved f or the same example 
as Fig . 3 . 1 4  except that equation ( 3 . 20 b ) i s  used 
here . N=2 1 9  
3.7 SUMMARY 
8 2  
The design of a non-linear phase filter has been shown to be a 
more d i fficult desi gn problem because of the requi rement to sati sfy 
two co ns t r a i nts at the same  ti me. For reasons not p r ope r ly 
establi shed, the algorithm of McLellan -Par k s  f a i led  when g i ven a 
non-linear phase problem . 
The examples of the behav i our of C uthbert ' s and Algazi-Su k ' s  
algori thms deliberately used the same i mp ulse r esponse length as 
C hapter 2 to retain  the same common base for compar i son . In doi ng so, 
it  is apparent that Algaz i ' s  method generates the i dentical phase and 
passband response as C uthbert'  s, but g i ves a poorer stopband result. 
However, C uthbert'  s method has been shown to req u i re a very lar ge 
amount of computer t ime to prov i de a soluti on, in contrast to Algazi ' s 
method. 
T he i ter ative pr oced ure  of  Algaz i -Suk has been demonstrated 
to be useful i n  the pr esence of a non-linear phase with the same 
l i mi tat i on that i t  appa rently requ i res a longer i mpulse response 
length than other methods i f  the desi red stopband speci fication i s  to 
be met. 
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Be a r i n g  in  mi nd i ts s i m pl i ci t y  of i m pl ement a t ion , i t s r el a t i v e l y 
fas t s o l ut i o n  t i m e an d t ha t  i t  requ i r es m i n i mal addi ti onal ar ray 
storage , t h i s  al gori thm i s  co n s i der e d  t o  be an extr emel y usef ul met hod 
f or s i tua t i ons that requ i r e a qu i ck des i gn  to t es t  an i dea and wher e 
optimal i t y i s  not an i ssue . Essen t i al l y , t hi s m ethod can be con s i der e d  
as the " gener al pur pose" no n- l i near pha s e  des i gn  met hod i n  t h e  sam e  
way t h a t  the windowi ng metho d i s  regar ded for the l i near phase  c a s e . 
T he di s c us s i on i nvo l v i ng t wo oppo s i te ext r emes of phas e res po ns e  has 
show n that i n  theory , a longer i mp u l s e  r es po nse c om par e d  to t h e  l i n e a r  
phase cas e  wi l l  be r equ i red . I n  pract i ce ,  however , the ex t ra i ncr eas e 
i n  l ength actual l y  re qu i r e d w i l l depen d en t i r el y  o n  the form of t h e  
pha s e  r e s po n s e . Be c a u s e  t h e r e qu i r e d  ph a s e  r e s po n s e  wi l l  al ter 
accor d i ng to d i f f ere nt us ers an d needs , f in di n g an an al y ti c s ol ut i o n  
f or e v e r y  ph a s e  r e s po n s e  i s  i m pr a c t i c a l , a n d  i n  s ome cases s o  
di f f i c ul t  that t h e  only pra cti cal metho d i s  t o  compute t he i m p u l s e  
r e s po ns e  vi a an FFT . Thus , i n  pract i ce ,  i t  wi l l  onl y be poss i bl e  t o  
es ti mat e the re quired im pul s e  r es po ns e  l en g t h  i f  t he phase r es ponse i s  
s i m pl e en o ugh t o  al l ow a s t r a i ght f orwar d anal yt i c  sol ut i o n .  Thi s 
ine v i t a b l y  means that desi gni ng a no n-1 inear phase f i l t er t o  a c hi e v e 
des i r ed magn i tude an d phas e  s pe c i f i ca t i ons wi l l  i nvl ove mor e t r i al an d 
err or . 
T he di scus s i on of the r andom pha s e  f i l ters s howed the add i t i onal 
diffi c ul t i es i n vol ved i n  a chi e v i n g  a pr a ct i cal l y  usef ul f i l ter . W i t h  
the de s i gn m e t ho d s a v a i l a b l e ,  t h e gr e a t e s t d i f f i c u l t y  l i e s i n  
ach i e v i n g an acce ptabl y l ow pas s ban d ri ppl e .  I n  cha pter 5 . 0 ,  al l t h e  
non- l i near phas e res ponses wi l l  b e  f ormed us i ng the s i n 2 ( )  f i t .  
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CHAPTER 4 . 0  
THE SP EECH S I GNAL 
4 . 1  INTRODUCTION 
As  a pre- requ i s i t e to di scus s i ng the phase  man i pu l at i on of speech , 
some un d e r s t an d i ng and  k nowl e d g e  o f  t h e  s pe e c h  s i gn a l  a n d  i ts 
under l y i ng propert i es i s  requ i red . Thi s  i s  the pur pos e  of  thi s chapter . 
The m ateri al i s  a hea v i l y  conde nsed pr e c i s  of the cons i d er a b l e  
b o d y  o f  k n o w l edge  t h a t  e x i s t s . The  a p p r oach t a k e n her e  i s  a 
des cri pti ve one to el uci date the ess enti al chara c t e r i s t i c s o f  t h e  
s pe e ch s i gn a l . The chapt er co nc l udes wi th the i nt roduc t i on o f  the 
Anal y t i c  vect or and zero d i s t r i bution re pr esent a t i ons of the s i gnal 
becaus e the wor k of Chapt er 5 i s  bu i l t  on the s e  represen tat i ons . 
4 . 2  SPEECH PRODUCT I ON 
The Hum an vocal tract mechan i sm res pons i bl e  for the sounds that 
cons t i t ut e  s peech  i s  shown i n  F i g .  4 . 1 .  A me chani cal model of  t h e  
e s s en t i a l el em en t s  of the b iologi ca l  system i s  shown i n  F i g .  4 . 2  and 
forms the basi s for the el ect r i cal an d mathema t i cal model l i ng of t he 
produc t i on mechan i sm .  
The energy source for speech produc t i on i s  the muscl e gr oups of 
the chest an d a bdomen that force the a i r  i n  t he l ungs thr ough t h e s e  
com po n e n t s  at a s teady pres s ure  ( i e  vo l ume f l ow ) .  There ar e thr ee  
cl asses of  e xc i t at i on of  the  vocal tract : 
( a )  per i od i c  
T he vo c a l  cords vi brate pr oduc i ng quas i - pe r i od i c  pu l ses of a i r  
that e xc i t e the a cous t i c sys t em a b o v e . T h e  v o i c e  " p i t c h "  i s  t h e  
f undam en t a l  f r e qu en c y  of  th i s  vi brat i on .  The waveform i s  rough l y  
tri angul ar as s hown i n  F i g . 4 . 3 and thus cont a i n s  man y harmo n i c s  w h o s e  
am pl i t udes de creas e  at about 1 2  d B /octave . Thi s type o f  exc i tat i on i s  
the bas i s  for the format ion of voi ced soun ds . 
(b ) Incoherent 
T h i s form of exc i tat ion is tur bu l ent fl ow of ai r cr eated at  som e  
point o f  cons t r i ct ion  i n  t h e  vocal tract . The  t urbul ent flow cr eat es 
a n  aco us t i c  no i s e wh i ch i s  thus an incoherent  form of exc i tat i on . Th i s  
ty pe o f  e xc i t a t i o n  forms the bas i s  of unvoi ced sounds . 
Fig . 4 . 1  
M U S C L E  FQ;K c  
LUNGS T A.ACHE A 
SAON(HI 
The Human vocal  mechan i sm 
[ after Flanagan , 1 9 72 )  
\1JC A L  
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N A S A L  T R AC T  
VOCAL I A. A C T 
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• p 
t,,A(}l.)l H  
Fig . 4 . 2 :  Mechan ical model of the human vocal mechani sm 
[ after Flanagan , 1 97 2 )  
ompl  i t u d e  
Fig . 4 . 3 : The glottal pres sure waveform for 
vo iced speech . 
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(c ) Tr ansient 
Transient excitation is created by the buil d-up of pressure at some 
point of cl osure and then abruptl y r e l e ased . T his r esul ts in a 
pulse ( o f air ) to excite the acoustic system and is usua l l y  modelled 
as a step function of air pressure. This form of excitation is the 
ba sis of the pl osive sounds in speech and can be used with or without 
vocal cord vibration , so the plosi ves can be voiced or unvoiced. F o r  
example ! b i  from "bat" and I t! from " tin".  
4 . 3  ESSENT IAL PROPE RT IES 
There  are many ways of describing the speech signal s (t ) , each of 
which contribute some aspect towards understanding it. The speech can 
be described from a lingu i stic viewpoint with the grammatical rules of 
the l anguage as constr aints. When strung together , these linguistic 
elements pr oduce a signal  which can be analysed and obj ective 
measurements made on the waveform . This gives an understanding of the 
unde r lying ph ysica l str uctur e of  the speech sign al. Subj ective 
measurements ( opinions ) based on experiments involving hearing can 
also be made. 
The descr iption 
principally to the 
of the essential properties bel ow is confined 
physical str ucture o f  t h e  s peech sign a l . 
4. 3 .  1 Phonemes 
The three classes of excitation described above pr oduce different 
sounds . A particular set of combinations of these sounds produces the 
ba sic " code symbo ls" that constitute the l inguistic elements of a 
language . These code symbols are known as "phonemes". However , the 
shape and size of the cavities in the vocal system can be altered in a 
complex manner , so that the same phoneme can sound different depending 
on the context and the emphasis placed on it by the speaker . 
acoustic differences of the same code symbol are r eferred 
"al l ophones" . 
These 
to as 
The principa l groups of the phonemes in the Engl ish language are shown 
in Fig. 4.4. Each sound , when co nsidered in isolation , can be 
c l assified as either continuant or non-continuant sounds. Continuant 
so unds are pr od uced by a fixed , no n-time-var .ying , vocal tract 
configu r ation stimul ated by the appr opriate exc itation sour ce . 
----
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Fig . 4 . 4 :  A phonetic and orthographic representation 
of the phonemes of Ameri can Engl i s h .  
[ after Rabiner et  al , 1 9 78 ] 
8 7  
N o n - co n t i n u a n t  s o un ds are  prod u c e d  b y  a c h an g i n g  v o c a l  t r a c t  
conf i gur at i on . 
I n  conversat i onal speech , the vocal tract i s  i n  cons tan t mot i on 
and al ters  i n  a compl e x  manner to set  up at e a ch i ns tant t he n e c e s s ar y  
cond i t i o ns  f or each sound . Somet i mes , the vocal tract changes i t s 
conf i g ura t ion d ur i ng t he ut t erance of a sound . At  o ther t i m es , t here  
is  a very  shor t pa use ca l l ed an  " i nt er-phoneme s i l en ce"  dur i ng whi ch 
the voc al tract  alters  i ts co nf i g ur a ti on befor e  the  ne x t  s o u n d  i s  
p r o d u c e d . Such  v e r y  sm a l l  pa u s es ar e u s ua l l y  i gn o r e d  ( or ar e 
ind i s t i ngu i shabl e ) when perf ormi ng an anal y i s  of the s peech si gnal . 
F' or t h i s  reason , the mos t useful par t i t i on i ng of  speech i s  i n  t erm s 
of voi ced and unvoi ced soun ds .  Th i s  par t i t io n i ng , i n  co nj unct ion  wi t h  
the two bas i c  t ypes of exc i t at ion (per i od i c  and i ncoher ent ) l eads to 
the wi dely used general el ect ri cal  model f or s peech prod u c t io n  show n 
i n F' i g 4 . 5 .  
4 . 3 . 2  T i m e D omain  
F' r om F' i g  4 . 5 ,  i t  i s  apparent tha t  s pe e ch i s  a non- stat i onar y 
s i gnal ; that i s ,  be cause s peech i s  prod uced l argl ey by two sourc es 
whose character i s t i cs and propert i es are almos t ent i r ely  oppos i t e ,  the 
charact e r i s t i cs of the s peech  s i gnal  w i l l  a l t e r w i t h  t i me .  T h i s  
e xp l a i n s  why i t  i s  usual to cons i der speech as vo i ced or un vo i ce d . The 
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Fig . 4 . 5 : Electrical model of the speech 
production mechanism . 
[ after Rabiner e t  al , 1 9 7 8 )  
the ti me waveform i s  a stat i sti cal descri pti on. 
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D ave n p ort [ 1 9 5 2 ] s tud i ed the s i gn a l  ampl itude probab i l i ty 
distri buti on and establi shed an emp iri cal relati on descri b i ng the 
d i stri buti on. Later , Pae z [ Pae z et al, 1 97 2 ] establi shed that the 
Gamma d i stri but i on was a very close  f i t  to  the  re a l  s p ee c h  
d i stri buti on as shown i n  Fig 4 . 6. Thi s  shows that speech has a very 
high probab ility of low si gnal amplitudes and a small but f i ni te 
probab ility of large s ignal amplitudes . 
The si gnal amplitude probability distribution indi cates that the 
spee ch s i gnal has a large dynami c range whi ch poses problems in 
ele ctroni c c ommuni cat i ons systems. Indeed, P urton [ 1 96 2 ] ,  i n  
d i scuss i ng a choi ce of PCM compand ing law indi cated that a total 
dynami c range of 6 2  dB was theoreti cally re quired, but that a range of 
38 d B  is  sat i sfactory to accommodate 99.95% of all conversati ons . 
The non-stationary nature of the s peech si gnal causes considerable 
problems when attem pt i ng to define and measure the signal power. 
Because of the com plexity of the si gnal, the tradi tional measures of 
rms and peak s i gnal values as ind i cators of si gnal power are d iffi cult 
to ap ply in a meaningful way because they are chang ing continuously. 
Thi s problem was re cogn i sed in the early years of electroni c 
communi cations systems and led to the introduction of another uni t 
called the "volume un it". Th is un i t  of measurement is  related to the 
loudness of the si gnal and reli es on two as pe cts when indi cati ng a 
1 0  
� 
o, l 0.0� 
0 01 I 
- J  0 
Fig . 4 . 6 : Probab i l ity de nsity function of real 
speech compared wi th the theoretical 
Gamma and Lapl ace probab il ity 
dens i ties . [ after  Pae z et al , 1 9 7 2 ]  
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value : an  electrical reference level relative to an  rms value of a 
s i newave and the dynami c characteri stics of the i nstrument itself i n  
terms of i nternal electrical ti me-constants and the balli sti cs of the 
meter movement [Chi nn et al, 1940 ]. However, th i s  approach merely 
sidesteps the bas ic problem of establi shi ng a useful measure of the 
long term power level of the signal that is eas i ly i dentified wi th 
some common, well recogni sed unit of meas ure such as the dBm. 
From the po i nt of view of preventi ng saturati on i n  electroni c  
circui ts with i n  a communications environment, knowledge of the real 
si gnal peaks i s  desirable. Brady [ 1 96 5 ]  studied thi s  problem us i ng the 
probability di stribution of speech as a base. He showed that speech 
has a largely log-un i form distributi on, so that a meas ure he called 
"Avera ge Peak Level" ( APL ) ,  computed from the time avera ge of the log 
of the envelope waveform will give a result that is the same as the 
actual pea k of the signal if  it could be me as ured. Later, he defi ned 
an " Equivalent Peak Level" ( EPL)  [ Brady , 1 968 ] whi ch i s  based on an 
rms meas urement of the signal. This EPL meas ure was an improvement 
over the APL meas ure because the EPL matches changes in speech level 
on a dB-d B basis over a 3 5  d B  ran ge. 
� ...-----------------,-
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SPEECH SAMPLE LENCTH - M I N  
Fig . 4 . 7 :  Speech sample length versus 
the ratio of absolute average 
magn i tude to rms leve l . 
[ af ter Niederjohn et al , 1 98 3 ]  
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I n  r e l at ed wor k ,  Nei derj ohn et al [ 1 98 3 ] has shown t ha t  f or h i gh 
qual i t y  s peech ( wi de ban dwi dth , l ow n o i se ) ut t e r a n c e s  l o n g e r  t h a n  
a b o u t  20  s econds , t he r at i o  of ave r age absol ut e magn i t ude t o  rms l ev e l  
o f  t h e  s pe ech i s  al mos t c o ns t ant a t  0 . 5 5 f o r  mal es and 0 . 6  f o r  f e m a l e s  
as s hown i n  F i g .  4 . 7 .  
4 . 3 . 3 , Fre quenc y D oma i n  
T h e  t i m e v a r y i n g n a t u r e  o f  s p e e c h l ea d s  t o  pr o b l e m s  i n  
es t a b l i sh i ng the s pe c t ral  character s i t i cs o f  the s i gnal  as a who l e .  
S i m pl y  taki ng the  Fouri er t r ansf orm of any gi ven segment of s ( t ) , o f  
a r b r i t r ar y ( t i m e )  l en g t h  a n d  us i n g t h e  r e s u l t as an a d e qu a t e  
d e s c r i p t i o n  o f  t h e  s p e c t r a l pr o p e r t i e s o f  t h e  s i g n a l  i s  n o t  
s u f f i c i e n t . T h i s p r o b l e m  h a s  l e d t o  t h e d e v e l o p m e n t  o f  t h e  
"Short- t i m e "  F o u r i e r t r a n s f o r m  ( S T F T )  w h i ch  h a s  s om e  i m p o r t a n t  
c o n s equ ences , es pe c i al l y  f or appl i ca t i ons r e l a t e d  t o  r e duc i ng t i le b i t 
rate re q u i r e d  for s pe e ch co d i n g s ys t em s . 
I t  ha s been  dem ons trated tha t  the S TFT can be cons i dered f rom two 
d i ffer e nt as pe c t s . The f i rs t  i s  that i t  can be shown that t he S T FT i s  
e q u i val e n t  t o  s p l i t t i ng the com pos i t e s pe e ch s i gn a l  i nt o  separ a t e  
fre quency ban ds by a ban k o f  band pas s f i l t ers . T he other a p pr o a c h  i s  
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Fig .  4 . 8 :  Long term power spectral dens i ty 
of continuous speech . 
[ af ter Dunn e t  al , 1 94 0 )  
9 1  
s pe ct r a  of the shor t t i m e  segment sel e cted . [ S chafer e t  a l , 1 9 7 3 ; 
Scha f er et al , 1 97 4 ; A l l en et al , 1 97 7 ] 
The l o ng t i me power dens i t y s pectrum of spe e ch i s  shown i n  F' i g .  
4 . 8 .  and i n d i cates that mos t of the s peech en ergy l i es below 7 5 0  H z . 
T h i s r e g i o n corres ponds to vo i ced s peech wh i ch e xh i b i ts s t rong 
per i odi c i t y  and hi gh am pl i tu d es . However , i t  has already been p o i nt e d  
out that conve rsat i onal speech requ i r es a co ns tan t l y  chang i ng vocal 
tra ct co nf i gur at i on . Thus , w h i l e  a s i n g l e v o i c e d  s o un d  t a k e n  i n  
i solat i on may be co ns i de r ed to ha ve a f i xed ampl i t ude and har mon i c  
str uct ure , co nver sational s peech w i l l  ha ve a co ntin u o u s l y  c h a n g i n g  
s pe c t r a l  s truc t ure . Th i s  i mpl i es tha t the f un damental  frequ e n cy of 
voi ced s peech i s  not cons tant as s hown in F'ig 4 . 9  [ R oss et al , 1 9 7 4 ; 
Gol d et al , 1 96 9 b ]  
Thus , i t  i s  mor e usual to r egard the ha rm oni c s t ruc t ur e  o f  vo i ce d  
s peech a s  " t eeth" of fi ni t e  wi dth centred on s ome a v erage s pa c i n g as  
shown in  F'ig  4 . 1 0 . The reci pr oca l of  th i s  " a ver age s pa c i ng" i s  known 
as the " p i t ch period" . Su ch a pra cti ce is  a gr oss over- si mpl i f i c a t i on 
but pract i ca l l y  use ful . 
The pi tch per i od a l so va r i es be tween s pe a kers of the same s e x , 
wi t h  l ar ge d i f f er en ces between m en ,  wom en and c h i l dr en .  Vi  va l da et al 
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Fig . 4 . 9 :  Variation in Fundamental frequency 
wi th utterance . 
[ af ter Ros s et  al , 1 9 74 ] 
am l i t ude 
Fig . 4 . 1 0 :  Representation of the harmonic 
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Fig . 4 . 1 1 :  Pitch ( fundamental frequency )  distribution 
of 64 male and 48  female voices . 
[ af ter Vivalda et al , 1 984 ] 
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Their  r es ul t s  as s how n i n  F i g .  4 . 1 1  i n d i c a t e t h a t , as gen e r a l  
r u l e- of- thumb , the p i tch pe r i od o f  a f emal e vo i ce i s  twi ce tha t  of a 
male . 
T he amp l i tude s truc t ur e  of the speech we he ar i s  mod i f i ed by t he 
reson an ces of the vocal  tract . The pea k s  i n  the  envelope of t h e  s i gn a l 
r e f l e c t  th e s e  r e s o n an c e s  wh i ch a r e  r e f er r e d  t o  as the " formant 
fre quenci es" . These formants ar e n o t  stabl e , but change w ith  d i f f er en t  
ut t e r an c e s  [ Scha f er e t  al , 1 96 9 ] ,  and t o  a l es ser exten t  be tween 
speakers for the same ut t erance . 
I n  cont ras t to voi ced speech , unvo i ced spe e ch stemmi ng f r om an 
i ncoher ent source has s pect r al char a ct e ri s t i cs of n o i s e  mo d i f i ed by 
the f or m ants  of the vo ca l tract . Energy from un vo i ced s peech i s  ve r y  
l ow and con t a i ns n o  p e r i o d i c s t r u c t ur e . M o s t of  t h e en er g y  i s  
d i s t r i buted i n  the h i gher f requen c i es .  F i g  4 . 1 2  shows the s pe c t ral 
model s for voi ced and unvoi ced  s pe e ch w i t h  t h e  f o rm a n t  s t r u c t ur e  
e v i dent . Taken toge ther and averaged over man y s pea kers and ut t erances 
resul t s  in  the long t i me power dens i t y  s pe ctrum o f  F i g  4 . 8 .  
4 .  4 PERCEPTION 
The proces s  of he ar i ng i nvo l ves the ear and the br ai n .  The ear i s  
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U N VO I C E D  
Fig . 4 . 1 2 :  Formant s truc ture o f  voiced and unvoiced 
speech . [ after Croch iere et al , 1 98 3 ]  
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F R E O ( K H z )  
the me chan i sm for con ver t i ng t he acous ti c s i gnal to  neur al s i gn a l s  
wh i ch are  then processed  by the bra i n .  The de t a i l s  of the argumen ts  
r el a t i ng to  the mechani sm of  hear i ng ar e not  a t  i ssue  i n  th i s w or k . 
T he i m por t an t  as pe c t  he r e  i s  t hat  the pr oces s of hear i ng a l l ows 
subj e ct i ve meas ur es of the s peech s i gnal to be ma de t hat compl em ent  
the  obj ect i ve meas ures . Thus any d i scuss i on on s peech usua l l y  i nvo l ves 
the he ar ing process  an d the  o p i n i ons  formed . 
4 . 5 JUDGIN G  SPEECH 
The o bj e c t i ve meas ur emen ts  on the s peech s i gnal  i tse lf  pr ov i de 
quan t i tat i ve i n f orm a t i on a bo u t  t h e  s i gn a l . C ar ef u l l y  c o n t r ol l e d  
e x p e r i m e n t s  i n v o l v i n g t h e  he a r i n g p r o c e s s  g i ve qu a l i t a t i ve 
i nforma t ion  that compl emen ts the o bj ect i v e me as urem e n t s . T h e  b as i c  
i n f ormat i on i n  the s peech s i gnal  i s  the wor ds formed by the voca l 
mechani sm wi thi n the gramma t i cal  r ul es of the  l angua ge . I t  has b een 
es tabl i she d that the ear per f orms a rough frequency analysi s of the 
a0ous t i c  s i gnal  and that i t  is the shor t - t i me am p l i tude s pectrum t hat 
i s  the domi nant i nf l uence on s peech i nt el l i g i b i l i ty . 
Speech i nt e l l i g i b i l i t y i s  a subj ecti ve me as ure of t he cl a r i t y  an d 
unambi gu i ty of the bas i c  message car r i ed by the l anguage . The s pe c t ra 
an d t i me beha v iour of the s i gnal are eas i l y  quant i f i ed . Howe ver , two 
s i gn a l s  wi th the same s pect rum can sound com pl etely  d i fferent , s i mpl y 
by alter i ng the phase r el a t ionshi p of the c om ponents [ Pl omp et al , 
95 
1 96 9 ]. Thus the speech si gnal contai ns add itional informat i on that i s  
not read i l y  appar ent. This addi tional  i nformation i s  described b y  th e 
word "qual ity" . 
The qua l i ty of a speech si gnal is  also a subj ective measur e .  It  i s  
manifested and contr oll ed by such factors as speaker identifi cation , 
emot i on , unusua l or di ffer ent emphas i s  i n  the voca l isati on .  These 
fa ctors ar e outside  the gr ammati cal  rul es of the  l an g ua g e , but 
c o nt r i bu t e  a gr eat dea l  to the i nfor mat i on transmi tted. Th i s  
subj e ctive i nformation i s  extra cted by the cor r elative ab i l i ti es of 
the brai n .  
I t  i s  th i s  extr a  i nfor mati on that cr eates pr obl ems i n  speech 
communi cations systems that se ek to mi ni mi se the i nformation r ate ( i e 
ba ndw i dth ) n e eded to transm i t the ba s i c message . For te l ephone 
bandwidth spe e ch , "tol l qual ity speech" in a canmuni cati ons system 
g i ves l ow d i stortion and hi gh si gnal-to- noi se rati o for the bas i c  
message whi l e  r etai n ing  enou gh of the subj ective i nformation that a 
l i sten er per ceives the rece ived spee ch to be the same as if  hear i ng 
the speaker d irectly . As mor e of the si de i nformation i s  lost wi th 
poss i bl y i n cr eased di storti on of the bas i c  message , the speech i s  
perceived as losi ng qual ity and may b e  referred to as " communi cati ons 
qual ity" . The opposi te extreme of vocoder speech (syntheti c speech ) i s  
subj e ctivel y i dentifi ed as be i n g  of " mechani cal qual ity" be cause whi l e  
the basi c message of the language i s  suff i c i entl y i nte l l i gibl e tr.at it  
is  understood unambi guously , it requ i r es addi tional effort on the par t 
of th e l i sten er  to de code the message be cause the subj e ct i ve 
i nformati on i s  mi ssi ng . 
E ffects due to the speaker ' s  physi cal condition , such as suffer i ng 
fr om a common cold , ar e not part of the " qual ity" description be cause 
these effects are quantif iabl e as part of the physi cal structur e of 
the waveform: the vocal tra ct and i ts r esonan c es are ph ys i c a l l y  
mod i f i ed. In the case of a cold , the nasal caviti es may be bl ocked and 
this el i mi nates the radi ation from the nostr i ls as wel l as modify i ng 
the formant structur e. 
The foregoi ng d i scuss ion rai ses 
not w e l l  appr e c i ated.  T h i s i s  
an i mportant poi nt that i s  often 
that  t h e  s u b j e c t i v e  t e r m s  
to two enti rely  d i ffer ent but 
I ntel l i g i b i l i ty ,  as a l r ead y 
" i nte l l i gibi l ity" and "qua l ity" refer 
r el ated aspe cts of the speech si gnal . 
menti oned , i s  a measur e of the amount of d i storti on of the basi c 
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mes s a g e  carr i ed by the l angua ge . H igh i nt e l l i gi b i l i t y  i mpl ies l i tt l e  
di s t or t ion  of t he bas i c m essage and i s  thus eas y  t o  decode . T h e  t e rm 
" qu a l i t y "  rel ates to the s i de i nform at i on wh i ch modi f i es the bas i c  
struct ur e  of the si gnal i n  a su btl e mann e r  t ha t  t h e  c or r e l a t i v e 
a b i l i t i es of the bra i n  can i nt er pret to gi ve cont extua l inf ormat i on 
and s peaker i dent i f i cat ion . Thi s " s i de i nforma tion"  i s  not part of the 
bas i c  message . 
4 . 6  MATHE MATICAL  REP RES ENTATION OF V OI CE D  SPEECH 
T he d i s c u ss i on so far has been des cr i pt i ve and was i nt ended so  to 
gi ve a broad unders t an d i ng of what s pe e ch i s  ma de up  of and h o w  i t  c a n  
b e  de s c r i b e d . Now , t wo m a t h e m at i ca l  repre s en t a t i ons wh i ch can be 
appl i e d  to voi ced s peech ar e i ntroduced and i l l us t r ated because  t h e y  
w i l l  co ns ti tute the bas i s  on wh i ch the argumen ts of Chapter 5 . 0  are  
bui lt . 
Voi ced s peech has been shown to  be strongl y pe r i od i c  wi th l arge 
si gnal ampl i t udes . Over short time i n t ervals , typi cal l y  two to thr e e  
pi tch pe ri ods of a mal e vo i ce , the st ruc t ur e  o f  a vo i ce d  sound i s  
essenti al l y  co nst ant . The tradi t ional me ans of d es cri b ing the phys i c a l  
at tri bu t es of such a s i gnal  ar e wel l unders tood ( s ect i on 4 . 3 . 2  and 
4 . 3 .  3 )  . 
The mathemat i ca l  tool s tha t wi l l  be used i n  add i t i on to  F our i er 
Anal ysi s vi a the  FFT are the  Anal y t i c  V e ct or R e pr esentation and Z er o  
D i stri but i on .  The s e  repr es en tati ons wer e  pi oneer ed by Voel ker [ Voel ker , 
1 966a , 1 96 6b J .  The reason for using t h i s  r e pr es enta tion her e i s  t h a t  
th e A n a l yt i c ve ctor lji ( t )  g i ves a ph ys i ca l  pi ctur e  of  the s i gnal s ( t ) 
that shows much more cl earl y the ef fect  of m ani pul a t i ng s ome as pects 
( t he z e r o s ) of the  s i gn a l . Furthermor e ,  by ado p t i ng the Anal yt i c  
repres ent at ion , the num ber of zer os re qu i r e d  t o  d es cri be the s i gnal i s  
ha l ved . 
Ham i l ton  [ H am i l t o n , 1 98 5 ] h a s  m ad e  an e x t ens i ve stud y of  the 
Anal yti c V e ctor  R e pr ese n t a t i on  of  s pe e ch , and h i s  wor k pr o v i d e s 
add i t i o nal ins i ghts i nto the character i s t i cs of s peech . 
The fol l o wi ng two sect ions outl i n e  the bare bon es of the theory . 
Su bsequent l y , som e  e xampl es g i ve phys i ca l  mean i ng .t o the co nce pts and 
ser ve as a useful vehi cl e to e x pan d on s ome a ddi t ional as pe c t s  o f  
the ba s i c  theor y .  
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4 . 6 . 1  Anal yti c Vector  Re pr esent at ion 
An anal yt i c s i gnal  � ( t ) is  d ef i n e d  as 
� ( t )  = s ( t ) + j s ( t )  ( 4 .  1 ) 
where s ( t ) i s  the real s i gn al and § ( t )  i ts H i l bert  transform de f i ned  
by 
§ ( t )  = l J
oo 
s ( t )  dT 1T t - T  -oo ( 4 .  2 )  
The an al yt i c  s i gn al of  equat i on ( 4 . 1 )  i s  com pl ex ,  s o  i t  can be  wri tt en 
i n  terms of i t s magni tude and phas e :  
� ( t )  = m ( t ) e j � ( t )  ( 4 .  3 )  
where 
m( t )  
.l. 
( s 2 ( t ) + g 2 ( t ) ) 2 ( 4 . 4 )  
� ( t )  - 1  tan ( s ( t ) / s ( t ) ) ( 4 . 5 )  
m ( t ) i s  the i nst antaneous envel o pe an d � ( t )  the  i nst antaneous phase of 
the real s i gnal  si nce 
s ( t )  = R e [ � ( t ) ] 
m ( t ) cos � ( t )  ( 4 . 6 )  
If  S ( w ) , S( w ) , l!l ( w )  ar e t he Four i er t ransforms of s ( t ) ,  s ( t )  and � ( t )  
res pe cti vely , i t  i s  known that 






O where s gn ( w )  
- 1 , w < 0 
so that 
1/1 ( w )  
the Fouri er 
{ 
2 S l w ) , 
= S( 0 )  , 
0 
transform 
w > 0 
w 0 
w < 0 
( 4 .  7 )  
of e quat ion ( 4 .  1 )  i s  
( 4 .  8 )  
l!l ( w )  i s  s i ngl e s i de d  and thus � ( t )  onl y occup i es ha l f  the bandwi dth of 






Fig . 4 . 1 3 :  3 cyc les of the signal s ( t )  and 
i ts envelope m ( t )  of a real 
vowel . 
real s pe e ch s i gn al . 
4 . 6 . 2 Zer o  R epr es en t at i on 
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I t  i s  wel l known that if a s i gnal  s ( t ) i s  per i od i c i n  T=2 n /Q and 
bandl i mi t ed  to  ±W= nrl /2 ,r , then the s i gnal can b e  r e pr es e n t e d  b y  a 
f i n i t e  Four i er ser i es 
s ( t )  ( 4 . 9 )  
k = -n 
where the ck are  the com pl ex Four i er coef f i c i en t s  repr esen t i ng the  
ampl i t ude an d phase  of each s i nus oi d .  
If  the t i me vari abl e t i s  al l owe d to be complex 
t -.  z = 1 + j o  ( 4 .  1 0 )  
then the  f un ct i o n  s ( z ) i s  completely  determined  by the princ i pal 
stri p of the com pl ex p l ane shown i n  F i g .  4 . 1 4 .  
U s i ng  the mapp i ng 
X = e j nz ( 4 .  1 1  ) 
and e quat ion ( 4 . 1 0 ) i n  ( 4 . 9 ) , then 
s ( z )  
2n 
- r -
Fig . 4 . 1 4 :  Princ iple interval of the 
complex z-plane . 
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( 4 .  1 2 )  
w h i c h  i s  now an algebra i c  polynom i al . The map p i ng of equa t i on ( 4 . 1 1 )  
takes the upper half pl ane ( UH P )  of the p r i n c i pal s t r i p  on t o  t h e  
i n t e r i or of the d i s k  j z j = 1 ;  the lower half  pl ane ( LH P )  o f  the s tr i p  
onto the exter ior  of the d i s k  and the real T ax i s  onto the c i r c l e  
I z I = 1 . Sol ut i on of the equa t i on 
n k 
l ck x k =-n 
( 4 .  1 3 )  
ob ta ins a set o f  zeros { x k } o f  the pol ynom i a l ( and thus of the s i gnal 
s ( t ) ) .  I f , in addi t i on , s ( t )  is real ( i e phys i ca l l y  rea l i sabl e ) , then 
bas i c  Four i er theory requ i r es the Four ie r coef f i c i en t s  e xh i b i t  
Hermi t i an symme try . Thus a l l  the zeros of s ( z )  are e i ther r eal  or  
occur as  complex  co nj ugate  pa i r s . 
The  o r d e r  of equat i on ( 4 . 1 3 ) i s  2n wh i ch i s  alway s even . Rec�ll i ng 
the openi ng st atement of thi s sec t i on , th i s  means that a real  s i gn a l , 
ban d l i m i ted to n0 /2n  has an even number 2n zeros  per pe r i od of the z­
plane . 
The pos i t i ons of the roots  on the com p l ex p l ane are g i ven  by 
X = 
k 
j n z k e ' k= 1 , . . .  , n 
and tak ing non-pr i nc i pa l  l oga r i thms g i ves 
UNIVCi:S:.Y - � :-:.ARY 
( 4 .  1 4 )  
1 00 
( 4 . 1 5 ) 
whence 
( 4 . 1 6 )  
wher e 2 ,r 2,  ar e the repeated per i ods of the pri:1c ipal i nt er val of F i g .  
4 .  1 4 .  
The r e a d e r  i s  remi nded a t  t h i s poi nt that the d i scus s i on above has 
des cri bed two d i f f er ent , but cl osel y r el a t e d , s e t s  of z e r os . T h e  
sequence of zeros { x k } a r e  t he r oots of the po l ynom i al of equa t i on 
( 4 . 1 3 ) .  The zeros { z k } are  r e l at ed to ( x k } through the mapp i ng of  
equa t i on ( 4 . 1 1 )  and  hence e qua t i on ( 4 . 1 6 ) . These  { z k } w i ll  be  refer r ed 
to as " an al y tic  zeros" . Sect ion 4 . 6 . 4  t hat pr esen ts s ome e x ampl es w i l l  
show that the l oca t i ons o f  these  { z k } cor r e s pond to cl ear l y  i dent i f i abl e 
featur es of the an al yti c envelo pe m ( t ) . 
R e l at i ng t he f or e go i ng a r gu m en t s  to  the  a n a l y t i c  s i gn al of 
equation ( 4 . 1 ) ,  � ( t ) has a s i ngl e s i de d  s pe ct r um .  Th us , the e qui val ent 
equa t i on to equa t i on ( 4 . 1 3 ) for � ( t )  i s  
� ( z ) ( 4 . 1 7 )  
wh i ch i s  a pol ynomi al of or der n+ 1  and ther efor e mus t possess n zeros . 
These zer os ( the {x k } )  are al l compl e x  and occ ur si ngl y - that 
i s ,  t hey  do not occur as com pl ex  conj uga t e  pa i rs .  Thi s i s  be caus e to  
get a real  zero  re qui r es m ( t ) =O i n  e qu a t i o n  ( 4 .  4 ) . T h i s  i n  t ur n  
requ i res both s ( t )  and s ( t )  be zer o s i mul tan eousl y .  For a per i od i c  
se quence cont ai n ing  mor e than one harmoni c ( i e  n > 1  i n  e quation ( 4 . 9 ) ) ,  
the pr a c t i cal eff ect of the H i l bert  t rans form i s  to al ter the phas e of 
each com po nen t of  s ( t )  by  ir /2 from s ( t ) .  Under thes e cond i t i ons , 
i t  i s  ph y s i cal l y  i m po s s i bl e f or bo t h  s ( t )  a n d  s ( t )  to be zero 
simult aneou sly . Thus , al l the zer os are complex . 
The sequence of zer os ( x k } ( and thus ( z k } ) a re  i nformat i onal 
a t t r i bu t e s of the s i gn a l  s ( t )  i n  t he same way that the Four i er 
coeff i ci ents S i nce  the pol ynomi al of e quation ( 4 . 1 3 ) has 2n 
roots , then i t  can be equ i va l en t l y  repr es ented  by a product  e xpans i on 
of the r oots [ Re qui cha , 1 980 ] 
s ( z )  2 c TT ( x-x k ) n k =- -n  
1 0 1 
( 4 . 1 8 ) 
Voel ker , i n  e xami n i ng the an al yt i c  par ameter s  of a s i gn al , showed that  
the  s i gnal can be e x pr essed  as  two  prod uct t erms 
s ( t )  ( 4 .  1 9 ) 
where  s R2 ( t )  and s c2 ( t )  ar e the f actors  that cont a i n onl y real or 
com pl ex zer os . C om put i ng the an al yt i c  zer os ( z k } ,  he showed that 
( i gnor i n g  scal i ng constan ts ) 
( 4 . 20 )  
[ cosh1t l a .  I - cos Q ( t- 1 . ) ]  
1 1 
( 4 .  2 1 ) 
where  the 2nR real zeros ar e taken as nR pa i rs ( x k , x i ) .  He f ur ther 
showed that i nstantaneous en ve l ope 
( 4 . 22 )  
Thus the i ns tant an eous envel ope (and  phas e )  fl uc t ua t i ons of the 
anal yt i c  s i gn al can be g e n e r a t e d  f r om i t s s e t  of anal y t i c  z e r o  
locat i ons . For the 
d i p  i n  the 
envel ope , t he occur r ence of  each zero 
The i nt ens i ty of  
zk ea  uses  a 
the d i p  k i s  
dependent on 
envel ope at t i me 1
k . 
the magn i tude o f  the i magi nary coeff i c i ent of and 
becom es gr eater as l ok l T O  [ Ham i l ton , 1 98 5 ] .  
I n  add i t i on ,  the Anal yt i c  ve ctor representat i on of  sect i on 4 . 6 . 1 
shows that \/) ( t )  co ntai ns a compl ete descr i p t i o n  of s ( t ) , b u t  \/) ( t )  
po s s e s s es onl y hal f as m an y  zer os . The i mpl i ca t i on i s  that  si nce no 
i nforma t i o n i s  lost , each compl e x  co nj ugate pa i r  of zer os of s ( t )  
co llapse to be com e one  com pl ex  zero of \/) ( t ) .  
4 . 6 . 3  C cxn put in g the Zeros 
In  order to ext ract the zeros ( z k } o f  the pol ynom i al of equa t i on 
1 02 
( 4 . 1 3 ) ,  the Four i er co ef f i c i ents ck mus t be det erm i ned f i rs t .  Thi s  
wo ul d normal l y  be done b y  us i ng a n  FFT al gori t hm based  on a hi gh l y  
com po s i te number 2N , who s e  i n i t i al dat a  i s  a segment o f  s ( t ) ,  
windowed by a sui tabl e window f unc tion  t o  mi ni mi se  s pectral l ea k a ge 
[ Harr i s ,  1 97 8 ] .  I n  thi s cas e ,  t h i s  techn i que  i s  not poss i bl e ,  b ecause , 
i n  the  manner of e quation ( 2 . 2 1 ) , the process  of windowi ng  gi ves 
s ( t ) w ( t )  < .J:!_> S (w ) *W ( w )  
= S ( w ) *W ( w )  + j S  ( w ) *W ( w ) r q 
( 4 . 2 3 )  
IT where < --> means Four i er transform and * i s  the convo l ut i on o perator . 
The Fouri er phase e ( w)  
e ( w )  
_ 1 Sr ( w ) *W ( w )  tan ( S ( w )  *W ( w )  ) q 
( 4 . 24 )  
has the spect rum of the wi ndow f unct i on embedded .  Thus , appl y i ng a 
window to  the data  segm ent hi des the true v al ue of Arg [ c k ] of 
equat i ons ( 4 . 1 3 ) and ( 4 . 1 7 ) .  For thi s reas on ,  e i ther an exp l i c i t  OFT 
must  be p e r f ormed , or a m i xe d  r a d i x  F FT al gor i t hm s u c h  M XF F T  
[ S i ngl eton , 1 97 9 ]  mus t b e  us ed . For the wor k re por t ed her e , S i ngl eton ' s 
al gori thm M XFFT i s  used to extract t he c k . 
Subse quentl y , be cause the zer os of t he anal y t i c  s i gnal ljJ ( t )  ar e 
requ i r ed , t he cond i t i ons of equa t i on ( 4 . 8 ) are f i rs t appl i ed to  t he ck 
befor e they are us e d  wi th  an al gori thm to extract  the zeros . F o r  t h i s 
wor k ,  t he progr am C P OL Y  [ J en k i ns et al , 1 972 ] i s  used . Thi s  al gor i thm 
is organised  to f i n d  the zeros of t he pol ynomi al 
where p = 0 i s  for co nveni ence onl y .  
( 4 . 25 )  
Thi s or der of coeff i c i ents  i s  
the re verse  of equa t i on ( 4 . 1 3 ) :  i e  p in  equa t i on ( 4 . 2 5 )  corres po nds 
to c0 of equa t i on ( 4 . 1 3 ) .  For ban dpass s i gn al s , c 0
; 0 whi ch 
cont ravenes the requ i r ement above . I n  t h i s  cas e ,  the term c
0 
i s  
i gn o red  and the degree o f  the polynom i al i s  reduced  by 1 a t  t he t i me 
CPOLY i s  i n voked . 
F or co nveni en ce and to cont rol the magn i tudes of the coeff i c i ents  
gi ven to  CP OLY , t he p k ar e normal i sed  to p 0 . The connect ion between 
e qua t ion ( 4 . 2 5 ) and ( 4 . 1 3 ) , u s i n g e qua t ion ( 4 . 8 ) i s 
2c k /2c , k
2 1 ,  . .  n- 1 n- n 
so that P o = 1 .  
4 . 6 . 4 Exampl es i l l us trat i ng the theory 
4 . 6 . 4 . 1  Real s i gnal s ( t ) 
In  the manner of V oel ker , cons i de r t he s i gnal 
s ( t )  = A + a cosnt 
Usi ng equat i ons ( 4 . 1 0 ) and ( 4 . 1 1 ) , 
s ( z )  = A + � ( x + l )  
2 X 
a 2 Ax = - ( x 2 + + 1 ) 2x  a 
whi ch has r oots at 
1 x = - ( -A+/ ( A 2 - a 2 ) )  a -
1 03 
( 4 . 2 6 ) 
( 4 . 2 7 )  
( 4 . 28 )  
( 4 . 29 )  
F' i g  4 . 1 5  s hows equat i on ( 4 . 27 )  and  the zer o pos i t i ons . F'or A=O , s ( t )  
i s  a s i mpl e s i nus oi d wi th  no DC  off set and x i n  e quat ion ( 4 . 2 9 )  i s  
pure  i magi nar y ( /-a 2 ) .  U s i ng equa t i on ( 4 . 27 )  i n  ( 4 . 1 6 ) g i ves 
1 
1 1 a = - nl n  I x  I = - nl n (  1 )  
( 4 .  30a ) 
0 ( 4 . 30b ) 
The r e al t i m e l oca t i ons  1 ar e s i m pl y the  pos i t i ons of the zer o 
cr ossi ngs of s ( t ) . 
F' or A < a ( A>O ) , the zeros remai n real but begi n  to bunch toge ther 
in pai r s . At  A=a , the real f i rst  or der zeros merge to become real 
second  or der zeros . Then , as A > a , the s e  second order real zeros s pl i t  
into a pa i r  of ccxnpl e x  conj ugate zeros . 
F or t h i s tri v i al exampl e wi th only  one harmoni c ,  i t  i s  e , is y to  
r el ate  the an al y t i �  zero po s i t ions to feat ur es of  t he s i gnal wa vef orms . 
H owev er , for a s i gn al wi th many harmoni cs , i t  woul d be very d i f f i cul t 
to r el ate the zero po si t i o ns to  featur es of the  s i gn a l  wa veform . 
1 04 
a mp l i t u d e  ja 





















A = 3a/2 d, eh 
I I 
I I I I 
'-T= 2 n  _1 l+---- T -1 
Fig . 4 .  1 5 :  Relationship between  a real s ignal and 
i ts analytic zeros z
k . 
4 . 6 . 4 . 2  An al yt i c s i gnal �( t )  
Us i ng s ( t )  o f  equa t i on ( 4 . 27 ) , f r om equat i on ( 4 . 7 ) , the H i l bert  
transform i s  no n-co ns tant pr eser v i ng , s o  the  H il bert  tr ansform of s ( t ) 
i s  
s ( t )  as i nrl t  
Th us , 
.l. 
� ( t )  "' ( ( A+acosnt ) 2 + a 2 s i n 2 n t ) 2 
.l 
2 ( A2 + a 2 + 2 Aacosn t ) 2 
( 4 . 3 1 ) 
( 4 . 32 )  
a n d  m a k i n g the same s ubs t i tut i ons us ed previ ousl y ,  equat ion  ( 4 . 32 )  
be com es 
Aa  i ( A 2 +a 2 ) .i. 
,n( z )  = ( ;- ) z [ X z + Aa ·
� 1 ) z 
whi eh has roo ts 
( 4 . 3 3 )  
1 0 5 
1 ( A 2 - a 2 ) )  X = - - (  ( A z +a  z )  ± 2Aa ( 4 .  3 4 a ) 
a 
( + )  
A ( - ) or -A a ( 4 . 3 4b ) 
I n  t h i s ca s e , X i s  pur e l y  re al , so  i n  equa t i on 
an d T = 2 1r Ull . T he c as e  A=O i m pl i es x = -oo or 0 ,  whi eh 
( 4 • 1 6 ) , A r  g ( X ) =0 
gi v es J o l = 00 • A 
zer o a t  00 i s  ca l l ed a " r emove d" zer o .  Thi s com es f r om  a r es t a t em en t  of 
t h e  f un d am e n t al t h e or em of  al g e br a  [ H i l l e ,  1 95 9 ] t h a t  " e v e r y  
pol ynom i a l of de gr e e  � 1  i n  z has a zer o" . The cond i t i on A = O  i n  
e quat i o n  ( 4 . 3 2 )  i s  e qui val ent t o  � ( z ) = a whi c h  i s  a pol ynomi a l  of  or d e r  
0 - i e  a cons tan t . 
Thus a " r em ove d" zero i s  s i mpl y t he r e d uc t i on of the o r der of the 
pol ynomi al by one . Equa t io n  ( 4 . 3 2 )  i s  of or der 1 ( c osn t ) , whi ch , on 
r educ t i on be com es or der O or a cons tant . 
T he import a nt poi nt that c om es out of t he above d i s c u s s i o n  i s  t h a t 
the ori gi nal s t a t ement re qu i r i ng e quat i on ( 4 . 1 7 ) p os s ess n zeros i s  
that these  n zeros must b e  no n- r emo ved zer os .  Thus , the c k ar e an 
expl i c i t i n d i c a t i o n  of the  n umber of zer os  i n  t he ( an al yt i c ) s i gn al . 
F or A � o ,  b o t h  sol ut i ons of equa t i on ( 4 . 3 4 b ) ar e t rue when u s e d  i n  
e qu a t i o n  ( 4 . 3 3 ) . T h ese  g i v e  
T = 2, ,r , 2. = 1 , • • •  
0 = 1 - -l n j a ! A I n 
1 or - n l n j A/a j ( 4 . 3 5 )  
Whi ch par t i cul ar sol ut i on i s  the correct  cho i ce depends on whe ther 
the s i gnal is a mi ni mum ph ase ( MP )  or non- mi nimum phase  ( N MP ) s i gn a l . 
A m i n i mum pha s e  s i gn al i s  one who s e  an al yt i c  zeros exi st  onl y i n  the 
l ower hal f pl ane ( L H P )  [ Vo e l ker , 1 9 6 6 a ] . In gener al , unl ess s pe c i a l 
meas ur es  ar e t a k e n , a s i gn al wi l l  be non-mi n i mum phase an d thus  wi l l  
pos s ess zer os i n  both half pl an es .  A s i m pl e wa y t o  e ns ur e  t h a t a 
s i gnal is MP i s  to add a D C  b i as A > O  t o  precl ude the s i gnal cr os s i ng 
the r e al t i me a x i s  [ Voel ker 1 9 6 6 c ] .  In a d d i t i o n , H a m i l t o n  ( 1 9 8 5 ) 
s howed tha t  the i ns t an t an eo us f r e quency w .  ( t ) d e f i n ed as 1 
w .  ( t ) = d q, ( t ) / dt 1 ( 4 .  3 6 ) 
whe r e  q, ( t )  i s  the i ns tant aneous pha se  of equa t i on ( 4 . 3 ) , e xh i b i t s 
lar ge peaks  or d i ps at the  real  t i m e l oc a t i o ns 1 of the zer os an d t h e  
di r e c t i o n o f  the s p i ke i n di ca t es whe ther t h e  zero.  i s  upper ha l f  pl an e 
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( UHP ) or  LHP .  These  sp i kes also oc c ur at the s am e  t i me as t he d i p s  i n  
the envel ope m ( t ) .  
For the tr i v i al exampl e above wi th one harmon i c ,  the s i gnal  i s  
max imum phase  for  A�a  whi ch re qu i r es the zer o i n  t h e  UHP .  W h e n  A > a , 
the s i gnal be com es m i n i mum phase and the zero i s  a L HP zer o .  
F i g .  4 . 1 6  s hows t h e  e n v e l o pe an d a n a l y t i c  z e r os ( of ljJ ( t ) ) 
co rr es po n d i ng to equat i on ( 4 . 32 )  for A=a/2 and A=a . Not e t ha t  for 
both F i gs .  4 . 1 5  and 4 . 1 6 ,  the ver ti cal scal es f or the  t ime f un c t i o n  
and ze r o  pos i t i o ns ar e d i f f er e n t . Thus , for I cr i  >O , ther e i s  no 
re quir ement that the zero posi tion coinci d es wi th  the d i p of t h e  t i m e 
f un c t i o n .  Not e car e f ul l y  i n  F i g .  4 . 1 6  that th i s  tri vi al exampl e 
cont ai ni ng onl y one harmoni c is  al lowe d to pos ses s  real ( an al y t i c ) 
z e r os for the cas e  A=a be caus e the envel ope i s  al l owed to touch the 
real a xi s .  
The d i sti nct i on between thi s exampl e and the earl i er one us i ng the 
real si gnal  i s  that when the s i gnal cont ai ns m a n y  h a rmo n i cs , t h e  
an al yt i c  zeros ( com pu t ed from the s i gn al ) can be re lated to  eas i l y  
i dent i f i abl e f e at ur es i n  t he envel o p e  of t h e  e q u i v al ent  an al y t i c  
A = a/2 
A = a  





j a  
t ,  T 
t, T 
Fig . 4 . 1 6 :  Rel a tionship be tween the enve lope m ( t )  of an 
analytic signal and i ts analytic  zeros zk . 
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si gnal . 
F i nal l y , the t wo apparen t l y  d i fferent zero pat t er ns of F i g .  4 . 1 5  
and 4 . 1 6  are d i rectly  r el ated , as indi cated at the  en d of se c ti on 4 . 6 . 2 . 
H er e , t h e  s i ngl y occurri ng com pl ex zero of F i g .  4 . 1 6  corr es ponds to a 
compl e x  conj ugate pair  of F i g . 4 . 1 5 .  
4 .  7 SUMMA R Y  
T h i s ch a p t er has i nt r o d uc e d  t he s p e e ch s i gn a l . A condensed 
overvi ew of i ts prod uction and pr operi tes has been gi ven whi eh has 
demons trat ed that the beha v i our of the s peech s i gn al is com pl ex and 
re qu i r es se ver al d i ffer ent  t o o l s  t o  a de quat e l y  d es c r i b e  i t .  Two  
mathemat i cal representati ons of vo i ce d  s peech ha ve been i nt roduc e d  and 
des cri bed . 
T he A nal y t i c  envel ope he l ps to gi ve a phys i cal pi ct ur e  of the 
si gnal behavi o ur .  The concept of the zer os of a s i gn al as the r o o t s of 
a pol ynomi al is  well  es tabl i she d , but bears l i tt l e o bv i ous  r el at i on t o  
the ori ginal si gnal . Thi s approach r el i es on  t he fact t h a t  v o i ce d 
s e gm en t s  of speech are s t rongl y per i od i c  and can thus be mode l l ed 
using a f i ni t e  Fouri er s e ri es . The anal y t i c  zer os pi oneer ed  by Vo el k er 
hav e b e e n  s hown  t o  be i n t i mat ely  rel ated  to cl ear l y  i dent i f i abl e  
fluctuat io ns of the anal y t i c  par ame ters of the s i gnal . S in c e  i t  i s  
onl y ha l f  a s t e p ba c k  t o  t h e  or i g i n al s i gnal from the anal yt i c  
repr esent at ion , these an al ytic  zeros ar e mor e e as i l y  c om prehen d e d  i n  
rel at i on t o  t he s i gn al char act er i s t i cs .  
The i ssues rel ated  t o  the meas ur ement of s peech power r em a i n  the 
subj ect of c o n t i n u i n g  d i s c u s s i o n and  i n v e s t i g a t i o n . T o d a y , t h e  
char a c t er i s t i cs of all modern s peech power meas ur i ng i ns t ruments  are 
s pecif ied  by i nternational s t an d ar ds - eg IEC 6 5 1 , 1 97 9 : Sound L e vel 
M e t e r s . In add i t i on , C ampbell ' s  wor k [ 1 980 ] on devel opi ng a s pe e ch 
power me as ur i ng de v i ce hi ghl i ghts the n um ber and compl e x i t y  of t h e  
i s sues i nvo l ved . 
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CHAPTE R 5 . 0  
SP EECH P HAS E RANDOMISAT ION 
5 . 1  I NTRODUCT I ON 
T h e  p r e v i o u s  c h a p t e r p r o v i d e d  a ba s e  for  d e s cr i b i ng a n d  
unders tand i ng t h e  physi cal s tructur e  o f  t h e  s pee ch s i gnal . Cons i d er e d 
as a s i gnal transm i t t i ng i nformat i on ,  i t  i s  acknowl edge d  today that 
t he s h o r t - t i me am p l i t u d e  s pe c t r um i s  t h e  d o m i n a n t  f a c t o r  i n  
es t a b l i sh i n g t h e i nt e l l i g i b i l i t y o f  the  m e s s a g e , b u t  t he r e i s  
si gni f i cant subj e c t i ve i nforma t i o n  i n  the  s i gnal the human br a i n  c a n  
ext ract  and i s  descr i bed  b y  the word " qual i ty" . One as pect  o f  the 
s i gnal covered by  the " qual i t y" d es cr i p t i o n  i s  t h e  F o u r i e r  p h a s e  
spect rum of , i n  par t i cul ar , v o i ced speech . 
The par t the  short- t i me phase s pectrum of spe e ch pl a y s  i n  t h e  
p e r c e p t i o n an d j ud ge m en t of  t he qu a l i t y  o f  s pe e ch i s  not wel l  
understood . Schroeder [ 1 9 75 J asser ts that i f  a shor t t i me s e gm e n t  of  
about  5 0  m s  of vo i ce d  s pe e ch has i ts phase spect rum mod i f i ed by 
Four i er transf orm , the acous ti c al qual i t y  of s peech r emains unal t e r e ct  
- i e  t h e  ear i s  " phase deaf" . I n  add i t i on ,  h e  has also s a i d  that phase  
mani pul a t ions that cor r es pond to delay  d i s t or t i o ns e xcee d i ng 50  ms  
a l t e r  the  s ho r t  t i me am p l i t u d e  s p e c t r u m  an d a r e  thus  aud i b l e  
[ Schroe der , 1 9 66 ] .  
How ever , experi ments  us i ng s i nusoi dal tones have demons trated  t hat  
t he ear  is  s e n s i t i v e to  the  s i gn al w a v e f o r m  i e  t h e  p h a s e 
r e l a t i ons h i p o f  the  tones . D i f f er e n t  wa v e f or m s  wi t h  i d e n t i ca l  
ampl i tude  s pectra but d i ff e r i ng phase relat ionshi ps ar e percei ve d a s  
sound i ng d i fferent  [Mathes et al , 1 9 4 7 ; P l omp  e t  al , 1 96 9 ] .  
U s i ng t he mo del of F i g . 4 . 5 ,  the early  c h ann e l  vo co d e r s  g a ve  
sy nthe s i sed speech that  sounded mechan i cal  and was often des cr i bed  as 
"mushy" because the harmo ni cs of the  lo cal voi ced e xci ta tion  s o ur c e  
were all  of i den t i cal ( zero ) phas e . Experi ments to i nclude s peech- l i ke 
phase [Gold , 1 9 64 ] i n  the voi ce d s e g m e n t s  ga v e  f a r  mor e n a t ur a l  
soun d i ng speech . I n  add i t i on , car eful attent i on t o  the des i gn of the 
anal ysi s/ s ynthes i s  f i lters to e qual i se t h e  am pl i t ude  r e s po n s e a n d  
gr ou p - d e l ay a c r o s s  a l l  t h e  f i l t e r s  ga ve a mar ked i mprovement in  
vocoder perf ormance  - impl y i ng bet t er r e- s ynthes ised  s peech [Gol d en , 
1 9 6 8 ] .  For the mor e recent L i near Pred i ct i on ( vo ) Coders ( LP C ) , add i ng 
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a r a n dom el ement  to the phase angl es of the e xc i tat i on source gi ves 
useful i mpr ovement  i n  the s ynth esi sed s pe e c h q u a l i t y [ Kang e t  a l , 
1 983 ] .  
C o n v e r s e l y ,  i n  s i t ua t i o n s  that  r e qu i r e e n h a n c e men t of t h e  
i nt el l i gi bi l i t y  o f  the  s peech ( eg a i rcraft  cock p i t  communi c a t i o ns ) ,  
par t i c u l ar l y  noi sy speech [ L i m  et al , 1 97 9 ] ,  i t  has been shown that 
the Fouri er phas es of the  s pe ech s i gnal ar e uni m port an t  [Wan g et a l , 
1 982 J .  
Ba s ed on an exper i ment conduct ed i n  1 96 1 , t h i s  chapter des cr i bes 
mani p ul at ion  of s peech phase by a d i ffer en t m et ho d  and at t empts to 
answer some i mpor t ant  ques t i ons rai sed by thi s ear l y  exper i ment . 
5 . 2  DAV I D ' S  E XP E RI MENT AND QUEST I ONS RA ISED 
In bri ef , Dav i d  et al [ 1 9 6 1 ] manual l y  extracted  the p i t ch per i ods 
of  mal e and femal e vo i ce d  speech . These were then Four i er analysed to  
extract  the  Fouri er co ef f i c i en ts 
k = 1 ,  • • •  M 
The s peech was then re- syn t he s i sed v i a  the Four i er ser i es 
A '  
M- 1 M- 1 
f ( n ) � + I � cos kn + I Bk s inkn 
k =1 k = 1 
wi th A �  = A 0 
where  the des i red  phase pat t er ns ar e es tabl i s he d i n  3 ways : 
( a )  cos ine  r e-s ynthes i s :  
A '  k 
B '  = 0 k 
( b ) s i n e re- synthes i s :  
A '  = 0 k 
B ' = / ( A 2 + 8 2 ) k k k , 
k 1 , • • •  M 
k = 1 ,  • • •  M 
( 5 .  1 ) 
( 5 . 2 )  
( c )  random s i gn i nvers i ons of the coeff i c i ents  A '  of the cos i ne re­k 
synthes i s  wi th 4 d i fferent  s i gn comb inat i ons . 
1 1 0 
They foun d  the r an d om si gn i n v e r sions ga ve a s pe e ch envel o pe ( i e  
the i ns t an t aneous en vel ope m (  t ) )  wi th a l ower peak factor than the 
ori g i n al , whi l e  the al t erna t i v es of ( a ) and ( b )  r es u l t e d  in hi gher 
pe ak  f a c t or s . I n  a d d i t i o n ,  the h i gher pe ak factor s peech soun d e d  
" r a u c o u s " , w h i l e  t h e  l ow e r  pe a k  f a c t o r  s o u n d e d  m o r e " t o n a l "  
( smoother ? ) , but that t h i s  effect appe ar e d  t o  be h i gh l y  var i abl e .  They 
repor t e d  that n a i ve l i s t en e r s  show e d  onl y sl i ght a b i l i t y  on average t o  
d i s t i ngu i s h h i gh and l ow peak f ac t or s , b u t  that e xp e r t  l i s t en ers wer e  
con s i de r a b l y m o r e s u c c e s s f u l . T h e  a u t h o r s  c o n c l u d e d t h a t  p h a s e  
i n f o r m a t i o n was i m por t an t  t o  s pe e c h qu a l i t y ,  p a r t i c u l a r l y  when 
l i s t e n i ng over head phon es . 
5 . 2 . 1  Que s t i ons Rai sed by the Exp er i men t 
The f o ur i er anal ys i s / syn t hes i s  techn i que wi th manual pi tch pe r i od 
dete c t i o n  i s  c um bers ome . To a u t oma t e  t h e  p r o c e d ur e  wo ul d r e q u i r e  
a c c ur a t e  vo i ce d- unvo i ced dec i s i ons  [ S i ege l , 1 97 9 ; 1 98 2 ] coupl ed wi th 
accurate  delineation  of i n d i  v i ct u al p i tch p e r i o ds [ Rab i n e r  et al , 1 9 76 ] 
f or use wi th a DfT . Such procedures exi s t  an d can be automat e d , b u t  
ar e themsel ves comp u t a t i o n al l y  i n t en s i ve and n o t  n e c es s a r i l y  w i t h  t h e  
requ i red  l evel o f  accur a c y  across a l l  speaker s . 
Th us : 
Ques t i o n : I s  the r e  a s i mpl er m e t ho d  tha t can be us e d  i ns t ead of the 
f o ur i er an al ysi s/s ynthes i s  approa ch? 
W i t h  r e g a r d  t o  t he t h r e e  a p p r o a c h e s  f o r  re- s yn t hes i s i ng the 
s i gnal , i t  is  not i mme d i a t e l y  o b v i ous wh y the random s i gn i nver s i on 
appr o a c h i s  t h e  o n l y  appr oach that ga ve a peak f ac t or r e duc t i on . 
furthermor e , the amount of r ed u c t i on achi e v e d  i s  not i n d i cated . I n  t he 
c o n t e x t  of tel epho ne bandwi dt h  s peech and comm un i cat i o ns s y s t em s , i t  
is  known that the pe a k- t o- rm s- r a t i o  of s pe e c h  i s  l ar ge ( u pt o  2 0  d B  
[ Ahl bor g , 1 9 7 8 ] . Th i s  meas ur e i s  an al ternat i ve t o  Dav i d ' s peak f ac t or . 
Purton [ 1 9 62 ] a l s o  i n d i cated  that a PCM s ys t em sho u l d  be a b l e  t o  
support  a s i gn a l  dynam i c  range of at l eas t 38 d B .  
Tra d i t i onal me as ur es em pl o ye d  t o  cons tr a i n  t he d ynami c r an ge of 
s peech ar e l ogar i thmi c com pan d i ng ( i n PCM sys tem s ) and cl i pp i ng . Bo th  
of these pr o c e s s es are  hi ghl y no n- l i n ear . I n  a d d i t i on , wh i l e  it  i s  
ver y eas y  to i mpl em ent cl i p p i ng , s uc h  a process i nt r oduces s pe c t r al 
d i s t or t i o n  an d i s  non-rever s i b l e . 
T he i m pl i ca t i o n o f  the comm en t s  a b o ve ar e tha t a r e l at i ve l y  
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simpl e , revers i bl e  techni que that helps  t o  l i mi t d yn am i c r a n g e  o f  
speech may be wor thwhil e .  Thus : 
Ques t i o n 2 Wha t form of phase man i pu l at i on i s  opti mal in  gi v i ng the 
l ow es t  peak fa ct or , an d i s  it a ch i e vabl e? 
Ques t i on 3 : How m uch re duc t i on in peak factor is ava i l abl e? 
Que s t i on 4 : Wha t , i f  an y ,  i s  the e f f ec t  on the pd f of the s pe e ch 
S i gn a l ?  
F i nal l y , t h e  or i gi nal experi ment re por ted  us i ng mal e and f emal e 
speech , but no i n d i cation  i s  gi ven of any di ffer en ce s i n  be ha v i o ur . 
Thus : 
Ques t i on 5 : What , i f  any ,  ar e the d i f f er ences i n  the beha v i our of 
m a l e a n d  f em a l e s p e e c h  t h a t  i s  s u b j e c t e d  t o  p h a s e 
man i pu l at i on ?  
5 . 2 , 2  Towar d s  S om e  Answers 
G i v e n  t h e e ar l y  wor k of pr e v i ous cha pter s , an answ er to Que s t i on 1 
has already been indi cated . I n  fa ct , a non- l i ne ar phase F I R  f i l t e r i s  
used  t o  mani pul ate  the phas es of the spe e ch s i gn al . Thi s approach 
takes ad vant age of t h e  k n o wl e d g e of F I R  f i l t e r s  an d t e c h n i q u e s  
( d i gi tal s i gn a l  proces s i ng u s i ng com pu t ers ) tha t wer e not ava i l abl e at 
the t i m e  of the ori ginal e x periment . S i nce  t he pro cedur e  of f i l t er i n g  
i s  l i n e a r , s u c h  an o p e r a t i on i s  revers i bl e  prov i de d  e xact m i rror 
ima ges of the phase r es po nses c an be gener ate d .  I f  a desi gn m e t ho d  
e x i sts , and i s  ava i l abl e f or non- l i n ear pha s e  f i l t ers , then pr oduc i ng 
mirror image phase respo nses  i n  two f i l t er s  i s  t r i v i a l . T h u s  t he 
p r o c e s s  of ph a s e  m an i pu l a t i o n by  f i l t e r s  i s  e as i l y and e xa c t l y  
r e v e r s i bl e  prov i de d  ther e ar e no other gr oup-de l ay d i s t or t i ons ( phase  
shi fts ) i ntrod uced in  the s i gnal by the i nt erveni n g  channel . 
H ow e v e r , the l arger que s t i on of what  form of phase respo ns e  i s  as 
yet unanswered . F urthermor e , h ow do es the proces s of l i near f i l t e r i n g  
u s i n g  a F I R  f i l t e r  com pa r e  wi t h  t h e  o r i g i nal method o f  Four i er 
anal ys i s/ s ynthesi s? Th ese , an d the other ques t i o ns are p ursue d i n  t h e  
secti ons that fol l ow .  
5 . 3 SPEECH DATA B AS E  A N D  G XP c R I MENTA L ENV I RONMENT 
5 . 3 . 1  Digi t i s i ng the Speech 
Al l the wor k to be descr i be d  i s  based  on us i ng re al s peech of 
band wi dth 0 -3 4 00 Hz  that h as been d i g i t i s e d  an d s t or e d  on a DEC V A X  
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1 1  /7 5 0  computer . A n  i d enti c al 5 second phr ase s po k en by 2 ad u l t mal e s  
a n d  2 a d ul t f em al es i n  Engl i sh forms the pr i n c i pl e  da ta bas e . Thes e 
ar e i dent i f i ed as M l , M2  an d Fl , F2 . The method use d to est a bl i s h t h e  
da ta bas e  i s  shown i n  F i g .  5 . 1 .  
The s pe e ch i s  r e c o r d e d  v i a an el ectret  m i cr ophone o n  a h i gh 
qual i t y  c asset t e  tape r ecorder us i n g  Dol by C n oi s e  red u c t i on and whose 
m i n i mum S IN r a t i o  s pe c i f i ca t i on on repl ay i s  68 dB. Thi s  i s  then 
repl a ye d  through an an t i-al i asing f i l t er an d di g i t i sed by a 1 2 - b i t  
l i near A ID converter ( D E C  L P A - l l K  Subsytem wi th A D- 1 1 K  A ID and A A - 1 1 K  
D I A )  at a sampl i ng rate  of 80 6 4  Hz ( t he near est the CPU clo c k  coul d 
ge t t o  8 0 0 0  Hz ) and s t ored on d i s k . The s pe e ch i s  DC i sol ated f r om the 
AID con verter to a voi d offs ets , an d the buf fer am pl i f i er l i f ts t he 
anal og s i gnal to occ upy as much of the ±5v d ynam i c  r ange of the A I D  
conver t er as pos s i b l e .  
quan t i sat i on no i s e r a t i o .  
T h i s  s e r v e s t o  m a x i m  i s e t h e  s i gn a 1 - t o  -
The s pe e ch f r om mal e M l  and f emal e F l  was re cor de d i n  an an echo i c 
cham ber , wh i l e  that for M2 an d F2 was recorde d  i n  a c ar peted  d om e s t i c 
l i v i n g r oom at ni ght t i me wi th no traff i c  noi se . Thus , the r e s i dual 
noi s e  l ev e l  of the room to the degradat ion of t he appar ent S IN r a t i o  
of the s peech i s  i gnor ed . 
E LECTRET  
M I C  
C A S S E T T E  
T A P E  RECORDER  
- DOLBY C 
L P  F I L T E R  
o - 3 4eo H i  
48 d B/oc t  
BU F F E R  AMP 
De I S O L AT I N G 
C A  PAC I TOR 
Fig . 5 . 1 : l'E thod used to gene rate the 
speech data base . 
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5 . 3 . 2  P rinci pl es of the  C omp ut er S i m ul a t i o ns 
The pr inc ipal i  as pe c t s  r e l a t e d  t o  the com puter s i mul at i ons are 
shown in Fi g .  5 . 2 .  
A l l  cal c ul at i ons an d anal ys i s  ar e done i n  s i ngl e pre c i s i on fl oat i ng 
point ari thme t i c .  Th us t he di gi t i se d  s pe e ch fr om t he A I D , al t ho u gh 
s t or e d  as 2- B y t e  i nt e ge r s , i s  f i r s t conver te d t o  f l oa t i ng po i nt 
repr esent a t i on befor e  comput a t i on .  The r es ul ts of the si mul a t i o ns ar e 
s t o r e d  o n  d i s k  as F l o a t i n g po i n t num b e r s  ( RE A L * 4 ) and are  o nl y  
tr uncated bac k  t o  2 - Byt e i nt e gers when the  s pe e c h  i s  sent t o  t h e  D /  A 
co nverter ( 1 2- B i t )  f or conver s i on bac k t o  an an al og s i gn a l . 
Wh en f i l t e r i n g  of the data  i s  p erf ormed , the  s oftwar e i m pl eme n t s  
the d i r ect f orm of the co nvo l ut i on r e l at i on .  i e ,  t he r el at i on 
y ( n )  
N - 1  
l x ( n ) h ( n- k )  
k =O 
( 5 . 5 )  
i s  i mpl emented  d i r e ct l y . Thi s i s  to avo i d  any probl em s or argumen ts 
r el at e d  to the u s e  of f as t e r m e t ho ds s uch as th e FFT base d o v e r l a p- a d d  
method [ Helms , 1 96 7 ] .  
CONV E R T  I N T•2 
TO 
F L OAT. PO I N T  
AN ALO G 
O U T  
S I M U L A T I ON 
•LGOR I  T H M  
O U T P U T  
P• R A M E T E R S  
1 2  B I T  
D/A 
_,. N A L YSE/  
G R . P H  I C S  
F L OA T , PO I N T  
TO  I N T•2 
Fig . 5 . 2 :  Principles of the computer 
simu lation s . 
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To com pute the anal yt i c  envel ope , the H i lbert t rans form s ( t )  of 
s ( t )  i s  requ i red . The s ( t )  i s  generat ed by us ing a H i lbert  F IR f i l ter 
desi gned by the comput er program de veloped in C hapter 2 .  T he act ual 
computer i mpl ementat ion of equat i on ( 5 . 5 )  i s  l i sted i n  F i g .  5 . 3 and 
c------- ----- -------------------- ------- --------------------
C 
C 
SUBROUT INE FILTER 
C Impl ements the convol ut i on equat ion di rect l y . Not e that 
C because the f i l ter  may be non-l inear phase , NPOI NTS i s  
C the total f i l ter l ength , and F ILTERMS hol ds the com pl ete  
C i mpulse  r esponse . 
C 




S IZE - the length of the s peech buffer arrays 




INPUT - the i npu t speech data 
C OUTPUT - the f i l t ered  s peech 
c------------- ---------------- --------------- ---------------
C 
SUBROUT INE FILTER( NPOI NTS , SIZE, F ILTERMS , INPUT , OUTPUT )  
INTEGER NPOI NTS,  S IZE 
REAL FILTERMS ( NPOI NTS ) , INPUT ( SIZE) , OUTPUT ( SIZE) , 
+ SUM 
C to elmi nat e the i nherent  t i me de lay and al low t i me 
C matchi ng  of si gnal s , start w i t h  the hal f the window i nto 
C the data 
C 
L= NPOI NTS /2 
IF ( MOD ( NPOI NTS , 2 ) .GT . O ) L= L+ 1 ! i f f i l ter has odd l ength  
DO Ix 1  , S IZE 
SUM=O . 0 
DO KzO , NPOINTS -1 
J=L-K 
SAMPLE=O . 0 
IF ( J . GE . 1 . AND . J . LE . SI ZE) SAMPLE= INPUT ( J ) 
SU M=SUM+SAMPLE*F I LTERMS ( K+ 1 ) 
END DO 
OUTPUT (  I )  =SUM 




Fig . 5 . 3 :  VAX FORTRAN code that implements the convolu tion 
re lation of equation 5 . 5 .  THe subroutine ensures 
time synchroni c i ty ( sample i ndex n )  be tween 
input and outpu t .  
1 1 5  
el i minates the inherent ( N- 1  ) 1 2 ( s ample ) t ime delay , wher e N i s  the 
f i l t er l en gth . Thi s guar an tees t i me s ynchroni ci ty ( sampl e i nde x n )  
between s ( t ) ,  s ( t )  and the envel ope m ( t ) .  
The s oftwar e  uses d ynami c array  storage ( L IB$GET VM ) f or t he data , 
so f or s i mpl i c i t y , both INPUT and OUTPUT arrays are of i dent i cal 
l ength . The pro gr am internal l y  r ej e cts the f irst an d l as t  ( N - 1  ) 1 2 
s i gn al sampl es corres pondi ng to the edge effects of the convo l ut i on 
process . 
5 . 3 . 3  Establ i sh i ng the S i gnal Ext rema 
I n  s e c t i o n 4 . 3 . 2 ,  t w o at t em p t s  by Brady  to ove r com e t he 
d iff icult i es of me as uring the " !" e a l "  pe a k  v al u es of  s pe e c h  w e r e  
ment i oned . However , one important cr i t er i on for these methods i s  that 
at leas t  two se con ds of s pee ch wer e re qu i r e d  to produce a r e al i s t i c  
r es ul t . Thi s makes the methods uns ui tabl e i n  s i tua t i ons wher e  s i ngl e 
wor ds that occupy l es s  than a se con d of el apsed t ime are the s u bj e ct 
of anal ys i s .  
D e t e ct i ng the i ns tantaneous sampl e maxi mum val ue i n  some i nt erval 
i s  recogni sed as an unreal i s t i c measur e  i n  an actual ( t elecanm uni ca t ­
i ons ) envi ronm ent because o f  the l i kel i hood o f  extran eous no i se s pi kes 
whi ch woul d gi ve e xcessi vel y large val u es . 
H ow e v e r , f r om secti on 5 . 3 . 1 ,  a ll  the s peech used i n  thi s  wor k has a 
hi gh S IN ratio  and can be consi der ed as " hi gh qual i ty" . U s i n g t h e  
ca s s e t t e  r ecor der S IN rat i o  s pe c i f i cat i on , 6 8  d B  below 5V  i s  2mV whi ch 
i s  l ess  than ±1 count of the AID  con verter ( ± 1 count = 2 . 4 4  mV r e  5 V ) . 
Thus , f or t h i s  wor k ,  the  ar gu m ents  above concer n i ng the real or 
effecti ve si gn al e xtr ema are i gnored , and the s i gnal extr ema s
mi n '  
s are def i ned  as 
max 
s = max [s (n ) J  
max 
s ( n )  � 0 ,  n = 1 ,  . . .  , M  
s .  • m in [ s ( n ) ] , s ( n )  < 0 
m1 n 
( 5 . 6 )  
whe r e  M i s  the number of si gnal sampl es searched . No thresho l d  i s  used 
to e xcl ude very  low si gn al sample val ues t hat mi ght be consi d er e d  as 
no i se .  
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5 , 3 , 4  Peak  Factor Def in ed 
I n  t h e  or i gi nal expe r i ment , Dav i d  e t  al use d  change i n  peak f actor 
of the e n v el o p e  m ( t ) t o  c h ar a ct e r i s e  t h e  d i f f er en c es i n  p h a s e 
pa t t er n s . S i n ce  the r eal inter es t i s  on the eff ect on the s pe e ch 
si gnal i tself , the me as ur ements r e ported here ar e mad e  on the  si gnal 
s ( t )  r ather than the envel ope m ( t ) .  m ( t )  i s  used her e mai n l y  as a 
des cri p t i ve tool that show m uch mor e cl e arl y t h e  effe ct of p h a s e  
man i pu l at i on o n  a compl ex  s i gnal com posed  o f  many harmoni cs . 
( i ) segmental peak factor P F  seg 
P F  ( j )  = seg 
s - s . max m 1 n  
1 j P +M 
M I j s ( k ) j ' k=j P + l  
, j = 1 , . . .  Q ( 5 . 7 )  
T h i s s e g m en t a l  a p p r o a c h  i m pl i c i t l y  r e co gn i ses the no n- stati onar y 
nature of s peech . M i s  the shor t time l ength  sel ected , i n  s am p l e s ; P 
i s  the  i nt er va l , i n  s am p l es , by wh i ch the shor t t i me segmen t i s  
steppe d  an d j i s  the j t h  segment . Usual l y  P=M/2  wi l l  be used . H en c e , 
the number of segmen ts  Q= ( L-M+ 1 ) /P .  For exampl e ,  i f  the segment l ength 
r e quired  i s  6 t=2 0 ms wi t h  a sam pl i ng rate of  80 64 Hz , then M• 6 t * F s = 1 6 1  
and P=80 . 
( i i ) A ver aged Peak F actor P F  av 
T he s e gmen tal des cr i pt ion i s  use f ul in  demons trat i ng the dynam i c  
behaviour of the peak fa ctor  for shor t segmen ts o r  si ngl e wor d s , b ut 
for l ong peri ods of conversat i onal speech i t  i s  i nappropr i at e .  Thi s i s  
simply because the number of segm ents woul d b e  s o  l ar ge that a p l o t  of 
PF woul d be so compressed that it woul d be d i f f i cul t  to observe seg 
d i fferences between the or i gi nal and phas e r an domi sed s peech . In  t h i s 
case , PF  av  
P F  av 
1 
Q 
i s  used as the r e pr es enati  ve  me as ur e .  
Q 
' P F  ( . ) L seg J 
j - 1  
5 . 4 AMP L IT UDE AND Z E RO ST RUCT URE OF VOI CE D SP EECH 
5 . 4 . 1 A Synt het i c  S ignal 
( 5 .  8 )  
For cl ari ty and s i mpl i ci ty , the di scus s i on begi ns by anal ys ing a 
s yntheti c si gnal of three  harmo ni cs cons t ructed fr om a s ine  s er i e s : 
3 
r ( n )  - L 
k - 1  
A . ( 2 nf ( k ) n + 8 ) k s 1 n F k 
1 1 7 
, n a l  , • • •  ( 5 . 9 )  
where  the 8k ar e the s tar t i ng phas es . The e xampl e i s res tri ct e d  t o  3 
harm o n i cs be caus e the e qu i val en t al ge brai c po l ynom i al i s a qua dr at i c  
whi ch i s eas i l y  handled  an al y ti c al l y .  Bu i l d i ng o n  t he di s cus s i o n  of  
s ect i o n 4 . 6 . 2 ,  t h e  pur pos e of  thi s  sect i on i s t o  demons trat e , by 
e xampl e , the  effe ct o n the magn i tudes of the s i gnal and i t s e n v e l o pe , 
of mod i f i ca t i on of  the analyt i c  zero pos i t i ons . 
U s i ng 
A 1 ,. o . 6  
A 2 - 1 . 0 
A 3 ,. 0 . 8  
( 5 .  1 0 )  
8k ,. 0 .  0 ,  k 1 ,  . .  , 3 
f l = 1 00 Hz 
F i g . 5 . 4 s hows one per i od of f ( t ) of equa t i on ( 5 . 9 ) , i ts anal y t i c  
envelope an d i ts an al yt i c zer os  { z 1 , z 2 } .  z 1 an d z 2 ar e o b t a i n e d  
accor d i ng t o  the f ol l ow i ng :  




si nce f ( t )  i s  compose d  of a s i ne s e r i es 
-2·0 ( a )  signal s ( t )  
( bO envelope m ( t )  and analytic zeros 
Fig . 5 . 4 :  Synthetic s ignal of 3 sinewaves wi th 
e t(, =O . 
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(odd  s ymmet ri c se quence ) ,  then i t s  Four i e r  Tr ansfor m  F ( w )  i s  p ur e  
i mag i nary wi th  R e { F( w ) }  • 0 .  
gi ven by 
Hence , i t s F our i er co eff i c i en t s  
- 1  
) Arg ( ck ) =- tan ( Im{ F ( w ) } /0 • ±,r/2 
are  
( 5 . 1 1 )  
I ns e r t i ng the s i ngl e per i od of f ( t )  o f  F i g .  5 . 4 i nt o  MXFFT , and 
recal l i ng the d i sc us s i on in Chapter 1 .  0 o n  the pr acti cal as pe c ts of 
us i n g a n  FFT , the s i ngl e cyc l e  of F i g .  5 . 4 appe ar s  wi th nega t i ve s i gn 
component s i n  the  FFT.  Th us , i n  thi s c ase , Arg ( c k ) =- -,r / 2 ,  k - 1 , . . .  , 3 .  
Hence , u s i n g  these c k i n  e quat ion ( 4 . 1 7 ) : 
3 
I 
k = l  
= -j 0 . 6 x - j 1 . 0x 2 - j 0 . 8x 3 
wh i ch , on norm al i s i ng gi ves 
x 2 + 1 .  6 6 6 7 x  + 1 .  3 3 3 3  = 0 
and has s ol u tion 
X = -0 . 83 3 3  + j 0 . 79 9 3  
0 ( 5 .  1 2 )  
( 5 .  1 3 ) 
( 5 . 1 4 ) 




} f r om e qu a t i o n  ( 4 . 1 6 )  ( an d  





- Arg ( x )  '" 2 . 3 7 7 , - 2 . 3 7 7  
( 5 . 1 5 ) 
and a r e  pl ot t e d  on the same axes as the envel ope of F i g .  5 .  4 .  The 
s ol ut i o n  to t he above probl em v i a  the al gor i thm CPOLY accor d i ng to 
s e c t i o n 4 . 6 . 3 and subsequen t l y  equ a t i on ( 4 . 1 6 ) ( aga i n  negl ect i ng the 
1 /0 t e rms ) i s  
T 1 • 2 • 3690 
0 1  - 0 . 1 2 9 1 
T 2 • -2 • 397  4 
0
2 
= 0 . 1 2 80 
The m i nor d i f f er ences bet ween these resul ts and the ana l yt i c  s o l ut i on 
above i s  mainl y d u e  t o  t he r esult  of the FFT rout i n e  wh i ch c an p u t e d  
the ck as 
c
1 
- 0 . 6 0 8  / - 1 . 5587 
C 2 • 1 . 0 0  / - 1 . 54 40 
C 3 • 0 . 7 85 / - 1 . 5 303 
wher e / i s  the ph ase angl e .  
i e  - the FFT compu t ed phases ar e sl i gh t l y  i n  err or . 
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Voel k er has demons t r a t e d  t h a t  t h e  e n v e l ope  f l uct ua t i ons are 
invari ant und er zero conj u ga t ion  - i e  by subs ti t u ti ng -o for + o  ( or 
v i ce versa ) .  Observe that the zer os i n  F i g .  5 . 4 are  bunched  i n  t i me 
and i n  c hapt er 4 . 0  i t  was observed that  r e g i o ns o f  l ow e n v el o pe 
ampl i tude ( the d i ps )  corres ponded to  the 1 k w i th the  i nt ens i ty of  the 
di ps governed by l o ! .  Hol di ng o const ant  and mov i ng the zeros  a par t i n  
t i me s o  that they are even l y  s paced  ( w i th  refer ence  t o  the centre of 
the i nt erval ) g i ves 1 � , 1 ;  = 1 . 5 70 7 , - 1 . 5707 .  U s i ng thes e new T I  
k 
and o and wor k i ng backwar ds through the cal c ul at i o ns ( throu gh e quat ion  
( 4 . 1 6 ) and then equa t i on ( 4 . 1 8 ) ) generat es the equ i val ent  pol ynom i al 
to e qua t i on ( 5 . 1 3 ) as 
f ' ( z ) : 0 . 6x 2 + 0 . 8 : O ( 5 .  1 6 )  
Thi s n ew pol ynom i al shows t hat only  t wo of the ori g inal harmoni cs 
A 1 an d A 3 ar e r e qu i r ed  w h i ch m e ans tha t f ' ( t )  i s  a com pl et ely  
d iffer ent si gnal t o  f ( t )  in  t e rms of  i nforma tion content and s i gnal 
power be ca u s e  the harm o n i c A 2 of the  or i g i n a l  s i gn al has been 
com pl etel y el i mi nat ed . Thus , compar i son of pe ak factors an d envel ope 
s truct ure  between the two s i gnals  i s  poi n tl es s . S i m i l arly , hol d i ng the  
1 1 , 1 2 cons tant and al ter i ng l o l al one ca n be  demons trated to  al ter 
the e qu i val ent pol ynomi al i n  both  magn i tude and p h ase an d ther e f or e  
gi ves ye t another compl et e l y  d i fferent s i gnal . 
The d i scussion  above i s  a l on g  winde d way  of sayi ng there ar e an  
inf i n i te number of  s i gnals  f ( t ) of  equa t i on ( 5 . 1 3 ) that  possess two 
an al yt i c  zeros per period . F or a s peech s i gnal , i t  has alrea d y  b e e n  
i nd i ca t e d t h a t  i t  i s  the ampl i tude s pect rum that domi nat es s peech 
i ntel l i gi b i l i ty . Th us , mo d i f i ca t i on of l c k l i s  pro h i b i ted . W i t h  t h i s  
cons tr a i nt , t he only par amet er l eft  to  mani pul ate  ar e t h e  F o u r i er 
phases wh i ch wi l l  gi ve r i se to  s i mul taneous changes i n  each and 
The principal r e qu i r e m en t  t h e r e f or e , i s  to f ind one or more 
( s tar t i ng ) phases ek of e qua t i on ( 5 . 9 )  that w i l l  prod uce a set of 
zeros  { z 1 , z 2 } s uch tha t 1 1 , 1 2 ar e even l y  d i stri bu t ed i n  the per i od 
an d the 1 0
1
1 ,  1 0 2 1 ar e suf f i centl y l ar ge t o  mi ni m i z e  the d i ps  i n  t h e 
envel o pe wave f orm . C l earl y ,  f r om e qu a t i o n ( 5 . 9 ) , there ar e many 
poss i bl e  s i gnals wi th  d i f fer ent combin ati ons of e k . Of t h i s  set , one 
par ti c ul ar combinat ion w i l l  g i ve a s i gnal wi th  the l owest pos s i bl e  
peak f actor . 
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E ven  for  t h i s  e xampl e ,  es t a b l i shing  the requ i red  Four i er ser i es 
coeff i c i en ts ck and thus 8 k of e quat ion ( 5 . 9 )  fr om the  r e qu i r ed zero 
pos i t i ons is no t a tr i v i al probl em . Append i x  5 . 0 d e ta i l s  the procedur e 
i nvol ve d mer ely  t o  set the posi t io ns of T 1 , T 2 , One sol ut ion  s u g g es t s  
t h a t 8 1 2 , 4 3 5  w i t h 8 2 , 8 3 u n c h a n ge d .  B ear i ng i n  m i nd t h e  
discr e panci es between t h e  FFT generated coeff i c i ents an d the anal y t i c  
so lut i on demonstrated  above , us i ng 8 1 =n  i n  the FFT gen erated s ol ut i on 
g ives the r es ul t s show n  i n  F i g  5 , 5  wher e 
T 1 = -0 , 0 1 2 1 1 T 2 3 , 1 283 
0 1 = o. 8303 0 2 = -0 . 5 3 96  
Not i c e t h a t  I T 2 T 1 1 =3 . 1 4 04 i e  the zer os ar e v i r t uall y e qu i -
distant  from each other . Thi s i s  j ust  one par ti c ul ar sol u t i on t hat  
gi ves �� equ i d i stant spa c i ng f or the T k . Whether thi s sol ut i on 
corres pon ds to the uni que sol u t ion  that gi ves the l ow e s t pos s i bl e 
pea� f a�tor i s  not apparent . 
An add i t i onal impor tant  res ul t of Appen d i x 5 . 0  i s  tha t for the 
analyt ic  zeros ( z k } to be even l y  d i s t ri buted  i n  t ime , the zer os  ( x k } 
of the s i gnal must be e n t i r el y  r e al . Thi s impl i es that the s i gn al 
s ( t) 
2·0 
0 
- 2· 0  
2
J.--(t) _____ ___, j er 
2n 
t' -r 
Fig .  5 . 5 :  Synthetic signal correspondi ng to 
Fi g . 5 . 4 with 0, = 1 ; 0i,3 = 0 
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pos sess onl y real zero cr ossi ngs . D i scus s i on of th is  p oi n t  i s  deferred 
to sect i on 5 . 6 . 1 when a real wor d i s  exam i ned . 
For F i g .  5 . 4 ,  the peak fact or a c cor d i n g  to  e quat ion ( 5 . 8 )  i s  5 . 7 8 
an d tha t for  F i g .  5 . 5 i s  3 . 85 .  S i nc e  the ampl i tude s pe c t rum i s  
i denti c al for both si gnals , the power as gi v en by the  long t erm rms  
l ev e l  mus t be  i dent i ca l . Hence the  drop in  pe ak f actor mus t represen t  
a change i n  the  s i gn al d yn ami c r an ge ( s  - s . ) of 2 0 l og 1 0 ( 5 . 7 8 /3 . 85 )  max m 1 n  
"' -3 . 52 d B  
T h e  f or e g o i n g d i s c u s s i o n d e m o n s t r a t e s t h a t d i r e c t  z e r o  
mani pul a ti on i s  cumbers ome - e v e n  f o r  the  s i mpl e e x ampl e .  Mani pul a t i o n  
o f  the F our i er phases A rg ( ck ) i s  rel at i ve l y  eas y ,  b u t  es tabl i sh i ng 
th e r e qu i r ed  ph a s e  va l ue s  to  g i ve the l owes t pe ak fact or i s  an 
extr emel y d iff i c ul t  probl em .  The principal re qu irement of the Four i e r 
pha s es i s  to al ter the pos i t i ons of the zeros so  that they are even l y  
d i s tr ibuted  i n  t ime . 
5 . 4 . 2  The i rreduc i bl e  m i n i mum Peak Fact or 
The ar guments  above i nd i ca t e  tha t f ind i ng the m in i mum peak  f actor 
possi bl e for a real s i gnal may be an unsolvable  pro bl em .  Howe v e r , t h e  
irreduc i bl e  m in i mum pe ak fact or that any s i gnal may ha ve i s  pr oposed 
here . 
O n e  of the requ i rem ents  of the zero pos i t i ons i s  that I o l  be  as 
" l arge" as pos s i bl e  t o  m i ni mi se the i nt e nsi t y  of t he d i p s  i n  t h e  
en ve l o pe . The cas e where the envel ope , i n  t h e  l i mi t ,  smooths out t o  a 
strai ght l ine ( i e  a cons tant ) corr es pon ds to  a s i gnal c om pos e d  of  a 
s i ngl e si nusoi d :  equat i on ( 4 . 4 )  g i ves /( s i n 2 +cos 2 ) - 1 .  I t  i s  wel l  known 
that the pea k an d avera ge val u es of a s i nus oi d ar e r el at ed by 
2 
1[ 
s "' s max av 
wher e s a v  i s  the abs ol ut e average va l ue .  For a s i nusoi d ,  
( 5 . 1 7 )  
so equ a t i on ( 5 . 1 7 )  i s  si mpl y a rearrangement of equa t i on ( 5 .  7 ) . Hen ce 
PF • 2s I s  • n seg max av 
T h us a s i ngl e s i nusoi d ha s a peak fact or of n .  Furthermore , s i nce a 
sinus oi d  has cons tant  pe r iod i c i ty , P F  over one cycl e i s  the same as seg 
P F  a v  Thi s val ue of pea
k factor must b e  the  l i mi ting  val ue  f or al l 
s i gn a l s ,  b ecause a real s i gnal  i s  composed  of  mor e than one s i nusoi d -
ie , i t  has more than one anal y t i c  zero . Und er these condi t ions , a r e a l  
1 2 2 
si gn al c annot ha ve an en v el o pe that i s  a s t rai ght l in e . Exac t l y  h o w  
c l o s e  t o  t h i s m i n i mum a r e al si gnal  can ge t rem a i ns dependent on b e i ng 
abl e t o  establ i sh t he uni que s et of zeros . 
On thi s bas i s ,  compa r i ng F i g  5 . 4 ( a )  wi th F i g .  5 . 5 ( a )  shows that 
s pa c i ng the an al y t i c  z er os e venl y i n  t i me h as r es u l t e d i n  a s i gn a l  
who s e  t i me beha v i our i s  not f ar r emoved f r om  that o f  a s i ngl e si nusoid  
and has a pea k f a c t or of  3 . 85 .  
5 . 4 . 3  Real Speech S egment 
F i g  5 . 6 ( a )  s hows 3 c y c l e s  of the f ul l  ba ndwi dt h vowel ( 0 -3 400  Hz ) 
l a/ fr om the wor d " f as t " s poken by  mal e M 1 . U s i n g  "cycl e  1 "  s hown 
F i g  5 . 6 ( d )  i s  the am pl i t ud e s pect rum of thi s cyc l e an d F i g  5 . 6 ( b )  i t s 
an al yt i c  en vel o pe . The FFT l ength ( M XFF T )  used w as 60 , corr es pon d i n g  
t o  t h e  number of si gnal sampl es ava i l abl e i n  cyc l e  1 .  There ar e t hus 
only 29 posi t i ve harmo ni cs whi ch ther efor e i n d i cat es the envel o pe has  
2 8  anal yt i c  zeros an d these ar e shown i n  F i g .  5 . 6 ( b ) .  F ig  5 . 6 ( c )  i s  
the en v el o pe and zeros cor r es po n d i n g  t o  the f i rs t  6 har mo n i cs  an d 
s hows t h a t i t  i s  these f ew harmoni cs ( z eros ) t hat  f orm the bas i c  s ha pe 
of the en v el o pe ( an d  thus the  s i gn al ) . Obser ve that the zer os i n  F i g . 
5 . 6 ( c ) a r e not e ven l y  d i s tri bu t ed al ong t he r eal t i me axi s .  That t he s e  
few harmo ni cs ar e t he i m portant ones i s  not s ur p r i s i n g s i n c e , i n  
F i g .  4 . 8  i t  was s hown tha t mos t of the s peech energy i s  concentrated  
i n  the fre quen c y  r ange 1 0 0 -800 H z  whi ch corr es po n ds to  the  f i r s t  
formant . 
The r emai ni ng 23 zeros of F i g .  5 . 6 ( b ) are even l y  d i s t ri but e d  cl os e  
to the r e al t i me a x i s  and c or r es pon d t o  the band wi dth above the 6 t h  
ha r m o n i c .  The i r  pri nci pl e effect  on t he bas i c  e n ve l ope s hape i s  t o  add 
the " f i n e  s t r uct ur e" . 
C ar e f u l  o b s e r va t i o n o f  the  2 n d  and 3r d cyc l es of F i g  5 . 6 ( a )  
reve a l s  su b tl e  d i f f er en c e s  i n  the si gn al waveform . These di f f e r en c es 
wi l l  b e  man i fes t ed as small  changes i n  t he zero pos i ti ons . Thus i t  i s  
ap par ent t hat e v en wi thi n the usual l y  a c cepte d " shor t-t ime" i n t e r v a l  
i n  w h i ch vo i ce d  s pe e c h i s  cons i dered s tat i onary , there are m i nor 
shi ft s of the zer o loc a t i o ns about s om e  me an posi tion . T h ese l o cal i se d  
z e r o  dr i f t s ar e a mani fes tat ion  o f  the o bserva t i on i n  cha p t er 4 . 0  t ha t  
the harmo ni c  s t r u c t ur e  of voi ced s pe e ch is  not cons t ant an d i s  m o r e 
accur a t e l y  r epresented as " t eeth" - F i g .  4 . 1 0 .  
5·0 
0 
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( a )  3 cycles of  the s ignal  s ( t )  
( b )  envelope and zeros of the f u l l  bandwidth 









(c ) enve lope and zeros of  a s ignal  composed of  
the f irs t 6 spectral l ines of  part (d ) 





121 3 8 '3 7 . B Ha 
(d ) ampl i tude spectrum of  "eye le  1 " of part ( a )  
Fig .  5 . 6 :  Enve lope , zero s tructure and amp l itude spectrum 
of  a s ingle cyc l e  of  the vowe l /a/ . 
1 2 3 
1 2 4 
5 .  4 .  4 Summary 
The d i s c us s i on of s e c t i on 5 . 4  demons trates the f ol l ow i ng key 
poi nts :  
1 .  Int erva l s  of  l ow zero dens i ty corres po nd t o  h i gh ampl i tude envel ope 
( and  thus si gnal ) ampl i tu d es . H ence 
2.  The i mportant  zeros that det ermine the bas i c  envel ope shape  mus t  be 
evenl y di s t r i but ed in t ime . 
3 .  One  uni que  set  of zeros ( even l y  d i stri bu t e d )  wi l l  gi ve a s i gn al 
wi th the l ow est possi bl e  peak fa ct or . 
4 .  Es tabl i shing the un i que set  of zeros tha t gi ve s  l owes t peak f actor 
si gnal i s  in  practi ce an e xtr emel y compl e x  probl em . A s  far  as t h i s  
aut hor i s  awar e , no s uch sol ut i on to f i nd i ng the uni que zero set  
has be en found . 
5 .  The i mportant zer o  pos i t ions of ( vo i ce d )  speech are not cons tant 
but suffer lo cal i s e d  dri f t  in a r egion . Thi s is att r i but a b l e t o  t h e  
w e l l  k n o w n  t i m e va r y i ng h a r m o n i c s t r uc t ur e  o f  s pe e ch . The 
impl i cat ion of thi s i s  that the uni que set of zer os that g i v es t he 
l owes t pe ak f actor si gn al changes wi th e very  pi tch peri od . 
6 .  G i v en 1 .  a n d  cons i dered  f rom the F our i er domai n ,  l ocat i ons of 
hi gh s i gnal ampl i t ud es corr es pond  to  i n s t an c es wher e the Fouri er 
phas es of the s i gn al componen ts all add cons truc t i vely . 
7 .  The irreduc i bl e m i n i mum  pe a k  f a c t or o f  a s i gn al  i s  ir .  T h i s 
corresponds to the val ue ach i eved by a s i ngl e s i nusoi d .  S i nce a 
real si gnal conta i ns many  s i n u s i ods , thi s mi nimum wil l  n e v e r  be 
reached in  pract i ce .  
The concl us i on from the above po i nt s  i s  that man i pu l at i on of the 
Fouri er phas es by s ome ar b i t r ar y  r andom i s ation process  i s  l i kel y t o  
l ead t o  a s i gnal wi th a l ower peak  factor than the ori gin al . However , 
such a process  i s  unl i kel y to  g i v e  t he l owes t  poss i bl e  peak  fact or . 
In cons tras t ,  Davi d ' s method ( c ) of  sect i on 5 . 2 . 1 i s  equ i val ent to 
using e quation ( 5 . 9 )  wi th  a cos i n e  s ynthes i s  an d 
( 5 . 4 )  an d the e
k 
ei ther O or ir .  
5 1 5 REQUI REMENTS OF THE NON -L INE A R  P HASE  FILT E RS 
A 2 A '  
k k 
of e quation  
The  pr evi ous secti on es tabl i she d tha t  the onl y  pract i cally  useful 
way of mani pul at i ng the zer os w as by s ome pro ced ur e  to ass i gn , o r  
mod i f y , t h e  F our i er phas es o f  the s i gnal . A non- l inear phas e  F I R  
1 25 
f i l ter i s  a s imple , effe cti v e  metho d  of pr ovi ding a r b i t r ar y  p h a s e  
man i pul at i on o f  the s peech s i gnal . The principal r eas on f or choos i ng 
FIR f il t ers i s  that t hey  are guar anteed to be s tabl e an d i t  i s , a t  
le as t i ni t i al l y ,  e as i er to  generate the requ i red i mpul se respo ns e  
coeff i ci ents . 
T her e ar e how e v e r , t wo princi pal p r o b l em s  i n  gener at i ng the 
required f i l t er i mpul se  r es ponse . T he f i r s t  is r el at e d  to  t he basi c 
propert i es of vo i ced  s peech and def i n i ng the requ i red non-1 i near phase  
charact e ri s ti c .  The second probl em i s  a desi gn pro bl em once  the  phase 
response  has been def ined . 
The f i rst probl em has 3 as pect s :  
( l a )  t h e  ac t ua l  F our i er ph a s e va l ue s  of the s pe e ch w i l l  va r y  
continuously between dif fer e nt soun ds for the s am e  spea ker , as 
wel l  as bet ween s pe akers . 
( l b )  the f undamental fre quency  also vari es con ti n uousl y . 
( l e )  the fundamental fre quency and ther efore  the frequency s pa c i ng , of 
femal e voi c es i s  in gener al t wi c e that of mal es - F i g . 4 . 1 1 .  
S i nce i t  i s  not pos s i bl e  t o  es t abl i sh e xact l y  what phas e val ues 
for each harmo ni c ar e i deal ( i n  gi v i ng the l owest peak fact or ) ,  t h e  
as s um p t i on i s  m a de t ha t  l ar ge phase d i ffer ences bet ween adj acent 
harmoni cs ar e r e qu ired . The three 3 as pe cts above sugges t a p h a s e  
response  shown i n  F i g  5 . 7 ( a ) . 
A un i f or m  d i  s t r i  but i on r andom number generat or i s  used as the 
basi s of gen er a ti ng numbers i n  t he r ange (-ir , ir) whi c h  are use d as the  
phase val ues e
k 
• These  e
k 
are cent ered on  the average harmoni c 
s pa c i ng w 0 indi cat ed by the ( 0 ) ,  and ha v i ng a wi dt h �w 6 
whi ch i s  the 
" j i t t er"  of ( l b )  above ( the " t eeth" of F i g . 4 . 1 0 ) .  F or mal es , t h e  
average fundamental frequency i s  ar ound 1 00Hz  and f or f emal es ar ound 
200Hz . Thus the n arr ower harmoni c s pa ci n g  of the mal e voi ce i s  c h o s en . 
G i v en  th i s  pha s e  s pe c i f i c a t i o n , the des i gn  probl em has three 
princi pl e as pe c t s :  
2a . A fl at (mi ni mum ri ppl e )  pas s band i s  requ i red t o  avo i d d i s tor t i on 
of the ampl i tude s pe ctra . As  a wors t case , the maximum al l owabl e 
pas s band ri ppl e for thi s wor k i s  set at ±2 d B .  
2b . The phase di s contin ui ti es o f  Fi g .  5 . 7 ( a )  are di scontinui ti e s  i n  
t he r e al and quadratur e  parts  of the frequenc y  res pons e  of the 
f i l t er . 
2c . It  i s  wel l  known that trunca t i ng ( l i mi t i ng )  the i mpul se res ponse 
e 
( a )  random phase values e centred on a mean 
harmon ic spacing (..)., and phase wid th /J. w0 
9 
0 
( b )  smoothed version o f  the ide al  in ( a )  
Fig . 5 . 7 : Specifying the non- l inear phase re sponse 
of the f i l ters . 
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( t i me )  l ength of a se quence wi th s u ch d i s c o n t i n u i t i es i ntr o d u c es 
r i n g i n g ( G i b b s  p h e n o m en um ) . Such r i n g i n g  i s  m i n i m i s e d  by 
i n cr e as i ng the l ength of the f i l t er .  T h i s i m pl i es that very l ong 
f i l ter l en gths wi l l  be r equ i r e d . 
The di scon t i n u i t i es of F i g . 5 .  7 ( a )  are m i n i m i sed by wi d en i n g  t h e  
ve ry n arr ow i nt erval be t he sam e  a s  the average s pe ct ral 
i n ter val ( 0 ) .  Add i t i onal l y , the phase  r es po nse  i s  smoothe d to el imi nate  
t h e d i s c o n t i n u i t i e s by i nter pol at i ng smoothl y be tween the (0 )  and 
ens uri ng t he phase r es ponse go es smoothl y t o  zer o at the p as s  b a n d  
edges . Th i s  proce dur e  gi ves the phas e r e s pons e  o f  F i g . 5 . 7 ( b ) .  
5 . 5 . 1  Par amet ers  of the f i l t ers use d for the simul a t i o ns 
G i v en the arguments a bove , the f i l t e rs u s e d  f or the s i m ul a ti o ns to 
com e  us e �w
0 
• 1 00 Hz , whi ch ar e cent red on the m ean harmoni c 
pos i t i ons cor r es pondi ng to  w 0 2 1 00 Hz . 
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Sect i on 5 .  3 above s ugges ted that the number of impor t ant zeros 
( phas es ) that re quir e  mani pul a t i on are f ew and corr es pond broa dl y t o  
the harmoni cs l y i ng i n  the f irst  forman t . Thi s  sugges ts a non- l i near 
phase r es ponse i n  the i nt erval 0- 1 000  H z .  H owe ver , as a che c k  o n  t h i s 
ass umpt i on ,  two e xt r a  i dent i cal sets of f i l ters wi th a phase bandw i dth 
of 0-2 000 and 0 -3000  Hz are also use d , In the  t e xt that  foll ows , t h e  
t erm " ph a s e  ban dwi dt h" i s  us ed t o  refer t o  the frequency  i nter va l  over 
whi ch a non- l i n e ar phase is def i ned . 
When des cr i bi ng the des i gn  of non- l in ear phas e f i l ters i n  s e ct i on 
3 . 6 ,  e quat ion ( 3 . 2 0 )  indi cated two ways t o  ass i gn the ran dom p hase 
val ues s
k
. Thes e  ar e referred to her e  as r ,  corr es pondi ng to  equat i on 
( 3 . 20a ) and r
2 
corres pondi ng to  equat i on ( 3 . 20b ) .  Thus , wi th the thr ee 
phase bandwi dths indi cat e d  above , there ar e s i x  d i ffer ent f il t ers . The  
pha s e  r e s po n s e s  of all  these f i l ters ar e generated from a s i ngl e 
ori gi nal r an dom se quence . Th us t he p h as e  ban d w i d t h  of 0 - 2 0 0 0  H z  
dupl i ca t e s the phas e r es ponse for the i nt er val 0 - 1 000 H z  and then uses 
mor e of the ran d om se quence to co nti nue out to 2000 Hz . S im i l a r l y w i t h  
the f i l ters wi th phas e bandwi dths o f  0-3000 Hz . 
Thes e  f i l t ers w i l l  be  r eferr e d  to as F I LT1 -F I LT6 . Their es senti al  
par ameters ar e shown i n  Tabl e 5 . 1 an d wer e des i gn ed us ing A Lga zi ' s 
al gor i thm . 
T he choi ce of f i l ter l ength N 22 9 9  r es ul ts from the confl i c t i ng 
requir ements of trying t o  mi ni mi se the l ength N ,  keep  the pas s b and 
ri ppl e o
p
$ 1 dB and the s topband r i ppl e o
s 
$ 50  dB. F i g .  5 . 8  s hows 
the ph a s e  res pons e  and pass ban d r es pons e  of F I LT5 . I t  i s  appar ent that 
the pass band has s i gnif i cant ri ppl e in the r e g ion 2 3 0 0  2 50 0  H z  
appr o x i mat el y .  S i nce thi s band i s  wel l u p  into  the 3r d formant and 
cont ains  l i t tl e  s i gnal en ergy ( F i g .  4 , 8 ) , i ts effe cts on the r es ul ts 
of the s i mul at i ons ar e cons i dered to  be i ns i gn i f i cant . 
5 . 6  P HASE RANDOM ISAT I ON OF A SIN GLE WORD 
The wor d " f as t" s po ken by mal e M 1  i s  used her e to demons t r a t e t h e  
eff e c t s of phase  random i sat i on .  Thi s sect i on com pares Davi d ' s method  
( c )  of se ction 5 . 2 . 1 w i th  r andom i s a t i o n a c h i e ve d  u s i n g the  s i x 
f i l ters des cr i be d  above . 
Nei derj ohn et al [ 1 98 4 ] inve s t i gated  the r el at i on 
TABLE 5 .  1 :  ESS ENT IAL PARAMETERS OF THE SIX  F ILTERS US ED 
IN SECTI ONS 5 . 6  AND 5 . 7 . 1  
Power Gai n ,. 1 .  0 
N• 299 , I t era tions•2 5 ,  A •  1 0 �  
tiw
e 
- 1 00 Hz , W o  • 1 00 Hz 
phas e ban dwi dth 
0- 1 000 Hz 0 -2000 Hz 0 - 3000 Hz  
NA ME ->  FILT1 FILT2 FILT3 FILT4 FILT5 FILT6 
SEQUENCE r 1 r 2 r 1 r 2 r 1 r 2 
RIPPLE : 
0 
- n  
6 ( dB )  -o . 86 -0 . 7 9  -0 . 87 
6 ( dB )  -5 7 .  5 -5 9 .  0 -5 8 .  6 
1-F I L T l 
------- F I LT 3 ------
- 1 . 8 1  - 2 . 2 4 
-5 7 .  8 -5 6 .  3 
- 1 . 07 
-6 1 . 3 
3 1  SO.OOO 
FREQ(HZ) 
( a )  phase response showing how the phase responses 










( b )  passband response 
3339.000 
FREQ(Hz) 
Fig . 5 . 8 :  Passband and phase response for FILTS . 
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( 5 . 1 8 ) 
( 5 .  1 9 ) 
( 5 . 20 )  
a n d  L i s  the t ot al num ber of si gnal sam pl es ava i l abl e .  The i r  res ul ts 
ar e shown i n  F i g . 4 . 7 .  The poi nt here i s  t h a t  t h e  t w o d i f f er e n t  
meas ur es of s i gn al power of e qu a t i ons ( 5 . 1 9 )  and ( 5 . 20 ) g i ve d i f f er ent 
r esul t s .  The ran dom phas e  f i l t ers t hat wi l l  be use d in se ct i o n s 5 .  6 
and 5 . 7  t o  com e ar e des i gn e d t o  ha ve un i ty power ga i n .  Thi s attri but e 
of the f i l ters gi v es i denti cal val ues of 
i ts pha s e  random i sed ver s i 0n ,  b u t  no t s 
a v  
s 
rms 
for t he 
S i nce the 
ori ginal 
denom i n ator 





the phase  random i sed s i gn al s  ar e s ca l ed so  as to make s 
a v  
i dent i ca l  t o  
t h e  ori gi n al s i gn al . 
U s i n g  D a v i d ' s m et ho d , F i g .  5 . 9 shows the or i gi nal si gnal , t he 
res ul t fr om the anal ysi s/synth es i s  over the r e g i o n  of the vow e l  / a/ 
an d pl ots of P F  of each s i gnal . Observe the r e  i s  co ns i s t ent 
seg 
reduc t i on in pe ak f actor over t he s e gm en t  / a/ .  
F i gs .  5 . 1 0 , 5 . 1 1  and 5 . 1 2  ar e the PF pl o t s  f or t he s i x  f i l t ers . 
seg 
Part ( a ) of each f i gur e  corr es pon ds to t he se quen c e  r 1 , and pa r t  ( b ) 
corr espo nds to t he s e qu en ce r
2 
( e quat i on ( 3 . 2 0a ) and ( 3 . 20b ) ) .  Part 
( c ) of ea ch f i gur e  r e pr es e n ts t he d i f f er en ce ( or c h ange ) in pe a k  
fact or corr es pondi ng t o  the d i f f er ence bet ween the t wo traces of each 
of the ( a )  and ( b )  parts  of e a c h  f i gur e .  
T he i mportant po i nts  of the s e  r es ul ts ar e 
1 .  t h e peak factors of the s i gn a l s  f i l ter ed by F ILT1 , F ILT3 , FILT5 
corr es pon ding to the se quence r 1 al l show r e g i o ns of the voi ced 
s e gm e n t  / a / were the pe ak f actor i s  i ncr eas e d ( t he ( a )  par ts of the 
f i g ur es ) 
2 .  I n  contras t ,  the f i l ters cor r es po nd i ng t o  the s e qu ence r
2 
do not 
e xhi b i t  thi s char a ct e ri s t i c  ( the (b ) parts of the  f i g ur es ) . 
3 . The r e g i on of the l ow power un vo i ce d  sound / s/ exh i b i ts l i t tl e r eal 
change in conformi t y  wi t h  the  sound bei ng prod uce d fr om a noi s e-
4·7 






- 5  
/f/  a I s I I t I 
( a )  original s ignal 
( b )  after applying David ' s  method 
..------------------------,-+ t  
(c ) PF  
seg 




(d ) ne t change in  peak f actor wi th time - the difference 
be tween the two trace s of ( c ) . 
Fig . 5 . 9 :  Application of David ' s  method to the word "fas t "  
spoken my male speaker M1 : change i n  s ignal 
waveform and segmental peak f actor . 
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20 
0 -------------------- t 
20 
0 
1 5  
0 
- 1 5  
( a )  original v s  F I LT1 ( sequence r, ) 
--------------------- /; 
( b )  original vs F ILT2 ( sequence r
l 
) 
( c ) comparison of the ne t change in P F  between seg 
( a )  and ( b ) . Each line represents the difference 
be tween the original and re sul t .  
Fig . 5 .  1 0 :  Change i n  segmental peak f actor PF versus seg 
the de f ining equa tion u sed to generate the 
f i l ter non- l ine ar phase response . Phase 
bandw idth= 0- 1 0 00  Hz . 





- 1 5 
.-------------------------- t  
( a )  original vs F ILT3 ( sequence r ,  ) 
�--------------------....- t  
( b ) original vs FILT4 ( sequence r2 ) 
( c ) comparison of net change i n  P F  be tween 
seg 
( a )  and ( b ) . Each l ine repre sents the difference 
be tween the original and the re sul t .  
Fig . 5 . 1 1 : Change i n  segmental peak fac tor P F  versus seg 
the def ining equation used to gene rate the 
f i l ter non- l i ne ar phase response . Phase 
bandwidth= 0 - 2 0 0 0  Hz . 
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20 
0 ---------------------� t 
( a )  original vs F I LTS ( sequence r
1 
) 
" l �; 
1 J 
1
 .'� O R I G I N A L  
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.,
1 - \ 
j ,- /.r - --- ,· 
a ----------------------�- c 
( b )  original vs F ILT6 ( sequence r1 ) 
1 5  
0 
- 1 5 
( c ) comparison of ne t change i n  PF be tween 
seg 
( a ) and ( b ) . Each l i ne represents the dif ference 
between the original and re sul t .  
Fig . 5 . 1 2 :  Change i n  segemental peak fac tor P F  ve rsus 
seg 
the def i ning equation used to ge nerate the 
f i l ter non- linear phase re sponse . Phase 
bandwidth= 0 - 3 0 0 0  Hz . 
1 3 3  
1 3 4 
l i ke source w i th no per iod i c  s tructur e . 
3 .  A l l  the f i l ters  used g i ve peak factor reduc t i on i n  the reg i o n  of 
the segmen t / t / . Thi s  phe n om e n o n  i s  p e c u l i ar . / t /  i s  u s ua l l y  
cons i dered as be i ng formed from a p los i ve un vo i ce d  sound and thus 
shoul d  not c o n t a i n  any r e c o gn i s a b l e p e r i o d i c s tr u c t ur e . T h e  
co n c l us i o n  therefore , i s  that some e l ements of vo i ced s tructure 
mus t e x i s t  in  th i s  sound . 
4 .  N o n e  o f  t h e  f i l ters used g i ve the same co ns i s tent  peak fac tor 
reduc t i on as Dav i d ' s  me thod over the reg i on of the vo i ced segment 
la! . 
5 .  P a r t ( c )  o f  e a c h  o f  t h e  f i gur es shows more clearly  tna t the 
f i l ters  that use se quence r
2 
are more cons i s tent  i n  g i v i n g a p e a k  
fac tor reduct i on ,  bu t that the max i 11um reduc t i on i s  ach i e ve d  w i th 
the f i l t ers formed us i ng se quen ce r
1
• 
6 .  O v e r l a y i n g  ? i g . 5 . 1 1  ( 0 - 2 0 0 0  H z )  w i t h  F i g .  5 . 1 2  ( 0- 3 000 H z ) 
conf i rms that there i s  no ess e n t i a l d i fference i n  the  r e s u l t s . 
Thus , there i s  no add i t i onal ga i n  i n creas i ng the phase bandw i dtn  to 
3000  H z . 
7 .  Over l a y i ng F i g . 5 . l O ( c )  ( 0- 1 000 Hz ) w i th F i g .  5 . l l ( c )  ( 0-2000 H z )  
shows that for th i s  example  expa nd i ng the phase band·..,r i  dth out to 
2 0 0 0  H z  causes a decrease in the amoun t of peak fac tor reduc t i o n 
obt a i ned - es pec i al l y  i n  the voi ced reg ion  /a/ . 
8 .  The resul ts  of 6 .  and 7 .  above show that  for th is  comb i na t i on of  
word a nd phase response ( ie  o r i g i nal  random number se quenc e )  a t  
l eas t , the assumpti on i n  sec t i on 5 . 5  recommend ing a ph as e respons e 
onl y over the f i rst  formant  region  was j us t i f i ed and that i n  t h i s  
cas e i ncreas ing  th is  phas e respons e to 2000 Hz  i ncurs a pena l t y  
o f  reduced performance . 
9 .  C om pa r i n g F i g .  5 . 9 ( d )  w i t h  F i g . 5 . l O ( c ) , D a v i d ' s  m e t hod i s  
marg inal ly  be t ter than the r e su l t  for F I LT2 . However , s i nce t h i s  
f i l t er g i ves peak factor reduc t i on i n  other segments  of the word , 
Dav i d ' s  me thod i s  i n  general  i nfer i or to the f i l t er me thod . 
F i g . 5 .  1 3  shows an e xpans i on of the beg i n n i ng of the vowe l segment  
for the or i g inal  s i gnal , the  resu l t  fr om Da v i d ' s  me thod  and  the  r e s u l t  
from FILT2 . I n  both cases the c lear l y  v i s i b le p i tch per i od of the 
o r i g i na l  has b e e n  d e s t r o ye d . F i g .  5 . 1 4  shows  the c o r r e s p o n d i ng 
an a l y t i c envel opes of the s i gnals  for the segment  marked "cy c l e  3" i n  
F i g .  5 . 1 3 ( a ) . F i g . 5 . 1 5  shows the amp l i tude spec trum correspond i ng t o  
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CYC L E  1 
( a )  original 
( b )  David ' s  method 
(c ) us ing F I LT2 
Fig . 5 . 1 3 :  The change in behaviour of the s ignal waveform 
u s i ng David ' s  me thod and a non-linear phase 
f i l te r . The beginning of the vowe l /a/ i s  
shown . 
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m(t)  
5·0 
0 -------------� t 
Fig . 5 .  1 4 :  Envelopes of the expans ion of "cyc le 1 "  
of  the same s ignals  in  Fig . 5 . 1 3 .  
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( b )  through FILT2 
Fig .  5 .  1 5 :  Ampl i tude spectrum of "cycle 1 "  of Fig . 5 .  1 3 
for the original and from F I LT2 . 
Hz 
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spectra a r e  e ss e n t i a l l y  i d e n t i c a l  c o n f i r m i ng t h a t  no  am p l i t u d e  
d i s tor t i on has been i ntroduced . The mi nor d i f f er ences i n  some o f  the 
harmon i c l e ve l s  i s  l i ke ly  to be due to the r i ppl e i n  the pas s band o f  
the  f i l t e r . T a b l e  5 .  2 g i ves add i t i onal i nformat i on re l at e d  t o  the 
s imul at i ons . 
I 
I 
TABLE 5 . 2  SI GNA L EXTR EMA AND AVERAGE P EAK FACTOR 
FOR THE D IFFERENT MET HODS 
METHOD 
6w8 = 1 00 H z , w 0 = 1 00 Hz , N 2 99  
6 t  = 1 5ms (:vl= l 2 1 ) ,  P=60 
s s 11 i n  dynam i c  PF max av 
( V )  ( \J )  
rang-:: 
s -s max m 1 n  
!
or i gi nal 2 . 60 3  -4 . 6 9 0  7 , 29 3  7 , 88 
Dav i d ' s  3 , 2 1 5  -2 . 7 06  5 . 92 1  7 .  1 6  
F ILT 1 4 .  1 70 -5 . 084  9 . 25 4  6 . 6 3 
F I LT2 2 . 8 4 8  - 4 . 055  6 .  90 3 6 . 3 5 
F ILT3 3 , 90 8  - 4 . 8 4 5  8 . 75 3  6 . 3 9 
F ILT4 2 . 6 6 6  -3 , 92 3  6 . 5 89  6 . 3 4 
F ILT5 3 , 7 87  - 4 . 25 4  8 . 0 4 1  6 . 22 
F I LT6 3 . 050  - 4 . 05 9 7 .  1 09 6 .  3 1 
( F i 3 .  5 . 9 ( a ) ) 
The data i n  Tabl e 5 . 2  i s  appar ent l y  conf l i c t i ng when cons i dered  i n  
the l i ght of the r esul ts presented i n  F i gs .  5 . 1 0  - 5 . 1 4 .  The e n t r i es 
for PF show co ns i s tent peak factor reduc t i on over a " l ong- t erm " av  
i n t e r v a l  whi ch i s  c learl y  supported by  par ts  ( a )  and  ( b )  o f  F i gs .  5 . 1 0  
- 5 . 1 3 .  Howe ver , at the same t i me ,  al l the f i l ters  us i ng se que n c e  r 1 
( F I L T l , F I LT 3 , F I LT 5 ) show  c o n s i s tent i ncr ease i n  s i gna l d ynam i c  
range , whi l e  those us i ng se quen ce r
2 
show c o n s i s t e n t  d e c r e a s e  i n  
dynam i c  range . 
N ote that Dav i d ' s  met hod g i ves co ns i derabl e r educ t i on i n  the d y nam i c  
range o f  the s i gnal , but the average peak factor  red u c t ion o v e r  t h e  
who l e w o r d  i s  poorer than a l l  of  the f i l ter  approaches . T h i s  i s  s i mply  
becaus e Dav i d ' s  me thod was used only  over  the  voi c ed segment , wh i l e  
the  f i l t e r  methods ga ve useful reduc t i on i n  o ther segments  o f  the wor d  
and thus contri bute to an overal l l ower average . 
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5 .  6 .  1 C om pl e x  t o  Real  Z er o  Conver sion 
The conse quenc es of the r es ul t  of Appen d i x 5 .  0 o n  t he ty p e  o f  
z er os r e qu i r ed o f  the s i gn al occur r ed t o  the wri ter at  a l at e  s tage of 
the wor k  and t i me di d not permi t a mor e thor ou g h  i n v es ti ga t i o n . F o r  
t h i s r e as o n ,  t he di scuss i on be l ow del i berat el y a dopts  a d i scus s i on 
pose to a voi d ma k i n g  unsu bs tan ti ated  as sertions . 
F or the 3-si nusoi d e xampl e ,  a s i gn i f i cant resul t of Appen d i x  5 .  0 
i s  that the  s i gnal zeros  ( x k } be entir el y  r e al for the anal y t i c  zer os 
( z k } to be evenl y s paced i n  t i me .  For a bandl imi ted s i gnal , the number 
of zer os ( x k } ,  be they re al zer o cr oss i ngs or com pl ex , ar e ,  by 
def ini t i on , set by the bandwdt h o f  the s i gn al ( e quat i o n 4 . 1 2 ) . The 
phas e mani pul ati on pro cedure  do es not al t e r  t h e  ban d wi d t h  of t h e  
s i gn al , s o  the number of zeros i s  un al ter ed . The mai n ques t ion  i s ,  
ther efore , can t hi s  r esult be ext ended to a r e al s i gnal : i e  c an t h e  
equi val ent h i gh or der pol ynom i al be f or ce d  to po ssess onl y r eal zer os , 
and what are  the conse quences  f or a s i gnal wi t h  such a pro perty ? 
A s s um i ng ,  f or the sake o f  ar gument , that s uch an extens i on t o  a 
real si gnal i s  val i d , thi s impl i es that al l the complex zer os of t h e  
s i gn al a r e  co n ve r t e d  t o  r e al zeros . Such a s i gn al woul d e xh i bi t  
cons tant pea k am pl i tude be cause local mi ni ma or sad dl e  p oi n t s  i n  t he 
s i gn a l waveform can onl y  be presen t  i f  com pl ex  zeros ex i st . Hence , the 
i nforma t i on contained  i n  the s i gn a l w i l l  b e  g i v e n  s ol el y  b y  t h e  
pos i t i ons ( i n  t i me )  of the r eal zeros . 
Acce p ti ng that the phas e  r an domi sat ion proced ur e i s  not o p t i m um ,  
then t h e  convers i on of compl ex t o  real zer os wi ll  be i ncom pl et e ,  but  
such convers ion , i f  it  oc c urs , w i l l  be  d irectly  o bservabl e f r om  an 
exam i n a t i on of the  s i gn al waveform . F i g .  5 . 1 6  i s  an expans i on of 
"cycle 1 "  of  t he wavef orms of F i g .  5 . 1 3 .  C ar eful e xamination  of t h e  
sampl e da ta corres pond i ng t o  thi s  ti me per i od for all  the data of 
Tabl e 5 . 2  gi ves the real zero count  shown i n  Tabl e 5 . 3 .  In al l c as es , 
e v e r y  phas e mod i f i ed s i gn al shows an i ncr eas e i n  the number of real 
zeros for the period  e xam ined . Howe ver , d iffer e nt pi t ch perio ds g a v e  
di fferen t  i ncr eas es i n  the num ber  of real zero cr ossi ngs . 
Not e al s o  tha t  the f i l ters wi th wi der pha s e  bandwi dt h do not gi ve 
any e xt r a  real zeros over the f i l t e rs wi th phase ban d wi dth 0 - 1 0 0 0  H z  
( F I LT 1  and F ILT2 ) . Thi s suppor ts  the ori gi nal obs erva t i on above that 
the important z er os that re qui r e  m ani pul a tion  l i e i-n the f i rs t  form ant . 
0 
( a )  original 
0 
( b )  David ' s  method 
0 
( c ) through FILT2 
Fig . 5 . 1 6 :  Number of real zero crossings : expans ion 
of "cycle 1 "  of the signal waveforms of 
Fig . 5 .  1 3 .  (male speaker ) .  
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TAB LE 5 . 3 :  NUMBER OF REAL ZEROS IN  A S IN GLE P IT CH 
P ER I OD F ROM A REAL VOICE D SEGMENT ( MALE Ml ) .  
par ameters as for Tabl e  5 , 2  
METHOD no of  real 
zeros 
ori ginal 1 0  
DAV I D ' S 1 4 
f I L  Tl 1 3  
F' ILT2 1 2 
F' I L  T3 1 1  
F' ILT4 1 5  
f I L T5 1 2  
F' IL T6 1 4 
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How ever , f or f emal e vo i ces , th i s phenomenon of com pl ex t o  r eal 
zer o con ver sion i s  not ne arl y so obv ious . Ant i ci pat i ng the r an d omi s e d  
speech gen er ated i n  sect i on 5 . 7 . 1 ,  F i g  5 . 1 7  shows four pi tch pe r i ods 
of a voi ced segment of the f emal e s peech  F l  an d the cor r es po n d i n g  
s e gm en t t ha t  res ul ts f r om  the appl i cat i on of  f ILT2 o f  sect i on 5 . 6 .  I n  
thi s  period , t h e  ori ginal si gnal has 1 6  zero c r o s s i ngs  w h i l e  t h e  
ran dom i sed ver s i on has 20 . For the randomi sed s i gn al pr oduced  by F ILT1  
only 1 7  zer o cr ossi ngs e ventuat e f or the  s am e  segment , but , a s  i t  w i l l 
be s hown , the pe ak f act or r educ t i on for F ILT2 i s  be t t er than that 
achi eved  for F ILT1 . That an incr ease i n  the  num ber of zero cr o s s i n gs 
i s  l i nked to the pe ak f actor r educ t i on i s  cons i stent wi th a phas e  
mani pul ation that gi v es a mor e e v en di stri but i on of the anal y i tc zer os 
in t i me .  
I n  ge n er al , however , i t  appears that phas e randomi sat i on gi ves 
a smal l er i n cr e as e  in real zero cr ossi ngs per i nt erval than a ch i e ve d  
f or m a l e s pe e ch . For now , f ur ther  di scus s i on of thi s as pe ct i s  hel d 
un t i l  after al l the e xperiments are des cri bed because when cons i d er e d  
as a whol e ,  they provi de an exp l anat i on of th i s  appa r ent d i f f er en ce i n  
be ha v i o ur .  
The  co ns equences of ret a in ing the or i gi nal as sumpt i on above that 
al l the zer os of the si gnal be r eal are i m portant , b ut n o t  f ul l y  
unde r s t o o d . W oul d s uc h  a s i gn a l  exh i b i t the  l owes t peak f act or 
pos s i ble , and how close woul d thi s val ue be t o  t he l i mi t ing  v a l u e  o f  n 
e s t a bl i shed i n  sect i on 5 . 4 . 2 ? Mor e i mpor t ant l y ,  ther e ar e known and 
establ i shed techni qu es for conver ti ng canplex  zeros t o  r e al zer os , s o  
( a )  original 
( b )  result  through FILT2 
Fig . 5 . 1 7 :  Numbe r  of real zero cross ings : 4 pitch 
periods from femal e  spe aker F1 . 
how does thi s cons equence of phase mani pul at i on rel at e  t o  them? 
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I t  i s  known that i f  a bandl i mi t e d  s i gn al i s  d i f f er e n t i at e d  a 
f i n i t e  n umber of t i mes , all  the compl ex  zeros wi ll  be co nver t ed t o  
real zeros . D i fferent i a t i on however , i n vol ves  si gni f i cant am pl i t u d e  
d i s t or t i o n ,  but does not expl i c i tl y  i ncr eas e the s i gn al bandwi dt h . 
Howe ver , s peech  i nt el l i gi b il i t y and qu al i t y det e r i or a t e  rap i d l y  a f t er 
2 s uccessi ve di f f er ent i at i ons . Indee d ,  the use of a s i ngl e st age of 
differ en ti at i on is s ome t i m es use d as a crude metho d  of enhan c i ng the  
i nt ell i gi b i l i t y of speech because thi s process l i f ts the  mean power of  
t h e  h i g h e r  f r e q u en c i e s  m a k i n g  t h e  s p e e c h  s o un d  " b r i g h t e r " . 
T he process of infinite  cl i pp i ng reduces a s i gn al to a cons tant 
ampl i tude si gnal wher ei n onl y  the r eal zero cr os si ngs r emain .  I t  is 
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known that a cl i ppe d s i gn al r em ai ns h i ghl y i nt el l i gi bl e  [ L i ckl i de r  e t  
al , 1 94 8 ] ,  but  t he qual i t y  o f  t h e  s i gnal det e r i or a t es r a p i dl y a s  t h e  
amount of c l i pp i ng i nt roduc e d  i s  i ncreas ed . Fur thermor e ,  t h e  pr ocess 
of cl i p p i n g  i ntroduc es s pe ct r al d i s t or t ion an d i n cr e as es the ban dwi dth 
of  the  s i gn al . 
H am i l t o n  [ 1 985 ] r econs truc t e d  co ns tan t  ampl i tude ( i e  pos s e s s i ng 
onl y r e al zero cr ossi ngs ) voi ce by for c i n g t h e  en v e l o p e f un c t i on 
m ( t ) "'l and  us i ng o nl y  the i ns tan t an eous f requ ency ( e qua t i on 4 . 3 6 ) . He  
foun d t hat the  pen al t y  inc ur r e d  w as an i n cr e as e  i n  s i gnal ban d wi d t h  
be c a u s e the r el at i onsh i p  be t ·,1een the enve l ope m ( t )  and i ns t an t an eous 
fr e qu enc y w . ( t )  had been d estroye d .  H e  f urther showe d throu gh 
argum en ts rel at ed to w .  ( t )  and fr equ ency modul at i on theor y ,  tha t 
l 
rem o v i n g  t he am pl i t ude  i n f or m a t i o n c a u s e s wha t ar e es s en t i al l y  
negati v e  fre quen c y  compon ents that f ol d  ba c k  i nt o  the  s pect r um of t he 
s i gn al . The co nc l us i on i s  that such a s i gn a l  has suffer e d  s pe c t ral 
di s t or t i o n  whi ch w i l l  degrade  bo t h  the i nt el l i g i b i l t y  and qu al i t y  of 
the s i gn al . 
A p r o c e s s  of addi ng a s trong b i as tone , a t t r i but ed to H aavi k b y  
Se key [ 1 9 70 J ,  converts the  ori ginal si gnal  i nt o  o n e  contai n i ng o n l y  
real zeros tha t corr es pond to the s i n e- wave cr oss i ngs of the s trong 
bi as ton e .  Su bse quen tl y , Bar-Da v i d  [ 1 9 74 ] used  t h i s  tr ansforma ti o n  t o  
pr ove an i mpl i c i t  s ampl i ng theor em . P i wni cki  [ 1 983 ] found the s pe c t ra 
of the output of mod ul a t i o n  methods r el at e d  to the bi as tone z e r o  
cr o s s i n g s  wer e s t r i ct l y  h i gh pa s s .  One t erm of the rel at i ons h i p 
des cr i b i n g t he output s pe ct r a  coul d be i sol at e d  an d r epr esent e d  a n  
a r bi trar y form o f  ampl i tude modul at i o n :  exact l y  what t ype depended o n  
the r el a t ionshi p o f  t he bi as tone an d the  s i gn al .  H owever , t h e  b a s i c 
co n c l us i o n i s  that s i nce the s pe ct r a  of the out put i s  h i gh pas s , t he r e  
is  a n  i n cr e ase i n  s i gnal bandwi dth . 
I n  t he absence of mor e de ta i l ed i nves t i ga t i on an d r i gor ous pr oof , 
the d i s c us s ion above sugges ts that a si gnal  mo d i f i e d to pos s es s  only  
real zero cr os s i ngs wi l l  have a bandwi dt h gr eater t han i ts or i gi nal . 
Thi s woul d indi cate  that the ori ginal ass um p t i o n  r e qu i ri ng c om pl ete 
con v e r s i on of compl ex to real zeros i s  too br oad , b e cause the ph a s e  
rand omi sat ion pro c es s  has been d emo nst r a te d t o  maint a i n  t h e  am pl i t u d e  
s pe c t r um o f  the ori g i nal s i gnal . I n  addi ti on , i t  appe ars tha t the 
ef fe c t i ve phase bandwi dth r e qu i re d of t h e  f i l t e r s  i s  l es s  t h an t he 
s i gn a l ba n dwi dth and thus onl y affects  a f ew of the s i gnal zer os . Thus 
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there appe ars to  be a f i ni t e l i mi t  o n  the a l l owabl e num ber of c om p l e x  
zeros that can be convert ed t o  real zer os . What thi s l i mi t may b e  i s  
not known , b ut the r esul ts pr esent ed h e r e  c l e a r l y  · d emons t r a t e  an 
i ncr eas e  in  the num ber of r eal zer os of the s i gn al .  
5 . 7  P HASE RANDOM ISAT I ON OF CONVERSAT I ONAL SPEECH 
I n  t h i s s e c t i on ,  no n- l i n e ar phas e f il ter s are appl i ed to the 
speech data base est a bl i shed  i n  se ct ion 5 . 3 .  Howe v er , for a gi v en 
vo i ce , t h e r e  ar e sever al f i l ter paramet ers that may i nfl uence the 
obs erve d r es ul ts . For an i ni t i al def i ni ng r an dom se quen ce ( r ' } 
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, w 0 and N .  Thus the di scus s i on that f ol l ows i s  
p a r t i t i oned  a c cor di ng to the par ameter ( s )  of  the f il t ers that are 
al t ered . 
I n  add i t i on ,  wi th the t i me l ength of the speech used her e ,  i t  i s  
cons i dere d  that a suf f i ci ent num ber of sampl es exi st to e x ami n e  t he 
e f f e c t  of phas e r an dom i sat i on on  the s i gn al ampl i tude probab i l i ty 
di stri but ion ( pdf ) i n  the mann er of Daven port [ 1 9 62 ] .  D i sc us si o n of 
thi s as pect is  def erred t o  sect i on 5 . 7 . 5 .  Also , part of  the e xer c i se 
her e i s  l i s ten  to the phas e  randomi sed  s peech  to  f i nd o u t  i f  an y 
d iffer ence can be perce i ve d .  D i scus s i on of what the s peech s ounds l i ke 
will be deferred  t o  sect ion 5 . 7 . 4 .  
I n  the sec t i ons that foll ow , 
change i n  beha v i o ur of PF and 
a v  
the emphas i s  i s  o n  pr esen t i ng the 
the  si gn al d yn ami c range of s pe e ch 
or i gi nat i ng from two d i f f erent envi ronments . I t  i s  wel l known that the 
en vironment of the  s pea ker mod i f i es t he acous t i c  wavef orm . Thus o n e  
se t o f  s pee ch ori gi nates f r om  an anechoi c  chamber whi ch , i t  i s  ho pe d ,  
will gi ve a si gn al un col oured by r oom acous t i cs .  T he other s et of 
s pe e ch com es from a dom es ti c l i v i ng r oom wher e r oom acous t i cs may have 
mod i f i e d  the a cous t i c  si gn al as s e en by the mi crophone . Beca use  t he 
da t a  ba s e  i s  small , no at t em pt wi l l  be made t o  i nf er t rends or t ypi ca l  
be havi our . 
The pract i ce adopted i n  sect i on 5 . 6 of adj us t i ng the va l ue of s 
av  
of the phase r an d omi sed si gn als  to be  the same as the ori gi n al i s  
retai ned here as wel l . 
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5 . 7 . 1 F i l ter  s et used i n  se c t i on 5 . 6  
U s i ng t h i s  f i l ter set  es tabl i shes a bas e and provi des a che c k  o n  
the observed behaviour o f  t h e  wor d " f as t" o f  the pre vious se c t i o n . I n  
the  s am e  manner as T abl e 5 . 2 , Tabl es 5 . 4 -5 . 7  present the r es ul ts f or 
the four s e ts of conversa tional s peech . 
F or t he mal e voi ces , the essent i al po i nts of T abl es 5 . 4 and  5 . 5  
ar e :  
1 .  All  the f i l ters gi ve a net  l ower pe ak P F  cons i stent wi th the wor d 
av 
" f as t" .  
2 .  N e g l i g i bl e ,  i f  any , f ur t her reduct i on i n  pe ak f act or i s  ach i eved by 
us i ng phase badwi dth i n  e xc ess of 1 000 Hz . 
3 .  F i l t ers us i ng the r 1 sequence gi ve a cons i s tent decreas e  i n  s i gnal 
d yn ami c r ange . Those usi n g  se quen ce r 2 gi ve a consi s t ent  i n cre as e 
i n  dyn am i c  range . Thi s beha v i our i s  the r evers e  of tha t observed  
for the •,.,ror d " f as t" .  
4 .  The r educt i on i n  P F  
a v  
shown 
l i t tl e change has been made . 
i s  mi sl eadi ng i n  that i t  s ugges ts 
F i g .  5 . 1 8  shows the P F  pl ots and 
seg 
the d i f f erence ( change ) in peak f actor f or the mi ddl e 2 . 5 se conds 
of t he mal e s peech M l . Observe that wh i l e  s ome v ery l ar ge pe a k  
f act or s e gmen t s  ha ve b e e n  c ur t a i l e d , t h e r e  ar e regi ons wher e 
i n cr e ase  i n  peak  factor has occ urred . T h e  n e t  over al l a v er a g e  
change i s  thus smal l . 
For the f em al e voi ces : 
5 .  A cons i stent reduc t i on i n  P F  However , the n et reduc t i on i s  
a v  
consi derabl y smal l e r  than a chieved  for mal e voi c es . 
6 .  The  o r i gi nal  unm o d i f i ed speech shows that f emal e s pe ech has a 
gen eral l y  l ower peak f a ctor  than mal e s pe e ch . 
7 .  Ther e i s  no cl ear pa t t ern  of change i n  s i gnal  dynam i c range as 
observed for mal e s pe e ch . An  i n cr e ase i n  d yn ami c r ange a ppea rs t o  
be  a s  l i ke l y  a s  a decreas e .  Thi s i s  es pe c i al l y  t rue o f  the f emal e 
F2 who w as recor de d  i n  her own l i v i ng r oom ( a  nat ural env i r o nm e n t )  
and  i s  thus cons i dered more representat i ve of the l i kel y  behavi our 
of f emal e s pe e ch . 
8 .  F i g . 5 . 1 9  ( p l ot t ed t o  the s ame s cal e as F i g .  5 .  1 8 )  shows the P F  
seg 
pl o t s  f or the the f emal e F l . C om par i ng the s e  wi th F i g .  5 . 1 8  s hows 
cl e ar d i f f er enc es between  mal e an d f emal e s pee ch .  The  occ urr enc es of 
ve ry l arge pe ak f acator segmen ts ar e absent i n  f emal e s peech . 
TABLE 5 . 4  S I GNAL  EXT RE MA AND  AVE RA GE PEAK FACTOR 
FOR SP EECH OF MA LE Ml 
METHOD 
ori gi n al 
F ILTl  
F I LT2 
F' ILT3 





• 1 00 H z , w 0 • 1 00 H z , N • 2 9 9  
� t  - 1 5ms ( M-1 2 1 ) ,  P=60 




( V) ( V )  
2 . 1 95 -4 . 7 83 
3 . 4 6 7  -2 . 6 97 
4 . 224  - 2 . 927 
3 . 53 6  -2 . 842 
4 .  2 1 1 - 2 . 84 9  
3 . 5 5 2  -2 . 87 4  
3 . 338 - 2 .  982 
dyn am i c  
range 
s - s  ma x mi n 
6 .  97 8 
6 .  1 6 4 
7 .  1 5 1  
6 . 3 7 8  
7 . 0 60 
6. 42 6 
s .  320 
P F  
a v  
6 .  1 1  
5 .  5 1  
5 . 4 4  
5 . 53 
5 . 4 0 
5 . 4 5 
5 . 43 
TAB LE 5 . 5  S I GNAL  E XT REMA AND AVERA GE P EAK FACT OR 
FOR  SP EECH OF MA LE M2 
METHOD 
ori gin al 
F IL T1 
F I L T2 
F ILT3 
F I LT4 
F ILT5 
F' I LT6 
�w
e 
= 1 0 0 H z , w 0 = 1 00 Hz , N = 2 9 9  





dyn am i c  
ma x 
( V) ( V )  
range 
s - s  
mi n ma x 
3 .  1 96 - 4 . 702 7 . 8 9 8  
3 . 366  -3 . 208  6 . 5 7 4  
3 .  8 1 7 - 3 . 87 8  7 . 6 9 5  
3 . 3 7 2  -3 . 490 6 . 862  
3 . 75 9  - 3 . 862  7 . 6 2 1  
3 . 50 1  -3 . 52 5  7 .  02 6 
3 . 6 1 7  -3 . 888 7 . 505 
P F  
a v  
6 . 1 9  
5 . 32 
5 . 3 6  
5 . 3 5  
5 . 3 6  
5 . 32 
5 . 3 6 
1 45 
( r ef er en ce ) 
( r ef er en ce ) 
TABLE  5 . 6  S I GNAL EXT REMA AND AVERA GE PEAK FACTOR 
FOR SPEECH OF FEMA LE F1 
METHOD 
ori gi n  al 
F ILT1  
F I LT2 
FILT3 
F I LT4 
F ILT5 
F I LT6 
6w
0 
• 1 0 0 Hz , w 0 • 1 00 Hz , N • 2 9 9  
6t  2 1 5rn s  (M-1 21 ) ,  P=60 
s "' 0 . 63 6 1  av 
s s min  max 
( V )  ( V )  
4 . 280 -4 . 639 
4 .  1 3 9 -4 . 286 
4 . 4 2 1  -4 . 500 
4 . 236  -4 . 360 
4 , 422 -4 . 96 9  
4 . 370 -4 . l.!06 
4 . 5 1 0  -4 . 626 
dyn am i c 
range 
s - s  max mi n 
8 . 9 1 9  
8 . 425  
8 .  92 1  
8 .  596 
9 .  39 1  
8 . 7 76 
9 . 1  36  
PF  a v  
5 . 04 
4 . 8 3 
4 . 7 7 
4 . 87 
4 .  8 1  
4 . 8 9 
4 . 82 
TAB LE 5 . 7  SIGNA L EXTREMA AND AVERAGE PEAK FACTOR 
FOR SPEECH OF FEMALE F2 
METHOD 
ori g i n  al 
F ILT 1 
F ILT2 
FILT3 





"' 1 00 Hz , w 0 = 1 00 Hz , N = 2 9 9  




4 . 338 
3 . 674  
4 .  1 96 
3 , 53 7  
3 . 8 65 
3 . 693  
4 , 302  
s m1n 
( V )  
-4 . 4 1 9  
-5 . 5 1 0  
- 4 . 5 6 8  
-5 .  053  
-5 . 558  
-5 . 1 8 1 
-5 . 545 
dyn am i c 
ran ge 
s - s  ma x mi n 
8 .  75 7 
9 .  1 84 
8 . 7 64  
8 . 5 90 
9 . 423 
8 . 874  
9 . 84 7  
P F  a v  
5 . 7 9 
5 . 2 2  
5 . 28 
5 . 2 2  
5 . 2 9  
5 . 2 3 
5 . 3 4  
1 4 6  
( r ef er en ce ) 






+ 1 6  
0 
-16 
( a )  original 
( b )  re sul t through F ILT2 
( c ) dif ference ( b ) - ( a )  
Fig . 5 . 1 8 :  Segmental peak factor of male speaker M1 
through F ILT2 . Middle 2 .  5 second·s of the 
utterance shown . t=1 5 ms ; P=60 
1 47  
-----------------------------------
ampl i tude 
36 
0 
( a )  original 
( b )  resul t  through F ILT2 
+ 1 6  
0 
- 1 6  ( c ) dif ference ( b ) - ( a )  
Fig . 5 . 1 9 :  Segmental peak factor of f emale s pe aker  F1  
through F I LT2 . Middle 2 . 5  seconds of the 
utterance shown . t= 1 5 ms ; P=60 . Plotted 
to the same scale as Fig . 5 . 1 8  
1 4 8 
1 4 9  
Fur ther , fr om F i g . 5 . 1 9 ( c ) , i t  i s  appar ent that  segme n ts o f  i n cr e ase 
in pe a k  f a c t or o c c ur r e gu l ar l y ,  w h i l e  t he de c r eas es that ar e 
obtained  ar e consi dera b l y  smal l e r  t h a n  t h o s e  a c h i e v e d  f o r  m a l e 
s pe e ch . The net res ul t i s  a l ower aver age reduc t i on f or f emal es . 
The main  con cl usions that ari s e fr om these r es ul t s are  that  f emal e 
s pe e ch a ppear s  to be bas i ca l l y  " smoothe r "  ( l ess " pe a ky " ) t han m al e 
s pee ch .  Peak  fa ctor red u c t i o n  for al l s pe e ch i s  co nsi s t ent , but  m uch 
l es s  for f em al es . Thi s i s  pr oabl y due t o  the " smoother" natur e of 
femal e s pe e ch . The phase ran dom i sation  pro c es s  is l i kel y t o  gi ve an 
in c r eas e in s i gn al dynam i c  range , e s pe c i al l y  f or f em al e  s peech . Thi s 
woul d s u g g e s t  t h a t  f emal e s pe e c h  h as a n  i n h e r e n t  l a r g e r  p h as e 
di s tri but i on of i ts harmoni cs than mal es , so  that  man i pu l at i on of the 
phas es may i n  f a ct cause reduction  i n  the ph ase di s t ri b u t i o n  l e ading  
to  an i ncr eas e  in  s i gn al am pl i tude . The ph y s i cal si gn i f i cance of an 
incr e ase i n  d yn ami c range at the sam e  t i me as achie v i n g a n et pe a k  
f act or r educ t i o n i s  not cl ear . 
S i n c e  n e g l i b l e  ad d i t i o n a l  i m pr ovem en t  i s  ach i eved f or phas e 
ban dwi dths i n  e xcess of 1 OOO  H z , t h ese e x tra band wi dths are dr o p ped 
f r om any f ur ther cons i derat i on .  Onl y f i l t ers  wi th phas e ba ndwi dths of 
0-1  OOO Hz ar e r e t a i n e d  f or al l f ut ur e  r es ul ts t o  f ol l ow . 
5 . 7 . 2  D i f f er en t  Phas e R es po ns es 
Her e ,  t hr e e  d i f f er en t  f i l ter sets , each wi th a d i f f er en t  i n i ti al 
def i ni ng r an d om se quence { r '  } ar e c om par e d . The p hase band wi dth i s  O -
n 
1 000 Hz , and �w
6 
, w 0 an d N ar e unchange d .  Thus the f i l t er sets ar e 
{ F I L T 1 , F I L T 1  A ,  F I L T 1  B }  c o r r es po nd i ng t o  s e qu ence r 1 an d { FI LT2 , 
F' I LT2 A ,  F I LT2 B }  corr es pon d i n g  t o  se quen ce r
2
• F i g . 5 , 2 0  s h ows  t he 
thr ee pha s e  r es po ns es of the f i rs t f il ter s e t . 
T h e  m a i n  i s s u e  i n  t h i s  s et of r e s u l t s  i s  t o  e x a m i n e  t h e 
sens i t i  v i  t y  of d i f f er en t  s peech to d i f f er en t  phas e respons es . From 
Tabl es 5 . 8 -5 . 1 1 , each phase r es po n s e  g i v es c o n s i s t e n t  pe a k  f a c t o r  
r e d uc t i on f or al l spe akers . There i s  also no t i ce abl e sens i ti v i ty t o  
the d i f ferent phase r es po ns es . Thi s i s  e x pe ct e d  s i n ce i t  has al r eady 
been ac knowl edge d t hat  ther e ar e man y  poss i bl e  combi nat i ons of phas es . 
S ome of t hese ph ase c om b i n a t i ons w i l l  g i v e  a b e t t e r p e a k  f a c t or 
reduc t i on .  ALso not i ce abl e i s  that f or the m al e s pe akers , t he f i rs t 
f i l t er s e t  i s  cons i s t ent i n  gi v i ng a red uct i o n  i n  s i gn al d yn am i c r a n g e 
whi l e  t he f em al e vo i ces have the s am e  i ncons i s tent beha v i our observed  





( a )  F I LT1 
( b )  F ILT1 A 
(c ) F ILT1 B 
1 1 49 . 750 
FREQ (HZ) 
1 1 49 . 750 
FREQ (HZ) 
1 1  4 9 .750 
FREQ(HZ) 
Fig . 5 . 2 0 :  three different phase responses formed 
from three different defi ning random 
sequences (equation 3 . 1 9 )  and using 
equation 3 . 20 a .  
1 5 0 
1 5 1 
TABLE  5 . 8  S IGNAL EXTREMA AND AVERA GE PEAK FACTOR FOR  SPEECH 
OF MALE Ml : DI FFERENT P HASE RESPONSES COMPARE D. 
�w
e 
• 1 00 Hz , w
0 
- 1 00 Hz , N • 2 9 9  
�t  "' 1 5rns (M- 1  2 1 ) ,  P260  
METHOD s s 
m i n  
d yn amic  P F  
max av 
( V) ( V )  
ran ge 
s - s  
mi n ma x 
ori g i nal 2 . 1 95 -4 . 7 83 6 . 978  6 .  1 1  ( r ef er en ce ) 
F ILT1 3 . 4 67  -2 . 6 97 6 .  1 6 4 5 .  5 1  
F' IL Tl A 2 . 860 -3 . 4 96 6.  35 6 5 . 5 2 
F IL T1 B 2 .  7 1  4 -3 . 74 8 6 . 462 5 . 39  
F' I LT2 4 . 224  - 2 . 927 7. 1 5 1  5 . 4 4 
F' ILT2 A 3 . 064  -3 . 773  6 . 83 7  5 . 3 3 
F' I LT2 B 3 . 609  -3 .  4 0 7  7 .  01  6 5 .  42 
TAB LE 5 . 9  SIGNA L EXTREMA AND AVERA GE P EAK FACTOR FOR SPEECH 
OF MALE M2 : DI FFE RENT P HASE RESP ONSES COMPA RED . 
�w
e 
= 1 0 0 Hz , w
0 
= 1 00 Hz , N = 2 9 9  
�t  = 1 5rns  (M= 1 21 ) ,  P=60 
METHOD s s 
mi n 
d ynam i c  P F  
max av 
( V) ( V )  
range 
s -s  
rnax rn1 n 
ori gi n al 3 .  1 96 - 4 . 7 02 7 . 8 9 8  6 .  1 9  ( r efer en ce ) 
F ILT 1  3 . 366  -3 . 208 6 . 5 74 5 . 32 
F I L  T1 A 3 . 2 6 1  -3 . 76 4  7 . 025  5 .  3 4 
F ILT 1 B 3 . 3 47  -4 . 0 1 8 7 . 365 5 . 2 9 
F I LT2 3 . 8 1 7  - 3 .  87 8 7 . 6 9 5 5 . 36 
F ILT2 A 3 . 65 4  -3 . 1 27 6 .  78 1  5 . 37 
F' I LT2 B 3 . 6 92 -3 . 2 60 6 . 952 5 . 3 6 
1 52 
TABLE 5 . 1 0  SIGNAL EXT REMA AND  AVE RAGE P EAK FACTOR FOR SP EECH 
OF FEMALE F 1  : D I FFE RENT  P HASE RESPONSES COMP A RE D .  
�w
8 
• 1 00 Hz , w
0 
- 1 00 Hz , N • 299  
METHOD 
ori gin al 
F IL T 1  
F IL T 1  A 
F ILT l B 
F ILT2 
F ILT2 A 
F ILT2 B  
H • 1 5 m s  (M- 1 2 1  ) , P=6 0 
s s m in  d ynami c max 
( V) ( V )  
range 
s - s  ma x m1 n 
4 . 280 -4 . 6 39  8 . 9 1 9 
4 .  1 3 9 -4 . 286 8 .  425 
3 .  91 9 -5 . 083 9 . 002 
4 , 235 -4 . 363 8 . 598 
4 . 4 2 1  -4 . 500 8 .  921 
4 , 4 4 0  -4 . 35 1  8 .  79 1  
3 . 885 -4 . 7 1 7  8 .  6 02 
P F  av 
5 . 04  ( r e fer en ce ) 
4 . 83 
4 . 9 9 
4 . 7 9  
4 .  77 
4 . 90 
4 . 85 
TABLE 5 . 1 1  SIGNAL EXTREMA AND  AVE RAGE P EAK FACTOR FOR SP EECH 
OF FEMA LE F2 : D IFFE RENT P HASE RESP ONSES COMPA RED .  
�w8 = 1 00 Hz , w 0 • 1 00 Hz , N = 299  
�t  = 1 5ms (M= 1 2 1 ) ,  P-60 
METHOD s s m in  d ynami c P F  max av 
( V) ( V ) 
r an ge 
s - s max m1 n 
ori ginal 4 . 338 -4 . 4 1 9  8 . 75 7 5 . 7 9  ( r ef er en ce ) 
F ILT l 3 . 6 74 -5 . 5 1  0 9 .  1 84 5 . 22 
F I LTl A 3 . 9 48 -5 . 877 9 . 825 5 . 38 
FILT l B 3 .  9 1 1 -4 . 720 8 . 6 3 1  5 . 25 
F ILT2 4 .  1 96 - 4 .  56 8 8 .  764 5 . 28 
F ILT2 A 5 .  21 3 -4 . 008 9 .  22 1  5 . 47  
F ILT2B 3 .897 - 4 . 828 8 .  725 5 .  3 1  
1 5 3 
i n  the pr ev i ous sec t i on . 





( F i g . 5 . 7 )  are  var i ed f or a cons tant  de f i n i ng 
random sequence ( r '  } and cons t an t  f i l ter l eng th . By v i r tue of  the  
n 








, so  i n  the 
resul ts that fol l ow , only 6w
0 
is i nd i ca t ed . The f i l t er l ength u s ed i s  
N =2 399 because a s  6w
0 
ge ts  ver y  sma l l , i t  requ i res an i ncreas i ng 
n um '.) e r  of po i :1 t s  i n  the f i l t er to keep the passband and s topband 
:> i pple  at  low values . For the the val ue o f  N chose n , the pass band 
r i p p l e  does not exceed 1 d8 and the s topband � i p p le  i s  > 6 5  dB for  the 
f i l t er wi th the  smal l es t  6w
0
. In the T abl es below , the f i l t e r  set 
( ? I L T 1  . . .  } uses the se quence r
1 
and the [ i l t er set  ( FI LT2 . . .  } uses the 
sequen ce r
2 
T h e  m o t i va t i on for t h i s  set  of resul ts i s  bas e d  on the devel opmen t  
of the requ i r ed phase r esponse i n  se c t i o n  5 . 5 .  I t  was ack nowl edged 
t h a t  l o c a t i n g t h e  e x a c t  har m on i c  po s i t i o n s  is not  feas i b l e  and 
fur ther , that these harmoni c s suffer local i s e d  movement ( the " t e e t h "  
o f  F i g .  4 . 1 0 ) . Thus the i deal  i n  F i g .  5 . 7 ( b )  that the harmoni cs fal l 
on t he extrema of  the phas e cur ve  i s  j us t  an i deal . I n  prac t i ce ,  the  
harmoni c  posi t i ons may  fal l anywhere on the phase curve . Hen c e , i n  a n  
a t tem p t  t o  prov i d e  more chances o f  the harmon i cs fal l i ng c loser t o  a n  
extreme po i n t  on t he phase c urve , addi t ional " ph ase peaks" are  added  
by  reduc i ng the w i dth of 6w
0
. A s  a cons equenc e , th i s  procedure 
wi l l  a l ter the ef f e c t i ve p h as e r e s po n s e o v e r  the d e f i n e d  p h a s e  
b,3.ndwi d t h . However , s ince  the def i n i ng random se quence i s  cons t an t , 
the cha nge  i n  p h a s e  r e s po n s e  amo u n t s  t o  a s t ea d i l y  i n c r e as i ng 
com pr es s i on of the same phase pat tern i n  a g i ve n  phas e bandwi dth . For  
exampl e ,  F ig  5 .  8 ( a )  shows the phase r esponse  for  the o r i g i n a l  s e t  o f  
f i l t e r s  u s e d  o v e r  t h e  ph a s e  band w i d t h  0- 3000  Hz . The effect  of 
st ead i l y  reduc i ng 6w
0 
is to  compr ess more of the d i s pl ayed phase 
res pons e of F i g .  5 . 8 ( a )  i n  the sma l l er ph ase bandw i dth 0- 1 000 Hz . 
Tabl e 5 . 1 2-5 . 1 5  i ndi cate the usual parameters . For  the mal e spe e c h  
M l , wi th each decrease i n  6w
0 
there  i s  a co r r espond ing decrease i n  
peak  f a c tor and then i t  r i ses aga i n  for the sma l l es t  ph ase i nterval . 
Th is  smal l est phase interval a lso corres ponds to  the b i ggest reduc t i o n  
i n  s i gnal  dynam i c  range . 
The  r e s u l t  for m a l e  M2 i s  rather d i ff erent : there i s  effect i ve l y  no 
1 5 4 
TABLE 5 , 1 2  S I GNAL EXT RE MA AND AVE RA GE PEAK FA CTOR FOR  SPE E CH 
OF MALE Ml : DI FFERENT tiw
e 
N • 2 3 99 
ti t  .. 1 5ms (M- 1 2 1 ) ,  P•60 
METHOD s s 
m i n  
d yn ami c P F  
max av 
tiw
e ( V)  ( V)  
r an ge 
( Hz )  
s - s  
ma x m1 n 
ori gi nal 2 . 1 95 -4 . 783 6 . 97 8  6 .  1 1  ( r ef er en ce ) 
F I LTl 1 00 3 . 467  - 2  . 6 97  6 .  1 6 4  5 . 5 1 
F ILTl C 50  3 , 4 4 9  -3 . 1 08 6 . 5 57  5 . 28 
F I LTl D 25  3 . 4 46  -4  . 1 27 7 , 5 73 5 . 20 
l-'ILT l E 1 5 2 . 680 -2 . 374 5 . 054  5 . 27 
F I LT2 1 00 4 . 22 4  -2 . 927 7. 1 5 1  5 . 4 4 
F ILT2C 50 3 , 388 -2 . 950 6 . 338  5 .  4 1  
F I LT2 D 25 3 . 0 5 3 -3 . 775 6 . 828  5 .  1 8 
F ILT2 E 1 5  2 . 550 -3 . 360 5 . 9 1 0 5 . 26 
TABLE  5 . 1 3  SI GNAL E XT REMA AND AVE RA GE PEAK FA CTOR FOR SP EECH  





( Hz )  
or i gi nal 
F ILTl 1 00 
F ILTl C 50  
FIL  T l  D 2 5  
F ILTl E 1 5 
F I LT2 1 00 
F ILT2C 50 
F I L  T2 D 2 5  
F ILT2 E 1 5  
N = 2 3 9 9  
ti t  = 1 5ms  (M= l 2 1 ) ,  p .. 60  
s s dyn ami c 
max m1 n 
( V )  ( V)  r ange 
s - s  
ma x mi n 
3 . 1 96 -4 . 702 7 . 898 
3 , 366  -3 , 20 8  6 . 5 74 
3 .  4 0 1  -3 . 1 77 6 . 5 7 8  
3 , 3 62 -3 . 1 6 6  6 . 5 28  
3 .  360 -3 . 1 06 6 . 4 6 6  
3 . 8 1 7  - 3 .  87 8 7 . 6  95 
3 .  81 3 -3 . 85 6 7 . 6 6 9  
3 . 85 1  - 3 . 80 9  7 . 6 60 
3 . 90 1  -3 , 75 8  7 . 65 9  
P F  
av 
6 .  1 9  ( r ef er ence ) 
5 . 3 2 
5 .  3 1  
5 , 30 
5 .  3 1  
5 . 3 6 
5 . 35 
5 . 3 6  
5 . 35 
1 5 5 
TAB LE 5 . 1 4  S I GNAL E XT R EMA A ND AVERA GE P EAK FACT OR FOR S P EECH 
OF FE MA LE F1 : D IF FE RE NT tiw e 
N • 2 3 9 9  
i H  "' 1 5m s  (M• 1  21 ) ,  P-6 0  
METHOD s s 
mi n 
d yn ami c P F  
max av 
tiwe ( V )  ( V )  
range 
( Hz )  
s - s  
ma x mi n 
or i gi nal 4 . 280 -4 . 639 8 .  9 1  9 5 . 04 ( r ef er ence ) 
F ILT1 1 00 4 .  1 39 -4 . 2 86 8 . 4 2 5  4 . 8 3 
F IL T 1  C 50 4 . 5 6 7  -5 . 1 25 9 .  6 92 4 . 8 8 
F I L  T1 D 25 5 . 1 2 6 -5 . 3 0 2  1 o .  4 2 8  4 .  7 7  
F IL T 1  E 1 5  5 . 238  -5 . 4 2 6  1 0 . 6 6 4  4 . 75 
F I LT2 1 00 4 . 4 2 1  -4 . 500 8.  9 21 4 . 77 
F ILT2C 50 4 . 5 6 3  -4 . 5 77 9 .  1 4 0 4 . 8 9 
F I L T2 D  25 4 .  91 6 -4 . 6 37 9 . 553  4 . 74 
F IL T2 E 1 5  4 .  7 92 -5 . 302 1 0 . 094  4 . 85 
TABLE  5 . 1 5  S I GNA L  E XT REMA AND  AVE RA GE PEAK  FACTOR F O R  SPEECH  
OF FEMA LE F2 : DI FFE RENT tiw e 
METHOD 
tiwe 
( Hz )  
ori gi nal 
F ILT1 1 00 
FILT 1 C  5 0  
F I L T1 D 2 5  
F ILT1 E 1 5 
F I LT2 1 0 0  
FILT2C 50 
F I L  T2 D 2 5  
F IL T 2  E 1 5  
N = 2 3 9 9  
ti t  1 5m s (M=1  2 1  ) , P=6 0  
s s 
m i n  
d yn ami c 
max 
( V )  ( V )  
r ange 
s - s  
ma x m1 n 
4 . 3 3 8  -4 . 4 1 9 8 . 75 7  
3 . 6 7 4  - 5 . 5 1 0 9 .  1 84 
3 . 65 1  -5 . 52 8  9 .  1 79 
3 . 62 2  - 5 . 4 6 9  9 .  0 9 1  
3 . 6 5 7  -5 . 454  9 .  1 1 1  
4 .  1 9 6 -4 . 5 6 8  8 . 7 6 4  
4 .  2 1  3 -4 . 5 6 3  8 . 7 76 
4 . 2 5 1  -4 . 530  8 .  7 8 1  
4 . 25 7  -4 . 536  8 . 7 9 3  
P F  
av 
5 . 7 9 ( r ef er en ce ) 
5 . 22 
5 . 2 2 
5 . 2 3 
5 . 2 3  
5 . 2 8 
5 . 2 8 
5 . 27 
5 . 27 
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n o  i m provement i n  ei ther peak f a ct or red u c t i o n  o r  de cre as e  i n  s i gnal 
dy n am i c  r an ge as t h e  ph a s e  i n t e r v a l  i s  d e c r e a s e d . Whet her thi s 
behavi our i s  r e pr esent a t i ve of natur al s pe e ch ( re c al l mal e M 2  w a s  
r e cor d e d  i n  a dom es ti c l i v i ng r oom )  or i s  an aberr at i on r el at ed t o  the 
par t i c ul ar s pe a k er i s  not known beca use of i ns uf f i c i en t  data . 
T he r e s ul t s  f or the fem al e  s pe ech thi s t i me ar e cons i s t ent i n  
demons t r a ti ng that reduci ng the phase i n t er v al has no ef fe ct on the 
pe ak f a c t or r e d uct i on achi eved , but the s i gn al dyn ami c r ange s how 
shows a cons i s t e n t  i n cr e ase . 
The mai n res ul t from the e xperi ments above l i e i n  t he no t i ceabl e 
chan ge i n  the a cous t i cal qual i t y  of the phas e  ran dom i s e d  s pe e ch . T h i s  
i s  di scussed  be l ow . 
5 . 7 . 4  Pe r ceptual D i ffer ences i n  t he Phas e R an domi sed Speech 
Up  t o  no w , t h e  r e s ul ts pr es en t e d  ha ve car ef ul l y  avo i de d  any 
r efer en c e  to t he acous ti cal qual i t y  of the phase r an d omi sed s pe e c h 
com pa r e d t o  t h e  " or i g i n al " s p e e c h . T h i s i s  the pur pos e  of th i s  
sect ion . 
T h e m a i n r es ul t  that ar i s es from al l the above e xperi ments  i s  that 
the acous ti cal qual i t y  of the phas e  r an domi s e d  s pe e c h  i s  d i r e c t l y  
l i nked t o  t he phas e i nt erval 6w 8 
us ed i n  the f i l t ers , and i s  
i n depen dent of the f i l t e r  1 ength N .  F r om t he wor k  i n  C hapter 3 ,  i t  i s  
k n o w n  t h a t  nar r ow wi dt hs ( i n  f requency - i e  the phase wi dths ) r equ i re 
long time l engths to acc ur at el y r e pr esent t he f r e q u enc y r e s po ns e . 
T h us , f or N cons tant (but  l ar ge enough f or t he n ar r ow phase wi dths ) ,  
the r es ul t i ng beha v i o ur of the s pe e ch i s  l i n ke d  t o  6w
8
. 
The ori ginal f i l t er s et used i n  s e cti o n  5 . 7 . 1 use d 6w
8
- 1 0 0  Hz . 
What h as not been r e ported is  that f i l t ers wi th 6w
8
•1 50  H z , whi l e  
gi v i ng l es s  pea k  f a ct or reduction , ga v e  s pe e ch that w as per cep t ual l y  
i n d i s t i n gu i s h a b l e f r om the o r i g i nal , e v e n  w h e n  l i s t e n i n g w i t h  
headpho n es . F or a phase i n t erval of 1 00 Hz , i t  w as pos s i bl e  t o  d e t e c t  
j us t  the sl i ght es t change i n  qual i t y when us i ng h e adpho nes : the s peech 
sounde d fra ctional l y  " b ri ght er" . U s i ng s pea kers ( an or d i n ary l i s t e n i n g  
room en v i r onm ent ) ,  n o  change was ap pa r ent . Be caus e  t he aut hor was 
f ami l i ar wi th bot h  the phr ase an d s peakers , s u ch a n  observat i o n  m a y  b e  
at tri bu t e d t o  f am i l i ari ty and " knowi ng what t o  l i st en f or" . 
At 50 Hz  phase i nt ervals , ther e was a cl e arl y di scer nabl e chan ge 
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i n  qu a l i t y w h e n  us i n g h e a d ph o n e s : i t  s o un d e d  " b r i gh t er " . U s i ng 
s peakers , no chan ge w as a p par ent . H o w e v e r , t h e r e w as no  l o s s  i n  
intel l i gi bi l t y . 
A t  2 5  H z  and 1 5  Hz phas e i nt erva l s ,  c l ear , unambi guo us change i n  
spe e ch qual i t y  was e vi dent , both  w i t h  hea d phon es and i n  a n  or d i n ar y  
l i s t e n i n g e n v i r o nm en t . A t  2 5  H z  p h a s e  i n t e r v a l , t h e  o n s e t  of  
r e v e r b e r a t i o n  w as a p p a r e n t  an d at  1 5  H z  p h a s e i n t e r v a l  t h e  
r e ver ber at i on ha d i n creas e d  to the e x t ent that a s e condary " i mage " 
s i gnal was cl earl y d i s t i ngu i s ha bl e . U s i n g  the s pe e c h  of mal e M l  as  a n  
e x a m p l e an d choos i ng a s i ngl e cycl e from a vo i ced por t i on o f  the 
s pe e ch at r andom , F i g .  5 .  21 shows the am pl i t u d e  s pe ct r a  for t h e  s am e  
t i m e s e gme nt o f  s pe e ch processed  b y  the 25 Hz a n d  1 5  Hz phas e i n t er va l  
f i l t ers c om par e d  t o  the ori g i n al . Thi s show cl e a rl y tha t the am pl i t ude 
spect rum has been mo d i f i e d ( d i stor t e d ) .  
The reason for  the 2 5  H z  and 1 5  H z  f i l t e rs ca us i ng per c e i v a b l e 
ampl i tude di stort i o n  i s  rel ated  to the d i s tr i but i on of energy i n  the 
impulse  r es ponse of the f i l t e r an d  the fact that t h e  s i gnal i s  s p e e c h . 
I n  s e c t i o n 3 . 6 when d i scus s i ng the des i gn as pe c t s  of such r an dom phas e 
f i l t e r s , i t  w as d emo ns t r a t e d  t h a t t h e  s i n gl e f i l t e r c o u l d b e  
cons i de r ed as a com pos i t e of  many bandpass f i l ters who s e  ban dwi dt h  was 
the wi dth of the phase i nt er v a l  �w
8
. Bas i c  Four i er theory re qui r es 
that n ar r ow ban d wi dths r e qui r e  lon ger t i m e  i n tervals  to a d e q u a t e l y  
de s cr i be the f u n c t i o n .  F o r  a f i l t er , th i s  means that s i gn i f i cant  
en erg y will  be  d i s t r i but e d  over  a wi d e r  n um b e r  of  p o i n t s  i n  t h e  
i m p u l s e  r e s ponse . F i g .  5 . 22 s hows the envel ope o f  a norm al l i n ear 
phas e f i l t er a n d t hr e e  no n - l i n e a r p h a s e  f i l t e r s  w i th gr a d u a l l y  
d e c r e a s i n g ph a s e  i n t e r v a l s .  O b s e r v e the s tead i l y  i ncr eas i ng t i me 
ext ent of the en ergy d i s t r i b u t ion . For a s i gn al that has c o n s t a n t  
pe r i o d i c i t y ( s uc h  a s  s e v e r a l s i n u s o i ds ) ,  t he r e  i s  no ampl i tude 
d i s t or t i o n  i ntroduced at al l .  However , be cause the s pe e ch per i o d i c i t y  
is  no t co nstant , a l ong ( i n  t i me ) i m pul se  res ponse wi l l  man i pu l at e  
s e v e r a l  p i t ch p e r i o ds , a l l o f  sl i g h l t y  d i f f e r e n t  f u n d a m e n t a l  
f r e qu e n c y , at  t h e  s a m e  t i me .  The r es ul t i s  am pl i tud e di stor t i on .  
C orrobor a t i o n  of thi s poi nt  i s  gi ven by Gol d en [ 1 968 ] who a l s o  p o i n t e d  
out that  prol onge d i mpu l s e r es pons e r i n g i ng t i me affected the vocoder 
p e r f o r m a n c e  an d i n t r o d u c e s  r e v e r b e r a t i o n . T h u s , i f  n o t i c e a b l e 
am pl i t ud e d i stor t i on i s  to be avo i de d , the m i n i mum pr act i ca l va l ue f or 
phas e i nter val s i s  i n  the nei ghbo ur hoo d of 5 0  H z . 
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( c ) f i l ter phase interval=1 5 Hz . 
Fig . 5 . 2 1 : Change in ampl i tude s pectrum for a particular 
pitch period of male speaker Ml f or f i l ter 
phase intervals of  2 5  Hz and 1 5  H z .  
H z  
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1 ,:; 9 ..------------------------------------
( a )  l i ne ar phase f i l ter 
( b ) FILT1 : 6W9 = 1 00  Hz 
( c )  FILT1 D :  6w8 =25  Hz 
Fig . 5 . 2 2 : Envelopes of the impulse response h ( n )  of  different 
non-l inear phase f i lters compared to a l inear phase 
f i l ter .  Middle 1 0 00  points of a 2399  point i mpulse  
response shown . 
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5 . 7 . 5  The Ampl i tude Probab il i t y  Densi t y  Fun c t i on 
The one r emai ni ng as pect not consi der e d  s o  far  i s  t he ef fe c t , i f  
any  o n  t h e am p l i tude  p r o b a b i l i t y d e n s i t y f un c t i on o f  s pe e ch . 
Examination of the  s i gnal extr ema i n  the t abl es of dat a abov e s ho w s  
evi dence o f  cons i derabl e change , b u t  wha t o f  the i nt ermed i at e  val ues?  
Fig .  5 . 2 3 shows the  pdf plots of  the  mal e M l  an d f emal e F 1  s pe e ch 
for t he f i r s t  f i l t er s e t  da t a  o f  s e ct i on 5 . 7 . 2  com pared  to  the 
ori ginal . 
F or t h e  mal e vo i ces , the mos t obv i ous f eatur e i s  that the phas e 
randomi sat ion process t en ds t o  shift  the pdf s ymme t r i c all y about t h e  
zer o poi nt .  The r egion bel ow 0 . 0 1 corres po nds t o  t h e  occur r en ce of 
hi gh si gn al ampl i tudes an d i t  is these sam pl es that ar e most af f e ct e d . 
Above 0 . 0 1 ther e i s  l i ttl e r eal change i n  the pd f .  
I n  cont ras t ,  the pd f '  s of the unmod i f i ed s peech are es s en t i al l y  
about the zero point . The phase randomi sat ion pro ced ur e  has almost no 
eff e c t  ( f em a l e F2 ) or appears to upset thi s symmetry  and bi as i t  
sl i ghtl y  i n  the n ega t i ve dire ction bel ow the probab i l i t y l e v el O .  0 1  . 
Thi s i s  cons i s tent wi th the observed  beha v i our of s . i n  t he tabl es 
m1 n 
above . 
A t  th i s  po i n t ,  i t  i s  po s s i b l e  t o  r e - as s es s  the  a p pa r en t l y  
confl i c t i n g i nf o rm a t i o n  i n  t he e x pe r i m e n t al  r es ul ts  t h a t  s h o w  
i ncr eas i ng s i gnal extremal val ues whi l e  a t  the s am e  t i me ga i n i ng a 
peak fact or red uction . The root of the co nfl i ct l i es i n  t he mann e r  
chos en i n  sect i on 5 .  3 .  3 t o  represent the s i gn al ext rem a :  p i  ek i ng the 
absol ute extr emal val ues gi v es mi sleading i nformat ion . When the pdf of 
F i g .  5 . 23 ( a )  was comput ed , the mal e s peech M l  had 1 0  sam pl es out of 
4 0 , 85 5  wi th  a magnitude great er than 4 ,  but  al l the phase ran d om i s e d  
s pe e ch had onl y 1 5  s ampl es gr eater than 3 ,  S i mi l ar commen ts can be 
ma de about the f emal e s pe e ch . Th us , t h e s e  f e w s am p l es r e pr e s e n t  
i s ol at e d  o c c ur r en c e s  ( i n  t i me )  of  e xc essi ve val ues that a r e  not 
re pr es enta t i ve of the long t e rm si gnal beha v i our . T he concl us i o n  i s  
tha t  pe a k  fact or reduc t i on does gi ve a decreas e  i n  the s i gn al dynam i c  
range , whi ch i n  the case of f emal e s peech i s  smal l .  
5 . 8 DISCUSS I ON AND  THE QUEST IONS ANSWE RE D  
S e c t i on 5 . 2 . 2  p r opos ed f i ve pr i n c i pal que s t i ons . Answer s t o  these  
ques tions are pro posed her e , al ong wi th concl u dtng c omments on  t h e  
1 .  121121 
0. 1 121  
1 .  00 
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( b )  male speaker M2 
Fig . 5 . 2 3 :  Ampl i tude probab i l i ty den s i ty functions 
for the four speakers from the data used 
to generate Tables 5 . 8- 5 . 1 1 .  
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( c )  female speaker F1  
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(d ) female speaker F2 
Fig . 5 . 2 3  contd : Ampl i tude probabi l i ty den s i ty 
func tions . 
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expe r iments report e d  a bove . 
T he us e of F I R  non- l i near phas e f il ter s as a s i mpl er metho d  than 
the m anual Fouri er anal ysi s/s ynthe s i s  h as been demons tr ate d . At  the 
same  t i me ,  i t  has been shown that the f il t er method can produc e  peak  
fa ctor reduction  in  segments of  s pee ch that woul d not be con s i d ered 
us i ng D av i d ' s m e t ho d , t he r e b y  contri but i ng to a gen erall y  b e t t er 
over al l reduc tion . T hi s  observa t i o n  i s  b as e d  o n  the e x amin a t i o n  of a 
s i ngl e wor d .  The effort requ i red to  i mpl em ent Davi d ' s proce dur e f or a 
si ngl e wor d - even wi th  the hel p of modern graphi cs t ermi nal s - w as 
suff i c i en t l y  l ar ge that i t  was not co ns i dered wor thwi l e  at t empt i ng t o  
appl y i t  over 5 second speech  segmen ts t o  co nf i rm whether , o v e r  a l o n g  
t i me i nt erval , the f il ter method was cons i stent l y  be t t er than Davi d ' s 
method . 
E s t a bl i s h i ng what the actual  mi ni mum pe ak f actor may be for a 
si gnal i n  gener al h as not be e n  r es ol v e d . A pos s i bl e  i r r e d u c i b l e  
m i n i mum peak f actor for any s i gn al of n ,  has been proposed , bas e d  o n  
the obs ervation  that thi s  val u e  i s  t h e  pe a k  f a ct or o f  a s i n gl e 
s i nus oi d .  S ince a real s i gn al i s  com posed  of many s i nus oi ds , thi s 
val ue of n is  sugges t e d  as a l i mi ti n g  val ue  that w i l l , i n  pra ct i ce , 
never be ach i eved . 
By c o ns i de r i ng the  an a l y t i c  z e r o s  of a s i gn al ,  i t  has been 
demonstr ate d that i t  i s  the di s t ri bution  of these zer os i n  t i m e  t h a t  
i s  r e s p o n s i b l e  f o r t he l a r g e o r  s m a l l s i g n a l  am p l i t u d e s . 
Redi s t ri b ut i ng t hese anal yti c zer os e xa c tl y evenl y i n  t ime wil l l e a d  
t o  t he l owes t ach i evabl e peak f act or . However , beca us e  the harmoni c 
structur e  of s pe e ch i s  not cons tant , e v en between consec uti ve pi t c hs 
of the  s i gn al wave f or m , a n d  t h e  exact harmoni c val ues cannot be 
pre di cted , the f i l t er metho d  i s  unl i kel y to  achi e vabl e the ma x i m um 
ava i l abl e pe a k  f ac t or r e d uc t i on .  All that can be sai d i s  that a 
parti c ul ar phase r es ponse i s  l i kel y to gi ve some r ed u c t i on i n  peak 
f ac t or . Ex a c t l y  wha t t h e  r e d uc t i on ach i eve d wi ll be wi ll  de pend 
en tir el y  on how wel l  the phase r es po ns e  of the f i l t er match es t h e  
ha rmoni c s t ruct ur e  o f  the spe aker . 
The resul ts of the f ew experi ments reported cl ear l y  demons trate  
that the  natur e  of  male  an d f emal e s peech is  compl et el y diff e r e n t  an d 
that they are af f ect ed i n  d i f f er ent ways . The pl ots of pd f f or the 
s peech  show t hat mal e s pee c h  s pe e ch i s  i nfl uence d to  a much gr e a t er 
e x t ent than f em al e s peech . C onvers el y , the harmoni c s truct ur e  of mal e 
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s peech a p pears to be f ar mor e amena bl e to p hase m ani p ul a t i o n  t h an 
f em a l e s pe e ch . T h i s i s  co r r o bor ated by the gen eral tren d  of the 
r es ul ts t hat mal e s peech shows a consi s t en tl y  gr e a t e r  pe a k  f a c t or 
reduc t i on than f E!ll al e s pe e ch . 
Recogn i si ng t ha t  t he pi tch per i od of f emal e s pe e ch i s ,  i n  gen er al , 
t wi ce t hat of a mal e , f emal e s peech w i l l  ha v e  f ar f ew er harmo n i c s  t o  
repr e s e n t  i t .  Thus , t he order of the pol ynom i al descr i bi ng i t  i s ,  i n  
gen e r a l , hal f  tha t of mal e s peech . Thi s means f em al e s peech has ha l f  
the num ber of zeros ( s i gn a l  { x
k
} zeros or an al y t i c  { z
k
} zeros ) . 
Also , n a t ur al f emal e s pe e c h  i s  i dent i f i e d  as soun di ng " smoother" t h an 
a m al e .  C ons i dered from the po i nt of v i ew of i t s anal yt i c  zeros , thi s 
impl i es that t hey ar e nat ur al l y  mor e evenl y di s t r i b ut e d  i n  f emal e 
s p e e c h t han i n  m al e s pe e c h . T h i s po i n t i s  subs tan t i at e d by the 
ex peri ment al r es ul ts that showe d smal l er pe ak  f act or red u c t i o n  f or 
f em al es ; the mi ni mal change i n  the pd f ' s  of f emal e s pe ech and that i t  
appe are d  to be e qu al l y  l i kel y that t he s i gn al e x t r ema wi l l  i n c r e a s e  o r  
de cr eas e .  
T h u s , i n  s e c t i o n 5 . 6 . 1 ,  t he i s sue of com pl ex t o  r eal s i gn al 
conver s i o n  for f emal e s peec h is  explai ned b y  t he fa ct that t h e r e  ar e 
f ew er ( i mpor t an t ) anal yt i c  zeros to man i pul at e  and whi ch are  al ready 
r e ason a bl y  evenl y di s t ri b ut e d  i n  t i me . Thi s i m pl i es that t he si gn a l  
h a s  v e r y  n e ar l y t h e  r e qu i red number of real zeros ( wha t ever tha t 
number may be ) l e a v i ng r el ati v el y  f ew complex zer o s  t o  be con v e r t e d  t o  
r eal zeros . 
The ge n er a l  co n c l us i o n o f  t h i s r e - a p p r a i s a l  of D a v i d ' s ear l y  
e x peri ment an d the conse quent char acteri stcs  o f  s peech i s  tha t t h e 
p e a k  f ac t or of mal e s pe e ch i s  i n  ge neral hi gher than that of f emal e 
s peech an d i s  more rea d i l y  red uced . T he peak fact or red u c t i ons ar e 
rel at i ve l y  modes t and thus , as a means of control l i ng s i gn al dyn am i c  
range f or use i n  a c ommuni c a t i ons s ys t em ( i mpl i e d i n  section  5 . 2 . 2 ) , 
i t  c a n n o t com pe t e  wi t h  the  al r e a d y  wel l es t a b l i s he d  m e t ho d  of 
l ogari t hmi c c om pan ding  tha t i s  wi del y used i n  PCM s ys t ems to day . 
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CHAPTE R 6 
P HASE UNWRAPP ING OF SPEECH 
6 . 1 I NTRODUCT I ON 
I n  t h i s f i na l  ch a p t e r of  e x p e r i men t al wor k ,  s ome  ear l y  and 
in compl ete  e x per iments on us i ng a l i ne ar phase FIR f i l ter to  achi e ve 
bandwi dt h  r educ t i on and subsequent expans i on of a s i gnal i s  des cr i be d . 
As a prel ude , the  subj e ct of s peech co d i ng i n  gen eral , par t i cul arly 
known  m e t ho d s  of ha r m o n i c  com pr es s i on , are i ntroduc e d  to put t he 
ex peri men ts tha t f ol l ow i n  context . 
6 . 2  SP EECH CO D ING  ME THODS 
6 . 2 . 1 Wave form Coders ver sus Vocoders 
I n  d i gi tal speech cod i ng , ther e are two fundamental cl as s es of 
coders : ( a )  waveform coders and ( b ) s o ur c e  or an al y s i s/ s yn t h e s i s  
coders  cal l ed Vocoders ( a  contract i on of Voi ce Coders ) [ Fl anagan et 
al , 1 97 9 ] .  Wa veform coders co de the  s i gnal waveform d ir e ctly . Voco der s 
anal y s e  t h e  s i gn a l waveform to generate a set of paramet ers that 
des cr i be  the s i gnal whi ch ar e then coded an d transmi tted . For th i s  
reas on they  ar e al so known as source  or  analys i s/syn t hes i s  coders . 
The principal requ i r ement of the coders i s  to m i n i mi se the bi t 
rate ( i e  bandwi dth ) re qui red  t o  t r ansmi t the  i nformat i on conta ined  i n  
the s i gn al . C oncom i tant wi th  th i s  requ i r ement i s  tha t the rece i ved and 
dec o d e d  s pe e c h  i s  per c e i v e d  as b e i n g  of s i m i l a r q u a l i t y  a n d  
i ntell i g i bi l i t y  t o  the or i gi nal . 
W i th i n  each cl as s of coders , ther e are t wo approaches : t i me domai n 
and fre quenc y d omai n .  Thus , for waveform coders , the cl assi cal t i m e  
doma in  appr oaches ar e Pul se Code Modul at i on ( PCM ) and De l ta  Modul at i on 
( OM )  [ Steel e ,  1 9 75 ] ,  whi l e  i n  the  fre quenc y domain , e x ampl es are  Sub­
Band C od i ng ( SBC ) [ Croch i ere et al , 1 976 ; Croch i ere , 1 977 , 1 98 1 ] and 
Adapt i ve Transform Cod i ng ( ATC ) [ Zel i nsk i  e t  al , 1 9 7 7 ,  1 9 7 9 ] .  For  
vo coders , the  cl ass i cal Channel Vocoder [ Dud l ey , 1 93 9 ]  i s  a fr equency 
doma i n  techni que , whi l e  that of L inear  Predi ct ion ( LPC ) of t h e  s i gn a l  
wave f orm  [ A tal et al , 1 97 1  J i s  a t i me doma in  t echn i que . A mor e  recent 
approa ch is T ime  Encoded Speech ( TES )  [ K i n g et al , 1 97 8 ; Chi ng , 1 9 8 3  J 
w h i ch tr ans m i ts  co d e d  s ha pe de s c r i p t o r s  for s ucces s i ve extended 
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segment s  of the s peech wavef orm .  
I t  i s  no t the pu r pose her e  t o  des cr i be all  the myr i ad appr oaches  
to  cod i ng s peech . The  r e c en t  monogr aph of J a y a n t  an d N o l l  [ 1 984  J 
c o v e r s  i n  an i n t e gr a t e d  a n d  d e t a i l e d m a n n e r  t h e  c o n c e p t s  an d 
al gori t hms of waveform co d i ng i n  gener a l . The t e x t  of  Mar kel an d G r a y  
[ 1 9 7 6 ] i n t egr a t e s the i ss ues as soc i at ed wi th l i near pr ed i ct i on o f  
s peech . I n  the context  of wha t fol l ows , ther e ar e f i v e p r i n c i p l e 
as pe c t s  of spe e ch co d i ng that ar e i mpor t an t : 
( a )  the maj ori t y  of co d i n g  m e t ho ds a c h i e v e b i t - r a t e  ( b an d w i d th ) 
r e d uc t i on i n  t he t r ansm i tted  s i gnal  by e xp l oi t i ng r edundan c i es i n  
t h e o r i g i n a l  s pe e c h s i gn a l  i n  d i f f e r e n t  w a y s , b u t  w i t h o u t  
e x p l i c i t l y  using  methods of harmon i c  com pr es s i on of the s pe e ch 
S i gnal . 
( b )  waveform co ders i n  ge ner al g i ve be t t er qu al i ty decoded s peech tha n  
voco ders . Vo coders t en d  t o  produce s peech wi t h  a s ynthe t i c  qua l i t y  
a n d  the i r  pe rformance i s  of ten t a l ker dependent [ F'l anagan et al , 
1 97 9 ] .  
( c )  the type of speech co der (waveform or vo coder ) ,  i ts compl exi t y  
( har dware ) an d transmi s s i on bi t - r ate ar e i n t er-rel ated . I n  gen e r al , 
voco ders have a h i gher com pl exi t y  than wave form co ders - T ab l e 6 . 1 .  
( d )  w a veform co ders i n  gen eral  requ i r e h i gher t ransm i ss i on bi t - ra t es 
than vocoders to a ch i e ve a g i v en qual i t y . But , at t he s a m e  t i me , 
h i gher compl exi t y  coders al l ow the same qua l i t y t o  be ach i e ved a t  
l ow er bi t-rates  - T abl e 6 . 2 .  
( e )  t h e cor ol l ar y  t o  the s t atemen t i n  ( d ) a bove i s  tha t t o  m a i n t a i n  a 
gi ven s peech qual i t y a t  l ow er b i t  r a t es , the compl e x i t y  of t he 
c o d er requ i r ed i ncreas es . Thi s sugge s ts that ther e i s  a bounda r y  
( i n bi t-rate ) wher e the mos t  s u i tabl e s pe e ch coder w i l l  c h a n g e . 
I n d e e d , w i t h  t h e  p r e s e n t  k n o w l edge ava i l abl e ,  the qua l i ty of  
wa vef orm coders di mi ni shes s i g n i f i c an tly  below 1 6  k b i  t s / s , b u t  
vo coders ach i e ve a maxi mum qua l i t y  a t  around 4 . 8  kb i ts / s  wi th no 
wor t hwh i l e  i m pr ovement as the bi t-r at e i s  in cr e ased [ F'l an a g a n  e t  
al , 1 97 9 ] .  F' i g  6 . 1 i l l us t rates th i s  as pe c t . 
TAB LE 6 . 1 HA RDWA RE COMP LEXITY OF DIFFE RENT CODING  METHODS 
RELAT IVE T O  A DAPT IVE DE LTA t-ODULATI ON . 
[ af ter F l anagan et al , 1 97 9 ] 
Rel a t i ve 
Compl exi ty Coder 




A DPCM : adapt i ve d ifferen t ia l  PCM 
SUB -BAND : sub- band coder (wi th CCD  f i l ters ) 
P -P A DPCM : pi t ch pre di c t i v e  A DPCM 
5 0  
5 0  
5 0  
5 0  
AP C :  adapt i ve pre d i ct i ve coder 
AT C :  adapt i ve transform coder 
�V : phase vo coder 
V EV : voi ce-e xci t ed vocoder 
1 00 LPC :  l i near pred i ct i ve coeff i ci en t  
( voco der ) 
CV : channel vo coder 1 0 0  
200 ORTHOG : LPC vo coder wi th or tho gonal i zed  
coef f i ci en ts 
500 FORMA NT : f ormant vo coder 
1 000  ART ICULATOR Y :  vocal-tract s ynthes i ser ; synthes i s  
fr om pri nted Engl i sh  text . 
TAB LE 6 . 2  B IT-RATE REQU I RE D  BY DIFFE RENT CO DING  SCHEMES 
TO  A CHIEV E  TOLL QUALITY T RA NSMISS ION .  
[ a f ter F l anagan et al , 1 97 9 ]  
Coder kbi ts/s  
Log PCM 5 6  ** 
A DM 40 
A DPCM 32 
SUB-BAND 24 
P i tch Pred i ct i ve A DPCM 24 
APC , ATC , �v .  VEV 1 6  
* *  the 5 6  Kbi t/ s  rate i s  i n  the USA onl y .  
The C CITT stan dar d i s  6 4  Kbi ts/s . 
WAVE FORM CODING - : - SOURCE CODING 
I 
K ILOB I T S  PER I S ECOND 
200 64 32 24 16 , 9.6 8.0 7.2 
' I 
4.8 2 .4  l 2 0� 00� 
BROADCAST , 1 COMMUNICATIONS 
( CO-ENTARY ) '-- TO LL QUALITY-.+-- QUALI T Y  _,___ QUAL ITY : : 
SYNTHE T I C  ---� 
QUALi TY 
Fig . 6 . 1 : Coder type and quality vs bi t-rate . 
[ af ter Flanagan e t  al , 1 979)  
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6 . 2 . 2  Frequency D i vi sion C o ders 
The r e  e x i s t  cod i ng methods - bot h  wavef orm and vo coder - that 
achi e ve bit rate reduction  b y  c om pr es s i ng ( di v i di ng )  t he s pe ct r um of 
t he o r i g i nal s pe e ch s i gn al by a f ac t or q>1  ( q normal l y  an i nt eger ) i n  
s uch a manner that i t  o n l y  occupi es a fr a c t ion B/q ( B  t h e  s i gn a l  
bandwi dt h )  o f  the or i gi nal s i gn al ban dwi dt h . 
The cl assi cal early  techni qu es ar e t h os e  of  Mar cou [ M ar c o u  e t  al , 
1 9 5 5 ] ,  the V oban c  [ Boge r t , 1 95 6 ] ,  the CO D I ME X  sys tem [ Dague t ,  1 9 6 3 ] 
whi ch w as a de velopment of the earl i e r wor k of  Mar co u ;  t h e  P h a s e  
Vocoder [ Flanagan e t  al , 1 96 6 ] and the A nal yt i c  S i gnal R oo t er ( AS R )  
[ S chroeder et al , 1 96 7 ]  wh i ch w as a n  i m pr o v em e n t  o n  t h e  e a r l i er 
Vobanc . The thr ee common f ac t ors be tween al l of the s e  methods , a r e  
that they ar e 
( a ) a l l  i n  the vo coder cl as s 
( b ) a l l  fre quenc y d omai n  t e chni qu es an d 
( c )  they a l l  extract an d m an i pu l at e , i n  one f orm or ano ther , the 
an al y t i c or i n s t antan eous envel ope m ( t ) , i n s t ant aneous p hase � ( t )  
or i ns tan taneous f r e quency w . ( t ) :  
1 
Ther e ar e two d i s t i nct  as pe c t s  of the s pe c t rum of spe e ch s i gn al 
whi ch ar e important  i n  per c e p t ion as shown i n  F i g . 6 . 2 - the  f o rm a n t  
s t r u c t ur e  ( t he r e s o n an c e s  o f  the  vo c a l  t ract ) and the pi tch or 
f undament al fre quency of the voi ce ( th e  s pe ctral  l i n e  s pa c i ng ) . T h e  
d i fferent methods of frequ e n cy d i v i s i on mod i f y each o f  the s e  s pe c t ral 
featur es i n  d i f f er ent ways . The Vo banc , CO DI MEX and ASR t e ch n i qu es are 
al l wi de band t echn i ques and at t empt to s ca l e  t he s pec t ral envel ope 
d ir e c tl y - i e  t h e  formant s t ru ct ur e . The p h ase vocoder is a n a r r ow 
band t echni que that seeks to s ca l e  the pi tch harmoni cs d i rect l y . The 




SPEC T R A L  E N V E LO P E  
,-
.._ P I TC H  HARMO N I C S  
' .,,,.,..- ...... 
F l! EO 
Fig . 6 . 2 :  Princ i pal spectral characteristics of  
speech o f  concern in f requency 
divis ion and mul ti pl ication . 
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techni ques treat the s peech as s i ngl e con t i g uous band [Marco u  e t  al , 
1 95 5 ] ,  or  as 3 o r  4 n ar r ower band s i gn a l s  ( Vobanc , CODI ME X , AS R 
techni qu es ) . The phase vocoder separ ated the  s peech i nto  3 0  bands . 
R e - wr i t i ng , f or t he sake of  cl ar i ty ,  the anal yt i c  r el at i ons h i ps ,  
the anal yti c s i gn a l  � ( t ) i s  
� ( t )  "' s ( t ) + j s ( t )  
= m ( t ) ej ip ( t )  
wher e :  i ns t antan eous ampl i tude ( envelope ) i s  
.l. 
m ( t ) = ( s 2 ( t )  + s 2 ( t ) ) 2 
i ns t antan eous phase i s  ip ( t )  = t an- 1  ( !��� ) 
i ns tant aneous fre quency i s  w .  ( t )  l 
so that the real si gn al i s  gi ven by 
s ( t )  = m ( t ) cos [ ip ( t ) ] 
d <t>  
dt 
( 6 .  1 ) 
( 6 .  2 )  
( 6 .  3 )  
( 6 .  4 )  
( 6 . 5 )  
I n  t he absence  of modern computers , the e a rl y m e t ho ds o f  M a r cou , 
CO D I ME X  and Vobanc used  SSB -SC modul at ion t echn i ques to gen er ate  the 
si gn al of e quation ( 6 . 5 )  - the pen al ty b e i n g  t h a t  t h e  s i gn a l  i s  
no l onger at baseband and thus requ i r es demodul at i on at the r e c e i ver . 
The pr inci pl e of Mar cou ' s  m ethod , shown i n  F i g . 6 . 3 ,  gene r a t e d  
a cons tant ampl i tude com pressed  s i gnal  
( 6 .  6 )  
a n d  he showed that cons tant ampl i tude r econs truc t ed s peech was h i ghl y 
i n t el l i gi bl e . H e  f ur t h e r  s howe d t h a t  t he s i gn a l  m ( t )  c o n t a i ne d  
i nf ormat i on about the exc i tat i on o f  the ori gi nal s i gnal . The Vobanc 
m e t ho d , s hown i n  F i g .  6 .  4 ,  u s e d  ban d p a s s  f i l t e r s  to s e p a r a t e  
the m a i n  forman ts of speech i nt o  three bands about 1 OOO Hz w i de and 
subse quen tl y generate d thr ee  se par ate versions of e quat ion ( 6 . 6 ) , b u t  
i n  c o n t r as t to  M a r c o u ' s  a p p r o a ch , t h e  V o banc  i n cor por a t e d  t h e  
ampl i tude i nforma t ion  m ( t ) o f  e qu a t i on ( 6 . 5 ) , but di d not scal e i t . 
Bo t h  s y s tems at tempted to hal ve the s i gnal  bandw i dth - i e  q =2 above . 
Howe ver , when the narrow ban d f i l ters ( shown dot te-d i n  F i g . 6 . 3 ;  t he 
" B " f i l ters of the encoder i n  F i g .  6 . 4 )  wer e i nserted , both sys tems 
demonst r ated cons i dera bl e i m pa i rmen t in qual i t y  wfth t he i ntrod u c t i o n  
MJU/UUJl J1JlM 
SPEAKER 
Fig . 6 . 3  The princ iple of Marcou and Dague t ' s  
sys tem . 
"1,," Qfl;fNEIU,Tlvf "e" 
f • L T ( A !,  UOOULAT'::f'IS F I L T E " S  ... o o u t.  .... TOAS 
"-..J-;:;, __ -�--� � 
./ c........: -· ..._:-:..,--:r::· 
,, ..::.,! 
� !, 4 ... , 
( a ) encoder (div ider ) 
'-'00IIL41Ql1S, 
4 " 0 
( .4 1: U: • f: A  " B " F A E "":·,,1E•1(v 
SUPPL•ES f 1 L T f ::r 5  DOUBLEAS 
-�--,__, 
� 
\::) � �· ... , 
,� 1 9 ,2 .) '\,  I r--, ---, -:,_� ;;---� l�--L_j 
GJ == s, ... , 
( b ) decoder ( mu l tiplier ) 
'...-
Fig . 6 . 4 : Pr inc iple of the VOBANC . The f i l ters are 
bandpass :  the " A "  f i l ters select the 
three princ iple formants . The "B " f i l ters 
have hal f the bandwidth of the corresponding 
"A " f i l ter . ( after Bogert , 1 9 5 6 ]  
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of i rr egul arl y t i me d  " b ur bl es" . 
I t  i s  now known that bot h  m ( t )  and � ( t )  ( or mor e us ua l l y  w .  ( t )  
be c a u s e  i t  i s  mor e tractabl e an d eas i er to  com pu t e )  ar e i mpor t ant  t o  
t h e  e ventual qual i t y o f  reco ns t ructed s pe e ch [ Fl ana gan e t  al , 1 9 6 6 ; 
F l an a gan , 1 980a , F l anagan et al , 1 98 0 b ; H am i l ton , 1 98 5 ] .  A car eful 
inves t i ga t i on of the pr ocess es of di v i s ion an d m ul t i pl i c a t i on [ Bo gn e r  
1 9 6 5 ; B o g n er e t  al , 1 9 6 9 ]  f or s i gn a l s  that ha d narr ow bandw i dt h  
rel a t i ve t o  a m e an ( c ar r i er ) fre quency , show e d  that such o per a t i o n s 
d i d  i n  f a ct ach i eve bandwi dths that wer e es s en t i al l y  1 / q (or q )  t i mes 
the ori gi n al , but that the pr ocess  of di vi s i on or m ul t i pl i ca t i o n onl y 
accur a t e l y  sca l ed the dom i nant harmo ni c of the s i gn al band and l eft  the 
harmoni c s pa c i n g  l ar gely  unaf f e ct e d . i e  - t h e  me a n  i n s t an t a n eo u s  
f r e qu e n c y  " c a p t u r e s "  the d i v i s i o n or mul ti pl i ca t i on .  Thus , i n  the 
absence  of any am pl i t ude i nf orm a t i o n  m ( t ) , any ban dl i m i t i n g  of � ( t )  
( or w .  ( t ) )  i ntr oduces phas e  am b i qu i t i es ( d i sco nt i nuo us j umps i n  phas e )  
1 
wh i c h c a n n o t  be r es o l ve d . I t  i s  the s e  am b i gu i t i es wh i ch res ul t i n  the 
" b ur bl es" . 
T he C O DI ME X  an d A S R  te chn i ques  wer e co ns i derabl y mor e s ucces s f ul 
because they used both the am p l i t u d e  a n d  p h a s e  i n f o r m a t i o n . T h e  
C O DI ME X  te chn i que was bu i l t  us i ng anal og har dwar e i nvo l v i ng modul at i o n 
to generate ( an d  subse quen tl y ex pand ) t he compr essed si gnal f or e a c h 
of thr ee bands : 
1 /8 [ tl!l ]  s 1 18 C t )  = m ( t ) cos 8 ( 6 .  7 )  
The d i vi s i o n by 8 was ach i eved wi th three  succes s i ve appl i ca t i ons of 
di  v i s i on by 2 .  The ASR t e chni que w as a r a d i cal  de par t ur e  f r om t h e  
m e t ho d s s o  far de s cr i be d . U s i ng d i v i s i on by 2 ,  and sepa rat i ng the 
s pe e c h  i nt o  f o ur ban ds , i t  was s hown mod ul a t i on was not r e qu i r e d  an d 
tha t the the ha l f- band s i gn al for each chann el i s  gi ven by 
( 6 .  8 )  
and the e xpanded s i gn a l  by 
( 6 .  9 )  
The s e co nd maj or d i f f erence was the s i mul at i on o f  th i s  sys t em on a 
computer . F i g . 6 . 5  i l l us t r a t es the o per a t i o ns for one chann e l . 
A l l  the sys t em s  de s cr i be d  s o  f ar co ns i dered  o nl y  the spe ct r al 
Pf:[Cl1 
S I i i  
Fig . 6 . 5 : Princ iple of the Analytic Signal Rooter . 
[ af ter Schroeder e t  al , 1 96 7 ]  
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en velope . One method that wor ks on the pitch harmonics i s  the Phase 
Vocoder . In describing thei r invention , Flanagan et al [ 1 9 66 ] showed 
that , in the limit of sufficiently narrow bandpass filtering of the 
speech that effectively separated the indi victual pitch harmonics , the 
short time Fourier magn i tude and phase of each narrow band channel 
output was equi valent to a continuous description of the envelope m ( t) 
and phase � ( t) of the analytic signal for the particular harmonic . In  
practice , they used 30  channels. In addition , the system was simulated 
on a computer , where they used w .  ( t) instead of computing � ( t) because 
1 
it is simp l er to generate . Fig . 6.6 shows the operations perfor med for 
one channel. Some year s later , a di gital ver sion of the phase vocoder , 
using the FFT , was demonstrated [ Portnoff , 1976 ] .  
More recently , another nar r ow ban d frequency domain seal ing 
technique that uses block FFT processing has been described [ Flanagan 
et al , 19 80c ] wi th subsequent improvement and effi cien t implementation 
[Malah et al , 1981 ] .  Yet another recent frequency domain approach i s  
that of Seneff ' s [ 19 82 ] , where FFT ' s  again play a central rol e , but 
most importantly , the method avoids the need for exp l icit pi tch 
extraction that is the hal lmar k of most of the frequenc y scaling 
methods . 
A ll  the sys tem s described so far ar e ,  as already mentioned , 
classified as vocoder system s .  The only  k now n har monic sc aling 
waveform coder and which is a time domain technique , is the recent 
Time Domai n Harmonic Scali ng ( TDHS )  method , described by Malah [ 1979 ] 
and imp l emented in real time [C ox et al , 1983 ] .  G ood quality 
reconstructed speech for this method wi th di vis i on by 2 has been 
!l�CCCH 
INPUT 
l•o.1,2, . . .  m 
( a )  coder 
f/ ·f' ( W n , t ) d t  
( b )  decoder 
f,., { t )  
Fig . 6 . 6 :  Principle o f  the Phase Vocoder - computations 
required for each of 30 channe l s . 
[ after Flanagan , 1 966 ]  
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reported , with  some degrada t i o n  e v i dent  w i t h  d i v i s i o n  by 3 .  T he 
pr i nci pl e  of the techni que , i l l us trated i n  F i g .  6 .  7 ,  rel i es on the 
i nt r od u c t i o n  of p i t c h  i nf o rma t i o n  i nt o  t h e  f r e q u e n c y  s c a l i n g 
o p e r a t i o n s  w h i ch ar e ba s e d on  a be t t er un de r s tand i n g o f  the  
ramif i cat ions of  the shor t- t ime Fouri er transform . 
6 . 3 PHASE UNWRAP P IN G  
The met hod o f  harmon i c  compres s i on t o  b e  i l l us t rat ed her e  uses the 
coef f i c i ents  of a l i near phase FIR  f i lter . Base d on the cl ass i f i c a t i on 
of coder t ypes above , th i s method can be de s cr i be d  as a wave form coder , 
oper a t i ng i n  the t i me d om a i n .  T h e  V A X  F O RT RA N  s u br o u t i n es t h at  
impl ement the  procedur es to  be  i l l us trated are  l i sted in  Appen d i x 7 .  
6 . 3 . 1  I ntrod uct ion 
The mot i va t i on for the exper i ments  s t em s from a re- int er pr e t at i on 
of the impl i ci t l i near phase t erm exp [- jwT (N- 1 ) /2 ]  pr e s en t i n  t h e  
----· � 
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Fig . 6 . 7 :  Princ iple of the Time Domain 
Harmonic Scali ng procedure . 
[ after Cox et  al , 1 98 3 ]  
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Fig . 6 . 8 :  Direct form implementation o f . the 
discre te convolution . 
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out put of a con vol u t i o n  u s i n g  a c a us a l  F I R  f i l t er . W r i t i n g t h e  
convo l ut i on pr ocess as 
N- 1 
y ( nT )  � l h ( k T ) x ( nT -kT)  
k =O 
( 6 . 1 0 ) 
wher e h ( k T ) a r e the  co e f f i c i en t s  of an N -po i nt l in ear pha s e  F I R  
f il t er , x ( nT )  i s  t h e  i nput s i gn al an d T t h e  sampl i ng i nt er v a l , F i g  6 . 8  
de p i c t s  the us u a l  oper at i on of equa t i on ( 6 .  1 0 ) . From the wor k i n  
Chapter 2 ,  the co eff i c i ents  of s u ch a f i l t er are p ur el y  r e al an d e v e n  
s ymm et ri c :  h ( k ) = h ( k - i ) , Q. =0 , . . .  , ( N - 1 ) /2 and the f i l t er ther efor e  has 
zero phase de vi at ion ( e quat i on ( 2 . 8 ) ) r el a t i ve to the l in e ar p h a s e 
base ( i e  the cen t r e  of symmetry of the coeff i c i ents ) .  A s s um i ng the 
ma gni tude of the f i l t er fre quenc y r es po n s e  i s  uni t y  i n  the pas s band , 
then the F our i er t r ansform of equa t i o n ( 6 . 1 0 ) i s  
J Y ( w J e j <P ( w ) = e -j wT( N- 1 ) / 2 J X ( w )  J ej cp ( w )  
s o  that t he out p u t  s i gn al phase i s  
� ( w )  = � ( w )  - wT ( N- 1 ) /2 
( 6 .  1 1  ) 
( 6 . 1 2 ) 
whi ch i s  s i mp l y  another way of e x pr es s i ng the time  s h i f t i ng pro perty 
of the F our i er t r ansform 
y ( nT )  = x ( nT -n
0 T ) , n 0 = O J- 1 ) /2 ( 6 . 1 3 ) 
Now , cons i d e r i n g  a s i ngl e fre quenc y w 1 an d f or simpl i c i t y , h armo n i c 
d i v i s i o n by 2 ,  i f  the out pu t  s i gnal  frequency i s  to be w 1 / 2 , t hen the 
rat e of chan ge of phas e i n  the  o ut p u t  i s  h al f that of the i nput . T h i s 
r e qu i r es i n  equ a t i on ( 6 . 1 2 ) t ha t  the phas e � C w )  i s  ha l f  the i nput . 
However , wi thout r es or t i ng t o  fre quen c y  d omai n t e chni qu es , o n l y  t he 
convo l u t i o n oper at i on of equa t i on ( 6 . 1 0 ) i s  ava i l abl e .  Th i s  l eaves 
the t e rm wT( N- 1 ) / 2 as t h e  o n l y  o n e  a v a i l a bl e f o r  m a n i p u l a t i o n . 
V ar i a t i o n of  thi s term impl i es a s h i f t  i n  the pos i ti on of  the i mpul se 
r es ponse co ef f i c i en t s  of the f i l t e r  s o  that the pea k of the m a i n l o b e  
no l o nger s tays i n  the cen t r e  ( a t  ( N- 1 ) /2 )  o f  the s e quence . S i nce 
h ( k T )  i s  per iodi c i n  N ,  such a s h i f t  i s  a ct ual l y  a r ot a t i o n  of the N 
f i l ter co eff i c i en t s . F i g . 6 . 9 depi cts  the concept . 
Thi s var i a bl e  d el a y  can be r e pr esented by def i n i ng 
d r ) = -wT r r=O , • • •  , N- 1  ( 6 . 1 4 )  
and l; ( r ) has the f o rm show n  i n  F i g . 6 .  1 0 ,  wher e , for T cons t ant , t h e  
sl ope o bv i ousl y de pends o n  w .  The i mpl i ca t i on of- equ a t i on ( 6 . 1 4 ) i s  
VViV° 
f :  (N-1)/2 Ii 
V:V° 
' I\ 




r :  { N  -1)/2 N -1 
Fig . 6 . 9 :  Change i n  inherent f i l ter delay by 
shif ting the peak of  the impulse res ponse . 
r i s  def ined i n  equation ( 6 . 1 4 ) . 
N - 1 
- c..,T ( N -1 ) 
Fig . 6 . 1 0 :  Pattern in  change in  de lay of  f il ter 
as a function of  the o f f set  r of  the 
peak of the impul se res ponse . 
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that a ti me-var y i ng  f i l t er i s  bei n g  appl i ed to  the  i nput  s i gn al x ( nT )  
s o  t ha t  the out put phas e  i n  equ a t i o n  ( 6 . 1 2 ) wi l l  now al ter w i th t i me 
( index  r )  • 
The principal que s t i on i s  then : what are the r am i f i ca t i ons of a 
perio d i c  var i a t ion ( rotat ion ) of the  f i l t er co eff i ci en t s? 
6 . 3 . 2  The i de a  appl ied  
F i g .  6 . 1 1  depi cts the adaptat i on of  the bas i c  co nvo l ut i on process 
of e quation ( 6 . 1 0 ) that gi ves a di v i s ion by 2 .  The  f i lt er co ef f i c i en t s  
h (k ) and i ts requ ired  frequency r es ponse ar e com pu t ed at the i nput 
si gnal sam pl i ng r ate . A t  the s t a r t , t h e  f i l t er  c o e f f i c i e n t s  ar e 
s ymmet ri cal i n  the shi f t  reg i ster . Subs equent l y ,  f or every t wo i npu t 
sam pl es sh ifted  i n , the f i lt er co ef f i c i ents  ar e rot ate d on e s am pl e t o  
the ri ght and the out put comput ed . 
T h i s  pr ocedur e des cr i bed  above d i v i des the i nput s i gnal  frequ en c y  
by 2 an d a t  the s am e  t i m e  red uces the s ampl i ng r a t e  o f  t he o u t p u t  d a t a  
s e qu e n c e  by 2 - i e  the out put fre quency i s  w/2 whose  s ampl i ng r a t e  i s  
F /2 , wher e F i s  the ori g inal , i nput data sam pl i n g  rate . Thus , F i g . 
s s 
6 .  1 2  t ha t  shows the s i gnal  waveforms and s pe c t ra f or a s i ngl e s i nusoi d 
has pl otted  i dent i c al time l engths of bo t h  t h e  i n p u t  a n d  o ut p ut 
w a ve f or m s . The frequency used i n  F i g .  6 . 1 2  i s  an exact m ul t i pl e  o f  the 
f il t er l ength - i e  
w = n /NT , n= 1 ,  . . . .  ( 6 . 1 5 ) 
S i gn a l s  com posed  of several si nusoi ds , all  exact l y  harmoni cl y r el at ed 
t o  the f i l t er period under go e xa ct fre qu en c y  scal i ng . 
H o w e ver , w hen the s i gnal frequency  i s  not an exact mul t i pl e  of the 
f i l t er l ength , the o ut put di s pl ays r egul ar di s co n tinui t i es as shown i n  
F i g . 6 . 1 3  whi ch coi nc i de wi th the poi nt at wh i ch the pe ak  of the 
impul s e  r es ponse  wraps from the en d of t h e  r e g i s t er ba c k  t o  t h e  
b e g i n n i ng each t i me .  In  add i t i on , a n  expans i on o f  the regi on o f  the 
di scon t i n ui t y  i n  F i g .  6 . 1 4  shows that the s i gn al d e v e l o p s  " k i n k s "  
i n  t he f ew s am pl es before  and after the mai n l obe o f  the f il ter wraps 
around . This phenomenum is related  to f i l t er ban dwi d t h . T h e  f i r s t 
f i l ter  us e d  to  gen erate the trace ( a ) i n  F i g .  6 . 1 4  was a l owpa s s  
f i l t er wi th bandwi dth 0 -3400  Hz . Appl y i n g  a f il ter w i t h  ban d w i d t h  
0 - 1 0 0 0  H z  t o  the s ame s i gn al smooths out mos t of the k i n ks - trace ( b ) 
of F i g .  6 . 1 4 (b ) . Th us , F i g . 6 . 1 4 i ndi cat es t wo poi n t s :  t h e  f i l t er 
ba n dw i d t h  u s e d  i s  i m portant and secondl y ,  the onset of the bas i c  
F = � C L K  T 
( a )  unwrapping (divis ion by 2 )  
( b )  wrapping ( multiplication by 2 )  
fig . 6 . 1 1 Adapt ion of the bas ic convo lution rel ation 
of fig . 6 . 8 to implement the "unwrapping " 
and "wrapping procedures descr ibed . 
1 7 8  
1 









1 .  00 
121.  75 
0. 5121 
121. 2 5  
121. 121121 
I ' , , ' , 
/
I N PUT  OUT  PUT  




















\ \ , I \ ' I , I , I , I I , I , , I , I ' I ' I I , I 
I \ I 
I I 
I I 
I I I I I I 
I 
, I , , I \ , 
\ I 
\ \ � ·� 
( a )  s ignal  waveforms 
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( b )  input spectrum 
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( c )  output spectrum 
Fig . 6 . 1 2 :  Phase unwrapping procedure of Fig . 6 . 1 1  ( a )  
applied to a s ingle s inusoid whose period 
i s  an integer mul tiple of the f i l ter 
length . Fi l ter bandwidth = 0 - 3 4 0 0  H z .  
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( b )  spectrum of the output . 
Fig . 6 . 1 3 :  Unwrapping procedure appl ied to a sinusoid 
whose period is not an integer multiple of 
the f i l ter length . N=90 , f i l ter bandwidth= 
0=3400 Hz . 
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Fig . 6 . 1 4 :  Expansion of the discontinui ty of Fig . 6 . 1 3  
as a func tion of dif ferent f i l ter bandwidths 
1 80 
1 8 1 
pro bl em ( t he di scontinui t y )  occ urs as the pea k of the im pul s e  r es po ns e  
ap pr oaches the edge of t h e  ( s h i f t ) r e gi s ter . 
The e x peri ments used a f i l t e r  l ength N•90 - i e  an e v en 1 e n g t h  
wi t h  the i nput  da ta sampl ing rate  8000 Hz . Empl oy i ng a n  o d d  l ength  
f i l t er ( e g N•9 1 ) gi ves no  obser va bl e  d i f f er en c e  i n  t h e b e ha v i o ur 
descr i be d  above . 
The proce dur e outl ined above i s  termed " phase un wrap p i ng"  becau s e  
of t h e  w a y  i n  wh i ch the appar e nt varyi n g  t i me d e l a y ( F i g .  6 . 1 0 ) 
appe ar s to " unwrap " the i nput s i gnal  rate of change of phas e .  
The d i s c u s s i o n ha s f ocused on d i v i s i on by 2 .  Other , 
di vi s i o n f a ct o rs c an be achi eved by varyi ng the r a t i o  of t he 
rates shown i n  F i g .  6 . 1 1 .  
6 . 3 . 3  Fre quenc y e x pans ion 
i nt eger 
c l o c k  
T o  m u l t i p l y  t h e com pr e s s e d  
ori g i n al po s i t i o n ,  t h e  i d e n t i c a l  
s i gn a l  
f i l t er 
( s i nusoi d )  back u p  t o  i t s 
us e d  i n  the u nw r a p p i n g 
proced ur e  i s  used . However , i n  th i s  cas e , the f i l ter coef f i c i en t s  ar e 
steppe d  i n  the reverse d i r e c t i o n  t o  the unwrap p i n g c as e  - i e  t h i s t i m e  
the i nput s i gnal  i s  be i ng " wrappe d up" . However , becaus e  t wo ou t pu t  
sampl es ar e r e q u i r e d  for e very on e i np ut s am pl e , the pr oced ur e  adopted  
is  that  f or each i nput sampl e ,  the  f i l t er coef f i cents are shi f ted ( t o 
the l ef t  i n  F i g . 6 . 1 1 )  t wi ce ,  wi t h  an o ut p u t sam pl e  c om puted a t  e a c h 
s h i f t .  T h i s " wr a p p i n g up"  process exa c t l y compl em en ts the i n i t i al 
" unwrappi ng pro c es s " . 
A s  f or the unwr app ing proce ss , provi ded t he s i gnal frequ ency e xact l y  
matches the f i l t er period , there are no di sconti nui t i es i n  the o ut put  
waveform . 
F or a s i gnal frequency tha t i s  not an i nt eger mul ti pl e  o f  the 
f i l t er period , the dou ble pro ces s of unwrap p i ng and then wrap p i ng does 
not com pe n s a t e  f or the or i g i n a l  di scont i nut i es i n troduced in t he 
u n w r a p p i n g p r o c e s s . I n s t e a d , m a n y  a d d i t i o n a l  a r t i f a c t s  
( d i s c o n t i n u i t i e s )  a r e  i n t r o d u c e d i nt o  the o u t pu t  s i gn a l . Thi s i s  
bel i eved t o  be be cause the si gnal  a p pl i ed f or mul t i pl i cat i on cont a i n s  
harmoni cs i n troduc ed by the or i g i n al d i v i s i o n proces s .  Thi s phenom enom 
i s  shown i n  F i g . 6 . 1 5 .  U s i ng the output shown i n  F i g .  6 . 1 3 as t h e  
i npu t t o  the mul ti pl i ca t i on pr ocess gi ve s  the resul t shown i n  F i g .  
6 . 1 5 . There ar e n o w  m u l t i p l e  d i s c o n t i n u i t i es - an d  t h e  am pl i t u d e 
• .,, 
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( a )  regenerated signal waveform . Sinusoid used is  the 
same as that used for Fig , 6 . 1 3 .  
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121 3977. 9 Hz 
( b )  spectrum of regenerated output 
Fig . 6 . 1 5 :  Consecutive applications of the unwrapping and 
wrapping procedures for a s inusoid whose period 
is not an integer mul tiple of the f i l ter length . 
Fi l ter bandwidth=0-3400  Hz . 
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s pe ct r um now has si gn i f i c an t l a r ge am p l i t u d e  e x t r an e ous  h a r mo n i c  
com po n en ts . 
6 . 3 . 4 . El im i nat i ng the di scont i nui ty 
F i g . 6 . 1 0  s ugge s t e d one way of vi ewi ng the e f f ec t  of rot at i ng the 
impulse  r es ponse coeff i c i ents . E s s e n t i a l l y  it d e s c r i b e s  t h e  t i me 
( de l ay )  rel at i ons h i p  be t we en the i nput an d output . The root of the 
probl em , as al r ead y men t ioned , occ urs at t he poi nt wher e the pe a k of 
the i m pu l s e res po nse wraps from one end of the ( s h i f t ) re gi ster t o  t he 
other . Thi s corr es pon ds to the pl o t  i n  F i g . 6 . 1 0  j um p i n g  fr om - w T ( N - 1 )  
t o  ze r o .  I n vo k i ng the t i me shi ft i ng prope r t y  o f  the F our i er tr an s f orm , 
t h i s  " j um p " i n  the delay impl i es a j ump , or di s co n t i n ui t y , i n  t h e  
i ns tan t an eous phas e  of the output s i gn a l . 
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( a ) signal waveforms 
0 - 3400 H z
-..... 
( b )  expans ion of the same region of the 
discontinuity of Fig . 6 . 1 4  vs different 
f i l ter bandwidths 
0. 75 
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0. 2 5  
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t 
121 1 989. 0 Hz 
( c ) spectrum of  the output s ignal in  compari son 
to that of Fig . 6 . 1 3 ( b ) . 
Fig . 6 . 1 6 :  Hi lbert version of the data in  Fig . 6 . 1 3 :  
s inusoid period not an integer mu l tiple of 
the f i l ter length . N=90 ; f i l ter bandwidth= 
0-3400  Hz . 
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i n  fre quency r e s po ns e  t o  the ori g i nal f i l t e r , t h e  H i l b e r t  s i gn a l 
e qu i va l en t  t o  F i g .  6 . 1 3  i s  s h o w n  i n  F i g .  6 . 1 6 ( a )  wi th the s am e  
e x pan s i o n  r e g i o n  of the di s co n t i n u i t y  i n  F i g . 6 . 1 4 s h o w n  i n  F i g . 
6 . 1 6 ( b ) . Observe that the i ns tan t of wrap ( o f  the f i l t er coeff i c i en t s ) 
t h i s  t im e  gi v es a s i ngl e bac kwar d  s t e p  i n  the  out put wa v eform an d t h en 
co n t i nues i n  the s am e  d i rect i on .  Fur t hermor e , the s pe c t rum of th i s  
out p u t  s i gn a l  - F i g . 6 . 1 6 ( c )  c om par e d  wi t h  F i g . 6 . 1 3 ( b )  s ho w s  t h e  
am pl i tud es  of the e xt ran eous harmoni cs ar e l ower . 
The obs er va ti o ns above su ggest a pos s i bl e  sol u t i o n  by  i nvo k i n g  t h e  
an a l y t i c  r e pr e s e n t a t i o n  o f  e qu a t i ons ( 6 . 1 )  ( 6 . 4 )  a n d  com put i ng 
i ns t antan eous fre quency or phase at the i ns ta nt of t he f i l t er peak  
wr a p p i ng ar oun d . Thi s val ue is  then ad de d to the  n e x t  s e t  of  out pu t  
sam pl es  a s  a c o n s t a n t  u n t i l  t h e n e x t  w r ap , a t  w h i c h  t i m e  t h e  
" co ns tan t "  i s  upda t ed . 
Su c h  a pr o c e d ur e m a y  b e  s a t i s f a c t o r y  f or gen u i nel y per i od i c 
s i gn al s . Howe ver , a s pe e c h  s i gnal  i s  o nl y r el a ti vely pi tch cons t a n t  
over  short  t i me i nt erval s .  C ons e quentl y ,  the i ns tan t aneous f r e qu e n c y  
w i l l  vary between p i t ch pe r i o ds . T h i s  su gges t s  that the  f i l t e r  l ength 
N u s ed  in  the unwrap pi ng proce dur e shoul d be ver y s hort s o  tha t  i ts 
t i m e  l ength  NT i s  of the or der of one pi t ch pe r i o d  or l es s . 
6 . 3 . 5 .  Appl y i ng a spe e ch s i gn a l  
G i v e n  t he r e po r t e d b e h a v i our s o  far , i t  i s  obv i ous tha t the 
pro ced ur e  as des cri be d  w i l l  i ntrod uce ar t i fa c t s  in a s pe e ch s i gn a l . 
H ow ever , us i ng the or i gi nal 9 0  po i nt l owpa s s  f i l ter 0 -3 40 0  H z , and  
wi thout any f o rm of  corr e c t i o n  at t empted , the 5 se con d s pe e ch s e gm ent 
of m a l e s pe aker Ml  used in Cha p t er 5 was appl i ed cons ecut i ve l y  t o  the  
phase unwrap pi ng an d wrap p i ng pro ced ur es . When pl ayed bac k thr ou g h  t h e  
D /  A co nve r t er a t  sampl i ng r a t e  o f  4 0 3 2  Hz  ( ha l f  the i npu t rate ) ,  the 
unwr apped ( hal f ban dwi dth ) s pe e ch was p e r c e i v e d  as ha v i n g  a m u c h  
r e d uc e d  pi tch , but the r a t e  o f  ar t i cul at i on ( i e  the t i me s ca l e )  was 
un chan ged . I t  was also ess en t i al l y  u n i n t el l i g i bl e . 
Su b s e qu e n t  " w r a p p i n g "  of  the  com pr es s ed s pe e ch ga ve a s pe e ch 
s i gnal t hat ha d r es t or ed i ts p i t ch r an ge b ut cont a i n ed con s i  dera bl  e 
i n t erf erence bes t de s cr i be d  as " bu z z i ng" . Bas e d  on the s pe c t rum shown 
i n  F i g .  6 . 1 3 ( b ) , t h e  " b u z z i n g "  i n  t h e  r e- g e n er a t e d  s pe e c h  i s  
c o nj e c t ur ed to be the harmon i cs cr e a t e d  by the pe ri od i c  wrap of the 
f i l t er co eff i c i ents whi c h  g e n e r a t e s  t h e  d i s co n t i n u i t e s - i e  t h e  
1 85 
( frequency ) s pa c i ng between the s pectral l i nes of F i g .  6 . 1 3 ( b ) .  
T h e  r e g e n e r a t e d s p e e c h h a d p o o r e r  q u a l i t y a n d  ha d l os t  
i nt el l i gi b i l ty but was neverthel ess unders t an da bl e .  I t  als o so un d e d  
mech a n i cal  an d ga ve the i mpres s i on o f  tal k i ng i n  a monotone - much o f  
the n at ur al i nfl e x i o n  of the ori ginal  s pe e c h  w a s  l os t . 
6 . 4 CON CL UDING  COMMENTS 
T he e xp e r i m e n t s  repor t e d a b o v e  ar e v e r y  i ncom pl ete , and the 
expl an a t i on l a c k s  r i go ur . H ow e v e r , t h e  i n t e n t i o n  w a s  s i m p l y  t o  
des cr i be a par t i cul ar , un develope d , trai n o f  thought that ga ve r i se t o  
a uni que set  of e xperiments . The val i d i t y  of the basi c premi s e  t h a t  
a p p l y i n g a l in ear phase f i l ter to  a s i gnal  i n  a par t i cul ar way a l l ows 
the bandwi dth and harmoni c struct ur e  of a s i gn al t o  be mo di f i e d  i s  
j us t i f i e d by t h e  s i m pl e expe r i men t us i ng s peech . The f un damental  
ques t ion  that r em a i ns t o  be a n s w e r e d , i s  w h e t he r the  a r t  i f  a c t s  
i nt roduc e d  by pr oces s i ng can ei ther be el imi nat ed , or reduce d  t o  a 
s uf f i c i en tl y  l ow l e vel that they ar e n ot percei vabl e . 
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CHAPTER 7 
CONCLUSIONS AND FUTURE WORK 
7. 1 GENERAL CONCLUSIONS 
The stated i ntent i on of th i s  thesi s  was to i nvesti gate , v i a  
computer s i mulati o n  i n  non real t i me ,  i ssues r el ated t o  the  
man i pulat i on of speech phase by the process of linear filteri ng .  
An addi tional , i mplied goal , was that the knowledge gai ned by the 
i nvesti gation would find applicati on i n  the field of reduced b i t-rate 
digital speech cod i ng. 
To ach i eve the stated goals, thi s  work has applied knowledge and 
techni ques of three d i sti nct f i elds of endeavour - l i near and 
non-li near phase FIR d ig ital filters; the speech signal , and d i g i tal 
speech codi ng. In so doi ng , a contri bution to each field has been made. 
T h i s  work reports three principal i nvestigations. The first i s  on 
FIR digital f ilters. The emphasi s ,  and desired goal , i n  thi s  study o n  
d ig ital filters was to develop a computer program that could generate 
the coefficients of both linear and non-l i near phase FIR d i g i tal 
filters. In the course of thi s  i nvestigation , five representati ve 
algorithms were i mplemented for l inear phase FIR filters. The study 
focused on practi cal issues related to the i r  use. The study compares 
the performance of each algorithm based on a defined common compari son 
base. The focus of the compari son i s  on the end result achi eved , 
rather than the more usual practi ce found i n  the l i terature that 
compares relati ve algori thmi c  effici ency . 
Duri ng the course of thi s  study , Alga z i ' s  iterative procedure i s  
e xami ned from the poi nt of v iew of its use directly , rather than the 
ori ginal report that suggested i t  was useful as a "fi n i sh i ng" 
techni que for another desi gn algori thm. The study also poi nts out some 
problems with H ilbert filters desi gned usi ng McLella n's algori thm. 
These problems were not anticipated and do not appear to have been 
reported i n  the literature. 
C hapter 3 i nvesti gated the i ssues i nvolved i n  generating a non­
li near phase filter. Here , three important results are achieved. F i rst , 
an exami nation of the requ ired i mpulse response length showed that i n  
pri nciple , longer i mpulse respo nse lengths are requ ired i n  the 
presence of a non- linear phase. At the same time , 
demonstrated that the desired ph ase response w as a 
influence on the amount of extension actually required. 
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it was also 
signific a nt 
Se condly, this c hapter considers an extension of A l g a  z i ' s 
iterative procedure to the non-linear phase case. It was demonstrated 
that this method was very suitable and offered maj or advanta ges in 
speed and simplicity over traditional methods such as Cuthbert ' s . The 
one sa crifice was that , in general, Alga zi' s method had a poorer 
stopband performance than virtually every other algorithm used. 
The third important result stems from the disc ussion on the 
spe c i fic  random phase filters required for the wor k on ph ase  
randomisation of spee ch. This is that c lear demonstration of  the  
effect of a highly non-linear phase involving discontinuities has on 
the required impulse response length and the resultin g ma gnitude 
response. Such a result might be considered trivial be cause i t  can be 
easily j ustified using the duali ty of the Fourier transform. Howe ver , 
the result is not necessarily intuitively obv ious to those either new 
to the subj ect , or unpra cticed in the application of Fourier theory. 
An indirect outcome of the investigation on FIR filters is the 
development of an integrated software pac ka ge that implements fi ve 
line ar ph ase de sign al gorithms and two non-linear phase design 
algorithms. 
The second princ ipal investigation is reported in chapter 5. The 
interest here is first , to see if a worthwile reduction in Pe a k  Fa ctor 
can be achieved more easily. Secondly , what are the differences - both 
obje ctive and a coustical- in the phase randomised speech, both between 
original and randomised spee ch and male versus female. This study 
gives four important dire ct results. First, the FIR filter method is 
f eas i bl e and its performance , at 1 east for one word studied , is better 
than David ' s  original method because peak  fa ctor reduction is a chie ved 
in utterances that are normally considered as unvoiced and therefore 
lac king a periodic structure. 
Secondly , the study postulates , in the absence of any known method 
of analytic solution , an irreducible minimum peak  fa ctor that will , in 
practice never be achieved by a real signal compos.ed of more than one 
harmonic. At the same time it is shown that the peak  fa ctor red u ction 
is consistent for both males and females with relatively modest 
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reductions  for mal e s peech but much l es s  f or f emal e s pe e ch . 
Thi rdl y ,  the anal yt i c  zer o des cr i pt i o n  of the s pe e ch s i gn al al l ows 
an un usual i n s i ght i nto  char a ct e ri s t i cs of s pe e c h  t h at otherwi s e  l a c k 
an a d e qua t e  means of expl anat i on .  In  pa r t i cul ar , an expl an at i on i s  
af for ded as t o  wh y f emal e s peech i s  wi d e l y  r e gar d e d  as s o un d i n g  
" sm o o t he r " . T h e  wor k here  sugges ts  tha t the smootheness of f emal e 
s peech i s  d ue t o  a n a t ur al l y  mor e e v en di s t ri but i o n  of anal y t i c  z e r o s . 
T h i s m o r e e v e n  di stri bu t i o n t r ansl ates to a natur a l l y  mor e r an dom 
r el a t i o nshi p between the harmo n i c  phas es . 
F i nal l y , phas e ran dom i sat i on of speech i s  shown to  have a m ar ked 
effect on  the pr o bab i l i t y  dens i t y  f unc t i o n  of mal e s pe e c h b u t  n o t  
femal e s peech . For mal e s pe e ch , a no t i ce abl e as ymmet ry i n  the or i gi nal 
i s  l ar gel y el i mi n at e d  by  the phase r an d omi sation . In co n t r as t , t h e  
d i s t r i bu t i o n for f emal e s peech i s  na t ur al l y  symme t r i ca l . Thus , the 
phase r an d omi s a t i o n  w i l l  i n  s ome cases onl y make mat t e r s  w o r s e  b y  
u p s e t t i n g t h i s na t ur al symmet r y .  Th i s  d i f ferent beha ·1i our hel p s to 
expl ai n t he d i f f er en c e  i n  peak fa ct or reduction  be t w e e n  m a l es an d 
f emal es . 
T h e  t h i r d  a n d  f i n a l  i n v e s t i ga t i o n an d e x p e r i m e n t a l  wor k i s  
doc um e n t e d  i n  Chapt er 6 .  T h i s i n v es ti g a t i o n  r el at e s  t o  m e t ho d s o f  
a c h i ev i ng b i t-rat e r educ t i on i n  s pe e ch cod i ng .  A r ad i ca l l y  d i f f er en t  
approach t o  t h e  basi c re qu i r ement o f  harmo ni c ban dwi dth com pr es s i o n  
a n d  e xpans i on of the s pe e ch s i gn a l  by the appl i ca t i on o f  a l i n e ar 
p h as e F I R  f i l t e r  i s  d e s c r i b e d . A l t ho u g h  t h e  e x p e r i m e n t s  a r e 
i n com pl ete , us i ng s i n gl e s i nusoi ds , and one exampl e of s pe e ch , the 
basi c i dea and method was s hown t o  be val i d . One of the a t t r a c t i v e  
as pe c t s  of th i s  metho d  i s  that , wi th the s i ngl e exc e p t i on of Mal ah ' s 
t i me d omai n harmo n i c scal i ng approach , i t  of f e rs co ns i d er a bl e sav i n gs , 
bo t h  co m pu t a t i o n a l l y  a n d  pr a c t i c a l l y ,  o v e r  an y o t h e r  m e t hod of 
fre quen c y  di vi sion  an d e x pans i on d es cri bed in the l i t er a t ur e . 
7 .  2 FUT UR E WOR K  
I n  cha p t er 2 ,  t h e  repor t ed pro bl em o f  McLel l an ' s  al gor i t hm when 
d e s i g n i n g  H i l b e r t  f i l t e r s  r e q u i r e s i n v e s t i g a t i o n . S u c h  a n  
i n v e s t i ga t i on wo ul d be l argl ey mat hemat i ca l  i n  nat ur e . The princi pal 
ques t i o ns are ( a ) :  is the pro bl em a s o ftwar e one ( co d i n g  err o r s  of t h e  
a l gor i t hm ) or ( b ) :  i s  the probl em f undamen t al to the al go r i thm an d i t s 
un derl y i n g  m at h ema ti cal basi s ? .  
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A l s o  i n  chapter 2 an d agai n l ar gel y mathema t i c a l  i n  n at ur e , t he 
o r i g i n a l  wor k o f  A l ga z i  and Suk  n eeds to be r e- as s es s e d  car e f ul l y  w i th 
r es pe ct t o  the i t er a t i ve al go r i thm that t he y  develop . Thi s i s  be cause 
the i m p l i c a t i o n of the  o r i g i n a l  wor k was that the t ra d i t i onal l y  
d i f f i c ul t  pro bl em of e xtra c t i ng pro gr es s i ve l y hi gher or d e r  p r o l a t e  
s ph e r o i da l s e quence s  co ul d be avo i de d , but  s t i l l  pr ovi de the s am e  
o p t i mal s ol u t ion . I n  pr a c t i ce , t h e  i t er a t i ve al gor i t hm never a ch i e v e d  
t h e  l e v e l  o f  pe r f or m an ce i mpl i ed . I n  par t i cul ar , f i l t er s  des i gn ed 
us i ng the i t er a t i ve pr o c e d ur e  co n s i s t e n t l y  gave p o or e r  s t o p ban d 
pe r f orman ce than any o t he r  algor i thm t r i ed . 
In chapt er 3 ,  St ei gl i t z ' s  method for d e s i gni ng non-l i n e a r p h a s e  
F I R  f i l t ers  was des cr i bed bu t no t i mpl emen t e d . Thi s was s i mpl y because 
the ori g i n al r e port  s i m pl y  ou t l i n e d t he p r i n c i pl e  of the m e t ho d  and 
gave no us e f u l m a t hemat i ca l  det a i l . In  add i t i on , he not ed that a 
s pe c i al l y  coded ver s i o n  of the s impl e x  al gor i thm w as used . Thus , an y 
other reader wi s h i ng t o  use the ba s i c  approach mus t " r e- i nven t "  the 
underl y i ng m athema t i cal d eta i l  that cons t i t ut es the des i gn al go r i t hm . 
A s  s uc h , the probl em i s  l ar ge l y  mathemat i ca l  i n  natur e  an d r e qu i r es a 
f am i l i a r i t y  w i t h  t h e  t h e o r y a n d  a p p l i c a t i o n  o f  t h e  s i m p l e x  
opt i mi sat i on al gor i thm . 
The wor k on  phas e  r an dom i sat i on of  speech s ugges ted tha t  the l owes t 
pea k f a ct or woul d be a c h i e ve d  when t he zer os of the s pe e c h  
( s i gn a l ) w e r e a l l r e a l  ( i e  ze r o  cr os s i ngs ) .  C l ear e v i den ce of  a 
cert a i n  amount of compl e x  t o  real  zero convers i on was d emons tr a t e d . 
H owever , the bas i c  assumpt i on requ i res val i dat i on .  Also  requ i r e d  i s  
mor e deta i l e d  i nves t i ga t i o n  of the b as i c  anal y t i c  z ero di s t r i bu t i o n  o f  
m al e  an d f emal e s pe e ch befor e  and a f t e r  at t em pt e d  phase  r andom i sat i on .  
Thi s woul d hel p i n  two way s : t o  a ccount f or the d i f feren c es i n  p e a k  
f a c t or r e duc t i o n bet ween mal es and f emal es and hel p po i nt the way t o  
ach i e v i n g  a bet t er pea k  fa ctor reduction . 
F' i n a l l y , t h e  n ew a p p r o a c h  to ach i e v i ng bandw i dth control of a 
per i o d i c s i gn al d es cri be d i n  c hapter 6 i s  wi de o pen . The f un dam ental 
p r o b l em to be over com e has been i dent i f i e d and a po ss i bl e  means of 
s ol u t ion pro posed . I n  addi tion , cons i der a t i o n  m us t  be gi v en to t w o  
d i s t i nct t ypes o f  e xc i tat i o n t ha t  un der l y  s pe e ch : the vo i ce d segmen t s  
a r e  bas i ca l l y  pe r i o d i c .  However , the un voi ce d segmen ts are noi s e-l i k e .  
W ha t  i s  the  b e h a v i our of the ( un ) wra p p i ng pr ocedur e wi th a no i se 
sour ce appl i e d? 
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APPEN DIX 1 
THE COMPUTATIONA L AS PECTS RELATE D TO  I MP LEMENT ING  CUTHBE RT ' S  
PROCEDURE .  
The  OFT of the impuls e  r es po nse  h ( n )  i s  
N- 1 
H ( w )  2 L h (n ) e
- j wTn 
n =O 
2 0 1  
A 1 • 1 
I f  the i m pulse  res ponse i s  repres en t ed by t wo s ymmetr i c sets  a ( n ) and  
b ( n )  that poss ess  even and odd  s ymmetr y  r es pect i vely , then : 
I :  For N EV EN : 
h ( n )  a (n )  + b ( n ) , 
h ( N- 1 -n )  a (n )  - b ( n ) , 
n = o ,  . . .  , ( N/2 ) - 1  
Subs t i tut i ng A l . 2  i n  A l . 1  g i ves 
H ( w ) = 
N /2- 1  . T 
L [ a ( n ) +b (n )
]
e-J w n 
N /2- 1 . 
+ L [ a ( n ) -b ( n )  
]
e-J wT ( N- 1 - n )  
n=O n=O 
N 12 - l  . T . T ( N 1 ) 
L a (n ) [ e
-J w n + e-J w 
- - n  
] n =O 
N/2 - 1  . 
+ L b (n ) [ e
- JwTn + e - j wT ( N - 1 - n ) ] 
n=O 
Not i ng that 
-j wT n  - j wT ( N- 1 - n )  - j wT ( N- 1 ) /2 ( - j wT [ n- ( N- 1 ) /2 ]  e + e  = e  e 
+ e - j wT[ n- ( N- 1 ) /2 ] ) 
and s i mi l arl y f or the second t e rm ,  then A l . 3  be comes 
. T( N 1 ) /2 { N /2- 1 H ( w )  = e-J w - I 2a ( n ) cos ( wT [ n- ( N- 1 ) / 2 ] ) 
n 20 
N /2- 1 
} 
- j L 2b ( n ) s i n ( wT [ n- ( N- 1 ) /2 ] )  
n =O 
D ef i n e  the d es ired  fre quenc y r es ponse as 
D ( w )  2 R ( w )  + j Q ( w ) 
then use an  opt i mi sation  proced ur e  t o  mi ni mi s e  the o bj e c ti ve 
f un ct i on 
A l . 2 
A l . 3  
A l . 1 
A l  . 5 
s "' 
M 
I r 2 ( k ) "' 
k -0 
M 
I [ D ( w ) -H ( w ) ] 2 w 2 ( w )  
k •O 
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Al . 6 
w he r e  W ( w )  i s  a non- negat i ve ,  e ve n  wei ght i ng f unct i on .  Then , u s i ng 
A 1 . 4 , A l . 5  i n  A1 . 6 ,  t he proced ur e  i s  t o  s e par a t e l y o p t i mise 





N /2 - 1 
I I 2a ( n ) co s ( wkT [ n- ( N- 1 ) / 2 ] )  -k =-0 n•O 
M 
{
N /2 - 1  
1 
I I -2 b ( n ) s i n ( wkT [ n- ( N- 1 ) / 2 ] )  - Q ( w )  
2W 2 ( w )  
k =O n=O 
Al . 7a  
Al . 7b  
The i nde x k corr es ponds to  the k ' th f r e quency at wh i ch the  er r or i s  
c om p ut e d . k = O i m pl i es the DC fr e quenc y w =-0 .  The fre quency v ari a bl e  w k 
i s  i n  p r a c t i c e d i s c r e t e . G i v e n  t h e  s y m m e t r y  c o n d i t i o ns o f  t h e  
s e qu e n c e s  a ( n ) and  b ( n )  and cons e quent l y  the i r  f r e quency r es po ns es 
Ha ( w )  an d Hb ( w ) , o nl y  t he fr e quen c i es i n  t h e  f i rs t hal f  ny qui s t  
i nt erval O < w< 2 1rfs/2 n eed to  be co ns i dered , whe r e  F s  i s  the s am pl i ng 
fre quency of the s ys t em .  Thus the M + l  fre quency p o i n ts o nl y  n e e d t o  
o c c u py t h i s i nt er va l . The f r e quency i nt er v a l  i s  !:::. f  = Fs/2M an d  thus 
i n  A l . 7 
k = 0 ,  • • •  , M  A l . 8 
The s ubr out i n e VA0 7 A  r e qu i r es the com pu t at i o n of  the J acobi an m at r i x A 
an d the gr a d i ent v e ct o r  V 
M a r  ( k ) a r ( k ) A (  i , j ) "' I - --
k -0 a x ( i ) · a x ( j ) 
i , j = 0 ,  . . •  , ( N /2 ) - 1  
M 
( k ) a r ( k ) V ( i )  m I 
k -0 
r a x  ( i )  i • 0 ,  . . .  , ( N/2 ) - 1 
wher e x i s  e i ther a or b f r om A l  . 7 . U si ng A l  . 6 ,  Al . 7 , Al . 8  and 
re cogni s i n g that W 2 ( w k ) i s  s i m p l y  a num ber (a  cons t ant ) ,  then 
ar ( k )  
aa ( n )  
n=O , • • .  ( N /2 ) - 1  
A1 . 9 
Al . 1 0  
A 1 . 1 1 a 
A l . l l b 
T he or der of the probl em to be s o l ved  i n  Al . 7 ,  A l . 9 , A1 . 1 0 i s  
2 0 3  
contr ol l ed b y  M an d N a n d  w i l l  have a d i re ct bearing  o n  the amo u n t  o f  
computer t i me requ i red f or each com ponent  s ol ut i on .  
I I : For N ODD 
For thi s cas e , the e qu i val ent  equat i ons to A 1  . 2  and A1 . 4  are 
h (n )  = a (n )  + b ( n ) , n =O ,  • • .  , ( N -3 ) /2 
h ( N - 1 - n )  a ( n )  - b ( n ) ,  n=O , . . .  , ( N -3 ) /2 
where  the term h ( N;
l




) =0 .  
H ence , 
( ) 
{ 
N - l  ( N -3 ) /2 H ( W ) = e-j w T N - 1 /2 ( ) ' 2 ( ) ( T [ ( N 1 ) / 2 ] ) a 2 
+ L a n cos w n- -
n=O 
( N -3 ) /2 
1 
- j l 2b ( n ) s i n ( wT[ n- ( N- 1 ) /2 ] )  
n =O 
A1 . 1 2  
A 1 . 1 3  
I n  th is  c ase , ther e i s  an extra  t erm a ( N;
l ) i n  A 1 . 1 3 compar ed  wi th 
A 1 . 4 .  To make A 1 . 1 3  col l apse  t o  two  t e rms so  that t he same al gor i t hm 
can be used , de f i ne 
2a ( n ) 
then A 1 . 1 3  be comes 
H ( w )  = e -j wT(
N - 1 ) /2 
c ( n )  n=O , . . .  , ( N -3 ) /2 
[ 
( N - 1 ) /2 
I c ( n ) cos ( wT [ n- ( N- 1 ) /2 ] )  
n =O 
( N -3 ) /2 
} 
- j I 2b ( n ) s i n ( wT [ n- ( N - 1 ) /2 ] )  
n =O 
A1 . 1 4  
A 1 • 1 5  
N ow the i dent i cal proce dure used i n  the N even cas e  can be f ol l owed  
and e qui val ent e quat ions t o  A 1 . 7 , A 1 . 9 ,  A 1 . 1 0  de vel o pe d . Howe ver , i n  
th i s  ca s e ,  each com ponent sol ut i on i s  retur ned i n  c ( n )  and b ( n ) .  The 
extr a s tep  re quired to produ ce h ( n )  i s  
h ( n )  + b ( n )  , 
h ( N- 1 -n ) = c ( n )  - b ( n )  , 2 
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n=O ,  . . .  , ( N-3 ) /2 
A l . 1 6  
n=O , . . .  , ( N-3 ) /2 .  
In perf ormi ng t he opt i mi sat i on o n  the com ponents  of A l  . 7 ,  reca l l  that 
the fre quency r es po nse  Hb ( w )  of an o dd symmet ri c se quen ce b ( n )  m us t  be 
z e r o  at  w =O .  Thus , the order of the opt i mi sat i on procedur e  for A 1 . 7b ,  
A l . 9  an d A l . 1 0  can be reduced to k = 1 ,  • • .  , M .  However , for s om e  r e as o n  
that  was never pr operly es tabl i she d ,  the Harwell rout i ne VA0 7 A  woul d 
not behave when t h i s  reduction was at tempted . 
SUB ROUT INE CUT HB E RT 
For t he s a k e  of  com pl et en es s , t h e  s o ur ce  code  de velope d  t o  
impl ement the procedure des cri bed above i s  pr esented  i n  C hap t e r  6 .  
T he ac t ua l  o p t i mi s at i o n  code rout i ne VA0 7 A  i s  an Harwell L i brary 
Subroutine an d is s pe c i f i cal l y  des i gned to  sol ve the probl em of A l  . 6  
[ Fl etcher , 1 97 1  ] .  
I n  sect i on 3 . 2  when descr i b i ng C uthbert ' s  appr oach , i t  was poi nt ed 
out that he foun d that by performi ng  a second o p t i mi sa t ion  r u n  o n  e a c h  
c o m p o n e n t  o v e r  t he s t o p b a n d  s pe c i f i ca t i o n o nl y ,  s om e  f ur t he r  
improvement was o b t a i n e d . T h e  code  b e l ow pr o v i d es a n  o p t i o n  t o  
i mpl emen t  thi s f eature  i f  des i red . 
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APPEN DIX 2 
DE RIVATION OF THE E QUATION DESCR I B IN G  THE I MP ULS E RESPONS E OF A F I R  
F I LTER WITH A S INE P HASE DEV IATION .  
Gi ven the causal l owpass f i l ter frequency s pe c i f i cat i on ( chap t er 3 ,  
F i g . 3 . 1 )  
and 
A ( w ) = { 
1 . 0 
0 . 0  
, 0 � w :£ w 
h . C ot  erw1 se 
b 
. 
( 2 nw ) - s i n  - , W o 
W o � W S W  C 
H ( w ) then , 
h ( t )  = 1 J
n 
H ( w ) e j w t dw 
TI 0 
A2 . 1 a 
A2 . 1 b 
S i nce h ( t ) i s  real , t he qua dr at ur e t erms i n  j s i n  i n  A2 . 2 vani sh , and 
h ( t )  w -w C o 
J






- j ( w t -bsi n
2 nw
) e O W o 
U s i n g  1 = ( t- t
0
) ,  the f i rs t  i ntegral i n  ( A2 . 3 )  has sol u t i on 
h 1 ( t ) = ( 
1 
) ( s i n ( 1 w ) - s i n ( 1w 0 ) )  W - w 0 1 C C 
C ons i der i ng the second i nt egr al , re- arrange to  
wher e M ( w )  2 j
bsin ( � )  e w 0 
j wt d e w 
( A2 . 3 ) 
A2 . 4  
A2. 5 
�e ( w ) i s  per i od i c  i n  w 0 •  Thus �e ( w ) can be e xpanded i n  a Four i er 
s eri es i n  the . i n t erval ( - w 0 / 2 , w 0 / 2 ) .  Hen ce 
M ( w )  • L A2 . 6 
n� -co 
r






ej (bs i n ( 2 ,rw/ w 0 ) W o 
-w 0 /2 
Subs t i t u t i ng x � 2nw/w 0 , then 
1 f ,r j (bs i n ( x ) a = - e n 2 ,r  
-,r  
- nx ) dx 
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dw 
- j 2nnw/w 0 ) dw A2 . 7 
A2 . 8 
I t  i s  well known that the integral i n  A2 .8 e qual s  the Bes sel funct i on 
J (b ) of the f irst kind . Thus a = J (b ) . Hence , substituti ng for a 
n n n n 
i n  A2 . 6  and then  A2 . 6  i n  A2 . 5  
r 
co 
h 2 ( t )  
o
e j w 1  l J (b ) W o n n = -co 
co 
r l J ( b )  o ej 
( 1 
W o n n= -CO 
co 
n= -co 
whence , usi ng A2 . 4  an d A2 . 9 :  
e j ( 2n nw/ w 0 ) 
2nn ) + -- w 
w 0 dw 
dw 
A2 . 9 
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APPENDIX 3 
DERI V AT ION OF THE EQUATION DESCRI B IN G  THE IMP ULSE RESP ONS E OF A F I R  
F I LTER WITH A SQUA RE WAVE  P HASE D EV IAT I ON .  
G i ven the causal l owpass  f i l t er frequency s pe c i f i ca t i on ( chapt er 
3 , F i g . 3 . 3 )  
and 
A ( w )  = 
ST C w )  
H ( w )  
(
1 . 0 
0 . 0 
{ wt , 
= wt 0 
wt 0 
, 0 :;; w :;; w 
otherwi se c 
+ b , 0 
- b w /2 , 
C 
A ( w ) e-j eT ( w ) , then 
� w � 
< w $ 
h ( t ) 1 j 1T H (w ) e j wt dw 1T 0 
2 jw / 2-j [w t 0 +b ] j wt d e e w 
C o 




jwc - j [w t 0 -b ] j w t e e w 
C w / 2 
C 
S ince h ( t ) i s  real , the qua dr at ur e  tenns i n  j si n i n  A3 . 2  vani sh . 
Expandi ng the cos i ne terms wi th 1 = ( t - t 0 ) and i nt egr at i ng 




cos bs i n ( wc1 /2 )  + s i nb ( co s ( wc1/2 ) - 1 ) 
cos b ( s i n ( w  1 )  - si n (w 1 /2 ) ) C C 
s i nb ( cosw 1 )  - cos ( w  1 /2 ) )  
C C 
C ol l e c t i n g  t erms , 
h ( t )  = 
2 cos b  s i n (w 1 )  + s i n b ( 2cos ( w  1 /2 )  - cos ( w  1 )  - 1 ) C C C 
A3 . 1 a 
A3 . 1 b 
dw 
( A3 .  2 ) 
A3 . 3  
A3 . 4  
U s i ng the tri go nom et ri c i dent i ty cos 2e = 1 -2 s i n 2 e , af t er som e  ar i thmet i c ,  
s in ( w  1 )  
h ( t )  a 2 cos b C + s inb ( we 1 
A3 . 5  
wher e the presentat i on of equa t i on A3 . 5  has been de l i berat ely chosen 
t o  emphas i s e  t he s inx/ x  func t ions . 
APPENDIX 4 
DERIVAT ION OF THE E QUATION DES CR I B IN G  THE I MP ULS E RESPONS E OF A 
PROT OT YPE LOWPASS F I LTER WITH A CONSTA NT P HASE DEV IAT I ON .  
G iven t he causal l owpass  f i l ter frequency s pe c i f i ca t i on :  
0 
A ( w ) 
er ( w ) 
and H ( w ) 
Then , 
h ( t ) p 
{ 1 . 0 ' 0 ;;;; w :;a t-.w  0 . 0  otherwi se 
{ wt 0 
+ b ,  0 :;a w 





A (w ) e  -j er ( w ) 









A4 . 1 a 
A4 . 1 b 
A 4 . 2  
S ince h ( t ) i s  real , the qua dr at ure t erms i n  A4 . 2  vani sh and us i ng p 
p ( t- t 0 ) 




cos ( w ,- b )  dw p ti.w 
-1- ( s i n ( t-.w , - b )  - s i n b )  ti.wT 
-1- ( cosbs i n ( t-.w, ) - s i nb [ l -cos ( t-.w , ) J )  t-.w,  A4 . 3  
Using the relat i on cos2� = 1 -2s i n 2 � i n  A4 . 3 , af t er s ome ar i thmet i c ,  
h ( t ) = ( ti.w, + b ) si n(t-.w, / 2) p cos 2 t-. w , /2 
A4 . 4  
The arr angement of the resul t i n  A4 . 4  has been used de l i berat el y t o 
emphas i se the s inx/ x funct ion . 
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APPENDIX 5 . 0  
3 -S INUSOID  EXAMP LE : ES TABL IS H IN G A SET OF HAR MONI C  P HAS ES OF A 
S I GNAL THAT HAS ITS ANA LYT IC Z E ROS EVENL Y DISTRIBUTED I N  T I ME .  
I n  se ction 5 .  4 .  1 ,  a s ol ut i o n  t o  t he quadr a ti c  e quation  
C 1 + C 2 X + C 3 X 2 = 0 ( A5 . 1 )  
wi th C 1 "' 0 . 6  I -,r /2 
C 2  
= 1 . 0 I -,r /2 
C 3 = 0 . 8  I -,r /2 
whe r e  I C = Arg ( c )  
i s  r e qu i r e d . Su bs e qu e n t  a p p l i ca t i on of equa t i on ( 4 .  1 6 )  g i ves the 
anal y t i c  zeros 
( A5 . 2a ) 
( A5 . 2b )  
I t  i s  sugges ted  that the ' k be even l y  s paced i n  the per i od T
=2 ir /n .  
I gnor i ng the scal i ng 1 /n t erms , s uch an equ i di stant spacing for t hi s  
qua dr a t i c  ( t wo zeros ) re qui r es 
< 2  - ' 1  = 1T 
or t an ( , 2 ) - t an ( , 1 ) = 0 
Repres en t i ng the sol ut i on t o  equat i on ( A5 . 1 )  as 
xk "' x r k  + j x qk 
( A5 . 3a ) 
( A5 . 3b )  
( A5 . 4 )  
a n d  t h e n  us i n g e qu a t i o n ( A5 . 4 ) a n d  ( A5 . 2 b )  i n  ( A5 . 3b )  r e qu i res 
xg2 � 
X r 2  X r l  
The solut i on to 






equa t i on ( A5 . 1 ) i s  
_1_/( C 2 2C 3 2 
-
f-/c 4c 1 C 3 C 3 
4 c 1 c 3 ) 
- c � ) 
( A5 . 5 )  
( A5 . 6 )  
From equa t i on ( A5 . 6 ) , i t  i s  appa r en t  that xr l
"' x r2 . Thus , equa t i on 
(A5 . 5 )  col lapses to 
X - X = 0 q2  q l  
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( A5. 7 )  
Simi larly from equation (A5 . 6 ) , xq2 = -xq l , so the only way to sati sy 
equation ( A5 . 7 ) is for xqk = 0 ,  k • l , 2 . 
Thus , for th i s  general quadrati c  exampl e ,  equ id i stant spac i ng of the 
anal ytic zeros req uires that the real si gnal ( from which the 
polynomial of equati on (A5.1) is  deri ved ) possess only real zeros - i e  
zero crossings. Hence 
( A5. 8 )  
and expand i ng this  equation i n  terms of magni tude and angle gives 
( A5 . 9 )  
Clearly , the val ues of ck i n  equation ( A5. 1 )  do not sati sfy equati on 
(A5.9 ) .  Furthermore , g iven that mod i f icat ion of j ck l i s  prohi b i ted , 
there are a denumerable number of combi nat ions of Arg (c k ) that wi  1 1  
sat i sfy equati on ( A5 . 9 ) . Wri ti ng 
C 1 a+ jb 0 -j 0 . 6  
C 2 = c +  j d  0 -j 1. 0 ( A5. 1 0 )  
C 3 e+ j f = 0-j 0 . 8 
equati on ( A5. 8 )  becomes 
4 [ ae-bf + j (be+af ) ] = c 2 -d 2 + j 2cd ( A5. 1 1  ) 
Choosi ng one partic ul ar sol ution at random :  retain c 2 , c 3 and modify c 1 • 
Equati ng real and i magi nary parts of equat ion (A5.11) gives 
4 (ae-bf) = c 2 -d 2 
or -4 b ' ( O .  8 )  = - ( 1 • 0 )  
so 
and 
b' = 0.3125 
be-af 2cd = 0 because a=c =e=O 
Mod i ficati on of j c
1 
I is prohibited , so 
whi eh gives 
Arg (c
1
) tan- 1 ( �:J� �; J = 0.8642 rad ians. 
( A5. 1 2a ) 
( A5 . 1 2b ) 
( A5. 1 3 )  
( A5. 1 4 )  
The f i nal step i s  to compute 8 1 required by equation (5 . 9 )  of sect i on 
5 . 4 . 1 .  I n  thi s  section , it was indicated that equation ( 5 . 9 ) appeared 
2 1 1 
as a nega t i ve s i ne ser i es i n  the FFT wh i ch r es ul ts i n  -n /2 as the 
r es ul t for Arg ( c k ) .  Hence , adding bac k thi s n / 2  t o  the r esul t of 
e quat ion ( A5 . 1 4 ) g i ves 
6 1 2 0 . 862 +n /2 = 2 . 1 1 86 rad i ans . 
2 1 2 
APPEN DIX 6 
VAX FORTRAN subroutin es that impl ement some of the design algorithms 
discussed in chapters 2 and 3. The subroutines included here are 
SUBROUT INE DOLP CH EB 
SUBROUTINE KAISER 
SUBROUT INE CUTHBERT 
SUBROUTINE ALGAZ I 
SUBROUT I NE EVEN 
The subroutine EVEN is referenced by the four preceding modules. 
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S UBROUT I NE DOLPHCHEB 
R . D . C .  Stephen 
Dept . of El ectri cal and E l e ctroni c Engineering  
Uni vers i ty of Canterbur y ,  Pri vat e  Ba g ,  New Zea l and . 
LANGUAGE : VAX FORT RAN , Ver s i on 4 . 3  
not e : Va x fortran i s  a s u perset of FORTRAN-77 
USAGE : CALL  DOLPHCHEB ( X , Y , NFFT , ALP HA , HI MP , TEMP ) 
PARAMETERS : 
X , Y  REAL*4 arr ays of d imens i on NFFT used  wi th the FFT 
routine . 
NFFT INTEGE R*4 . Length of ar rays and used by FFT rout i ne .  
ALPHA REAL*4 par ameter for ca l cul at ing the frequency 
r es po nse  of the Dol ph-Chebyshe v  window . 
H I�P INTEGE R*4  i s  the requ i red number of impul se 
r es po nse co eff i c i ents  of the f il t er . 
TEMP REAL*4 array of d imens i on NFFT used for tempor ar y 
s t ora ge . 
C DATA FORMAT : 
C 
C The fol l ow i ng comments  ar e based  on the use of the FFT842  rout i ne :  
C 
C The rout i ne i s  bas ed on the da ta  arr angement that i gnores the 
C l inear phas e  term . That i s , the routine  e x pe cts the + ve 
C fre quen c i es i n  the l ower 1 - NFFT/2 + 1  poi nts and the - ve 
C fre quenc i es i n  the u p pe r  NFFT /2 +2 - NFFT po ints  i n  the arr ay X .  
C On exi t ,  the l ower hal f  of the i mpul se respons e  res i des i n  the 
C NFFT/2 +2 - NFFT poin ts an d the upper half of the impulse r es po nse 
C in the 1 - NFFT /2 + 1  p o i nt s . 
C 
C DESCR I PTION : 
C 
C On en try to  the rout i ne , the '' des i r ed" frequency response ( the 
C model ) i s  hel d i n  the X , Y ar rays . The routine  does an i nverse F FT ,  
C truncates the impul se response t o  H I MP and s tores i t  temporar i l y  i n  
C TEMP . Then the fre quenc y r es ponse of the Dol ph-Chebyshev window 
C corres pondi ng to  a parameter val ue A LP HA and ( t i me )  s equence l ength 
C HI MP i s  computed , loaded in X an d another i nverse F FT performed to 
C generate the wi ndow coeff i c i ent s . The i mpulse  res ponse coeff i c i ents  
C i n  TEMP ar e then mul t i p l i e d  int o  the  window coeff i c i ents in  X ,  Y i s  
C se t zero an d the rout i ne returns wi th the resul t i n  X .  
C 
C Not e :  in s i tua t i ons requ i r i ng onl y l i near phase f i l ters , th i s  
C routine contains red undan t i nforma t ion . In  pra ct i ce the FFT 
C rout i ne FTT8 42  shoul d be repl aced by one us ing onl y real da ta  
C wi th the +ve hal f of the fre quenc y d oma i n  i nformation . In  
C thi s cas e ,  the array TEMP i s  not re qu i red , X ,  Y and NFFT can 
C be reduce d t o  NFFT /2  i n  l ength , wi th Y used as the t emporar y  
C storge . U se of the s ymmetry property  on  the res ul t compl etes 
C the requi re d impuls e  r es po nse . 
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C 
C SUBROUTINES REFERENCED: 
C 




SUBROUT I NE DOLPHCHEB (X , Y , NFFT , ALPHA , H I MP , TEMP) 
PARAMETER P I=3 . 1415926 
INTEGER NFFT, H I MP 
INTEGER I ,  J ,  K 
REAL X (NFFT) , Y (NFFT) , TEMP ( NFFT) , ALPHA 
REAL BETA , DEN ,  FRAC , Z 
C get ideal impul se response , truncate i t  to HIMP and hold i n  TEMP 
C and clear Y array 
C 
CALL FFT842 (1 , NFFT , X , Y) 
K=HI MP /2 
DO I= K+2 , NFFT-K 
X ( I) =0 . 0 
END DO 
DO I= l , NFFT 
TEMP (I) =X (I) 
Y ( I) =O . O  
END DO 
C 
C compute +ve hal f  of frequency response of Dol ph-Chebyshev wi ndow 
C and load i n  X .  Mirror i mage for -ve hal f .  Then do IFFT . 
C 
DEN= l  O .  O * *ALPHA 
BETA=COSH ( ALOG (DEN+SQRT (DEN* *2-1. 0)) /FLOAT(HIMP)) 
FRAC=PI /FLOAT( NFFT) 
K= l 
DO I=O , NFFT /2 
Z=BETA*COS( FRAC*FLOAT( I)) 
IF (ABS ( Z) . GE. 1 . 0) THEN 
X ( I+ l ) =COSH( FLOAT(HI MP) *ALOG (Z+SQRT ( Z * *2-1 . 0))) /DEN 
ELSE 
Z l =Z /SQRT (1 . 0-Z * *2) 





DO I= NFFT , NFFT /2 +2 , -1 
X ( I) •X ( J) 
J= J+ l 
! mirror i mage for -ve f ' s 
END DO 
C 
C parseval: normal i se wi ndow power so get uni ty power ga i n  for f i nal 
C sequence 
C 
Z=O . O  
DO I • l  , NFFT 
Z•Z+X ( I )  
END DO 
Z = Z /FLOAT( NFFT) 
DO 1• 1 , NFFT 
X ( I ) -X ( I ) / Z 
EN ODO 
CALL FFT842 ( 1 , NFFT , X , Y )  
C 
C now mul ti pl y  wi ndo w coefficients wi th truncated i mpul se res ponse 
C in TEMP and clear Y .  F i nal resul t l i es i n  X .  
C 
DO I • l  , NFFT 
X ( I ) 2 X ( I ) *TEMP( I )  
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AUTHOR : R .  D .  C .  Stephen 
Dept . of E l ectri cal and El ectroni c Engi neer i ng ,  
Uni vers i t y  of  Canterbury , Chri s tch ur ch 
New Zeal and . 
C LANGUAGE : VAX FORT RAN , Ver s i on 4 . 3 
C 
C USAGE : CALL  KA ISER ( X , Y , NFFT , ATTEN , HI MP )  
C 













X , Y  REAL*4 arrays of d imens i on NFFT used  wi th the F FT 
rout ine . 
NFFT INTERGER*4  d i �ens i on of FFT arrays 
ATTEN REAL*4  requ i red  magn i t ude of the s topband  
at tenuat ion  i n  d B .  ( as a POSITIVE  n um ber ) 
H IMP INTEGE R*4  the requ i red l ength of the i mpul se respons e . 
HI MP < NFFT /2  
C DATA FORMAT : 
C 
C The f ol l ow i ng comments  are based  on the use of  the FFT84 2  rout i ne :  
C 
C The routi ne i s  bas ed on the data  arr angement tha t  i gnores the 
C l in e ar phas e term . That i s , the routine  e xpe c ts the + ve 
C frequenci es i n  the l ower 1 - NFFT /2 + 1  poi nts and the -ve 
C fre quenci es i n  the upper  NFFT /2 +2 - NFFT poin ts i n  the array X .  
C On  exi t ,  the l ower hal f  of the i mpul se res ponse r es i des i n  the 
C NFFT /2 +2 - NFFT points  an d the u p per hal f of the impulse  r es ponse 
C i n  the 1 - NFFT /2 + 1 po i nts . 
C 
C DESCR I PTION : 
C 
C On entry  to  the rout i ne , the " des i r ed"  frequency response ( t he 
C model ) i s  hel d i n  the X , Y  arr ays . The rout ine does an i nver s e  FFT 
C and then truncates the res ul t to H I MP .  The wi ndow co eff i c i ents  ar e 
C computed and mul ti pl i ed i nt o  the truncated impulse  r es ponse . 
C F inal l y  Y i s  set to zero and the rout i ne retur ns wi th the h ( n )  i n  
C X .  The ATTEN parameter i s  that re quired b y  e quation  7 of K a i s er ' s  
C pa per "The I o- si nh wi ndows 
C 
C Not e :  i n  s i tua t i ons requ i r i ng only  l i near phase f i l ters , th i s  
C rout ine  cont a i ns redundant i nf ormat ion . I n  pract i ce the FFT 
C rout i ne FFT8 42  shoul d be repl aced by one us i ng only  real da ta  
C ( X )  wi th the +ve half  of the fre quenc y doma i n  i nformati on 
C onl y .  In thi s cas e , array Y i s  not requ i red  and X and NFFT 
C can be red uced to  NFFT /2 i n  l ength . U s e  of the s ymmetr y 
C propert y  on  the resul t com pl etes the r e qu i red i mpulse  
C r es ponse . 
C 
C SUB ROUT INES REFERENCED :  
C 
C FFT842 - from IEEE Programs for D i gi tal S i gnal P roces s i ng 
C EVEN 
C FUNCTION B IO 
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c- ------ --------------- ----------------------------- ------------------
C 
S UBROUT I NE KA ISER ( X , Y , NFFT , ATTEN , H IMP ) 
PARAMETER P ia3 . 1 4 1 5 926 
INTEGE R  NFFT, HI MP 
INTEGE R  I ,  J ,  K ,  L 
REAL X ( NFFT ) , Y ( NFFT ) , ALP HA , ATTEN 
REAL  BIO , DEN ,  TO P ,  Z 
LOGI CA L* 1 EV 
C if H I MP is even , f i rs t offes t F -domai n da t a  by T/2 
C 
C 
EV= . FALS E .  
ATTEN= ABS ( ATTEN) 
I F ( MOD ( HI MP , 2 ) . EQ . O )  EV= . TRUE . 
IF ( EV )  CA L L  EVEN 
C ge t i deal impulse  res pons e ,  t runca te  i t  to  H IMP 
C 
CALL FFT8 42( 1 , NFFT , X , Y )  
J=HI MP /2 + 1  
K=NFFT+ 1 -J 
I F ( . NOT.  EV )  J= J+ 1  
DO I = J , K  
X ( I ) =O . O 
END DO 
C 
C set up paramet ers for wi ndow and do i t .  Use  equa t i on ( 7 )  from 
C hi s paper . 
C 
I F ( ATTEN . GT . 50 . 0 )  THEN 
ALPHA=( ATTEN-8 . 7 ) *0 . 1 1 02 
ELSE IF ( ATTEN . GT . 21 . 0 ) THEN 
Z =ATTEN-21  . 0  
ALPHA=0 . 5842*Z **0 . 4 +0 . 07886 *Z 
ELSE  
ALPHA =O . 0 
END IF  
J=HI MP /2 
IF ( . NOT . EV )  J=J+ 1 
DEN =BI O  ( A LP HA)  
DO 1= 1  , J  
A INDEX2 FLOAT ( I )  
K= 1 + 1  
L =NFFT+ 1 - I 
I F ( E V )  THEN 
K2 K- 1 
AINDEX 2 AINDEX-0 . 5  
END IF 
TOP 2 ALP HA *SQRT ( 1 . 0 - ( A INDEX/FLOAT ( J ) ) * *2 )  
X ( K ) 2X ( K ) *BIO ( TOP ) / DEN 
X ( L ) 2 X ( L ) *B IO ( TOP ) / DEN 
END DO 
DO I 2 1 ,  NFFT 





c- -------------------------------------------- ----- ----- ------ - - - - - - - -
c REAL FUNCT I ON B IO 
C 
C Thi s fun ct i on rout ine  i s  the subrout i ne due to  Kai ser shown 
C i n  t he tex t  Theor y an d Appli cat i on 
C of D i gi tal S i gnal P roces s i ng by Rabi ner an d Gol d , sect i on 3. 1 4 ,  
C p 1 0 3 . 
C Th is  funct i on computes the besel funct i on of or der zero for 
C values of X fr om 0 . 0  to 20 . 0  incl usi ve 
C 
C Call ed By : KAISER  
C 
C Calls :  noth ing  
C 
C Input : X - the i nput val ue 
c------------ ------ ------------ ------ -------- -------------- -------- ---
REAL FUNCTION BIO ( X )  
C X must be between 0 . 0  and 20 . 0  
Y=X/2 . 0  
T= 1 . OE -08 
E= 1 . 0 
DE=1  . 0 
DO 1 1 = 1  , 25 
DE=DE* Y / FLOA T ( I )  
SDE=DE**2  
E2 E+SD E 
I F (  E*T-SDE ) 1 ,  1 ,  2 
CONT INUE 
2 BIO= E 
END 
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c---- ---- ------------- ------------ - - - - - - - - - - - - - - - - - - --------- - - - - - - - - -
c SUBROUT INE CUTHBERT 
C 
C AUTHOR: R . D .C .  STEPHEN 
C DEPT . OF ELECTRICAL AND ELECTRON IC ENGINE ERING 
C UNIVERSITY OF CANTERBUR Y 
C PRIVATE BAG 
C CHR ISTCHURCH , NEW ZEALAND. 
C 
C DATE: SEPTEMBER 1986 
C 
C LANGUAGE: VAX FORTRAN , VERS ION 4 . 3  
C (note: VAX Fortran is  a superset of FORTRAN-77) 
C 
C DESCR IPTION: 
C Uses Cuthbert ' s  method [Cuthbert , 1974a ; Cuthbert , 1974b ] to 
C compute the i mpulse response of linear or non-linear phase , 
C ordi nary or H ilbert , l owpass and bandpass filters . The method 
C uses a least-mean-square approach with a math ematical opti mi sati on 
C routi ne [ Fletcher , 1971 ]. 
C On entry to the routine , the desired frequency speci ficati on 
C is expected in  X and Y .  Th ese ar e the FFT arrays used i n  th e outer 
C program as the commmon base. Both the real X and quadrature Y 
C components are copied to TEMPR and TEMPQ as temporary storage and 
C for use i n  RES ID. 
C Then Y is zeroed and an i nverse FFT computed to get the 
C starting approximation for the real part of th e i mpulse response . 
C After the real part has been optimised ( the a (n ) ) ,  this  is  held 
C temporarily in TEMPR overwri ting the original data . Then  X is 
C zeroed and the quadrature part of the frequency specification is 
C restored to Y .  An inverse FFT then provides the i nitial 
C approximation for the quadrature opti mi sation part . 
C On completion , the routine exits with the complete impulse 
C response in X wi th Y=O 
C The FFT routine used i s  FFT842 from the I E EE  Programs for 
C D i gital Signal Processi ng package . Thus NFFT must be a power of 2 .  
C 
C USAGE: CALL CUTHBERT (X , Y , TEMPR , TEMPQ , NFFT ,OPTION , JTYPE , FTYP E ,  

























REAL*4 , arrays of dimension NFFT . These ar e the FFT 
arrays of the calling program . On entry , they contai n 
the desi red frequency response . On exi t X contains the 
required i mpulse response and YsO 
R EAL*4 , arrays of di mension NFFT used for temporary 
storage 
INT*4 , dimensi on of X , Y , TEMPQ . Maxi mum value of 1024 
allowed (se e not es below) 
INT*4 , 
OPTION=O gi ves a si ngle pass through the optimisation 
procedure . 
OPTION=1 g i ves a second pass through the opt i misat i on 















=0 or di nar y l inear phas e f i l ter 
� 1  H i l bert  l ine ar phase f i l t er 
2 2 non- l i near phase f i l ter 
I NT* 4 , 
aO l owpass f i l t er 











WE I GHTP : REAL* 4 , i s  the wei ght i ng val ue i n  the de f ined pas s band . 
WE I GHTS : REAL*4 , i s  the wei ght i ng val ue i n  the def i ned stopban d . 
HIMP INT*4 , the requ i r ed l ength of the i mpul se response 
ITE R INT*4 , the number of i t er at i ons of the opt imi sat i on 
al gor ithm t o  perform 
C NOTES : 
C 
C Sec t i on 7 of  the V A07A  cal l i ng document al l ows the rout i ne t o  be 
C a dj usted  to handle  d i ffer ent  or der probl ems (MxN) . The co de here 
C uses a par ameter s tatement  wi th MMAX and NMA X  to s etup  the maxi mum 
C pro bl em s i ze that thi s code can handl e .  I t  i s  presen tly  set to  
C MMAX=5 1 2 ,  NMAX=300 . MMA X  corres ponds to  hal f  the FFT arr ay l engths 
C that are pas sed ( NFFT) . Thus , t he ma x imum FFT arr ay  l ength that can 
C be pas s ed to  thi s  rout i ne i s  2 *MMAX wi thout re-di men s i on i ng MMA X . 
C The s i ngl e par ameter statement d imensions al l the re quired  wor k i ng 
C arrays at the s tart . 
C 
C I f  MMA X ,  NMA X  are al tered , the arr ay de cl arat i ons f or DR  and WE I GHT 
C i n  modul es RES I D  and LSQ mus t  be altered  to match the n ew val ues . 
C 
C I n  or der to  fac i l i tate an i nt egr ated , s i ngl e cal l , the argument cal l i ng 
C l i t  of  V A07 A ,  RES I D  an d LSQ have be en augmented beyond the ori g i nal 
C documentat ion t o  i nc l ude  TEMP R ,  TE MP Q  and NFFT 
C 
C SUB ROUT INES REFE RENCE D :  
C 
C VA07 A - H arwell L i br ar y  rout i ne :  opt imi sat i on co de 
C RES ID  - us er wr i t ten  routine  re quired by VA07A 
C LS Q - user wri tten rout i ne r e qu i r ed by VA0 7 A  
C MA1 0A - Harwel l r o ut i n e ;  cal l ed by V A0 7 A  
C FM02 AS - REAL*8 fun ct i o n ;  Harwel l rout i n e ;  cal l ed by LSQ  
C FFT8 42  - com plex  F FT routin e  fr om I E EE  Progr am s  for D i gi tal 
C S i gnal Proces s i ng 
C 
C WA RN ING :  modul es VA07 A ,  MA 1 0A ,  FM0 2 AS are FORTRAN-IV  standard  
C code . Thes e mod ul es MUST be c om p i led  usi ng the 
C /NOF77 qua l if i er otherwi se the program wi l l  crash when 
C FM02 AS i s  i nvo ked . Other , un e xp l a i ned " funn i es "  also  occur 




FFT8 4 2  i s  al so FORT RAN-IV  standard , but to da te  has 
performe d ok wi th comp i l a t ion us i ng the defaul t / F77 
C 
C modules CUTHBERT , RES ID , LSQ ar e VAX FORTRAN standard 
C and should be compiled using /F77/0PTI MISE qual i f i ers 
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c----------------------------- --------------------- ------- ---------------
C 
S UBROUT I NE C UTHBERT(X , Y , TEMPR , TEMPQ , NFFT, OPTION , JTYPE, FTYPE , 
+ WEIGHTP , WEIGHTS , HI MP , ITER ) 
PARAMETER MMAX2 5 1 2 ,  NMAX2300 , P I 23. 1 4 1 5926 
C 
C local variabl es . 
C 
C 
INTEGER NFFT , JTYPE,  FTYPE,  HI MP , ITER 
REAL X ( NFFT) , Y ( NFFT) , TEMPR ( NFFT) , TEMPQ ( NFFT) , WEI GHTP , 
+ WEIGHTS , WEIGHT ( MMAX ) ,  Z 
I NTEGER I ,  M ,  N 
LOGICAL* 1  ODD 
C var iabl es as soc iat ed wi th VA07 A ( n o t e  X has been changed t o  VEC to  






R( MMAX ) ,  A( NMAX , NMA X ) , SS , TOL 
MS , I PRINT ,  MAXF N ,  MODE, LOOP ,  NF 1 , NF2 , NF3 , NF4 
H2 IMP ,  F2TYPE 
C RES ID an d LSQ ar e the s ubrou t i nes refer enced  in VA07 A argu m ent  l i s t . 
C / USE RA/ shared  wi th modul e  LSQ 
C /USERS / shar ed wi th module  RES ID 
C /OPT/ an d /VA07C/ ar e shar ed wi th mod ule  TOEPL ITZ t o  save  s pac e 
C 
C 
COMMON/VA07B/S ( NMAX ) 
COMMON/VA07 C/T( NMAX ) 
COMMON/VA07D/ U ( NMA X )  
COMMON/VA07E / V( NMAX ) 
COMMON/VA07 F/W (MMAX ) 
COMMON/OPT/ VEC ( NMAX ) ,  D ( NMAX ) ,  EPS ( NMA X )  
COMMON/ USERA/ DR (MMAX , NMAX )  
COMMON/USERS / F INCH , LOOP , WEIGHT , ODD , H2 IMP ,  F2TYPE ,  
+ NF1 , NF2 , NF3 ,  NF4 
EXTERNAL RES ID , LSQ 
H2 IMP=HIMP 
F2TYP E= FTYP E 
C 
C fi rs t  check that NFFT and H I MP ar e not too bi g 
C 
I F ( NFFT/2 . GT . MMAX )  THEN 
WRITE(6 , ' ( X , A56 ) ' )  ' ERROR: NUMBER OF INTERPOLATING FREQUENCIES 
+ IS  TOO LARGE ' 
WRITE(6 , ' ( X , A4 1 ) ' )  ' ( NFFT MUST BE LESS THA N OR EQUAL TO 1 02 4 ) ' 
RETURN 
END IF 
IF ( HIMP . GT . NMAX ) THEN 
WRITE(6 , ' ( X , A60 ) ' )  ' ERROR : NUMBER OF IMP ULSE RESPONSE COEFFICIENTS 
+ IS TOO LARGE ' 




ODD= . FA LS E .  
IF ( MOD ( HI MP , 2 ) . NE . O ) ODD= . TRUE . 




I P RINT= - 1  
I PR INT"'O 
N= HI MP /2 
! show res ul ts every i terat i on and exc l ude R ( )  
! do n ' t show r es ul ts 
I F ( OD D )  N= N+ 1  
M= NFFT /2 
FINCR = P I/FLOAT ( M- 1 ) 
MAXFN= ITE R + 1  
t-ODE= 1  
! al gori thm i s  be t ter behaved wi th thi s opt ion  
C 
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C ini t i al i se A ( i , j ) ,  and co py fre quency domai n spe c  to TEMP R an d TEMP Q  
C 
DO J = 1  , N  
DO I = 1  , N  
A ( I , J )  =0 . 0 
END DO 
END DO 
DO 1 = 1  , NFFT 
TEMP R (  I )  =X ( I )  
TEMPQ ( I )  = Y (  I )  
END DO 
C 
C now set  requ i r ed tol erance on accur acy of sol ut i on VEC ar bi trar i l y  t o  be 
C 1 . O E -6 
C 
DO I = 1  , N 
EPS (  I )  = 1 . O E-6 
END DO 
C 
C load WE I GHT array t empl ate and hence setup passband de l i mi ter 
C indi ces NF 1 , NF2 .  These ar e used in mod ul e RES ID  
C 
DO I = 1  , M 
Z =SQRT ( X ( I ) * *2 +Y ( I ) **2 ) 
I F ( Z . GT. 0 . 0 ) THEN 
WE IGHT ( I )  =WE IGHTP 
E LSE  
WE  I GHT ( I ) = WE I GHT S 
END  IF 
END DO 
J= 1  
K= 1 
Z=WE IGHT P 
IF ( FT YP E . EQ . 1 )  THEN 
K,. K+ 1  
Z =WE I CHTS 
END IF 
DO 1 = 1  , K  
DO WH I LE ( WE I GHT ( J ) . EQ . Z ) ! stopband of bandpass or pass band of l owpass  
J•J+ 1  
END  DO 
IF ( I . EQ . 1 )  NFl •J- 1  
IF ( I . EQ . 2 ) NF3 •J- 1  
IF ( Z . EQ . WE I GHTP )  THEN  ! next fre quency i nt erval 
Z • WEI GHTS 
E LS E  
Z •WE I GHT P 
END I F  
IF ( I .  EQ . 1 )  NF2 =J 
IF ( I . EQ . 2 )  NF4 •J  
END  DO 
C 
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C now setup ind i ces needed for L OOP= 1 , 2  for or d i nar y  l i near or non­
e l inear phase , or for LOOP =- 3 , 4  for H il be r t  l ine ar or no n-l inear 
C phas e f i l ters . M i s the number of frequency harmoni cs ( i e  the 
C . or der of the approx imat ion probl em ) passed  to VA07A  for the  f i rst 
C pass  ( LOOP = 1 or 3 ) . MS is  the or der of the approxi mat i on probl em 
C for the s top band only pass if  re qu es ted ( LOOP = 2 or 4 )  
C 
I F ( OPTION . EQ . 1 )  THEN 
IF ( FT YP E . EQ . O ) THEN 
MS= NFFT /2-NF2+ 1  
E LSE 
MS= NF 1 + ( NFFT /2-NF2 ) + 1 
END  IF  
END  IF  
C 
C BEGIN COMPUTATIONS : 
C Real Par t : Get i ni t i al approximat i on of a ( n )  by maki ng Y=O , do I FFT 
C an d then copy f i rs t  N val ues fr om X t o  VEC and op t imi se . Copy r esul t 
C into  TEMP R  as tempor ar y  s tor age . LOOP i s  used i n  the modul es RES I D  
C and LSQ associ ated  to control the dat a sel e cted . 
C 
C 
IF ( JTYPE . EQ . O . OR . JT YP E . EQ . 2 )  THEN 
WR ITE( 6 , ' ( X , A 1 1 ) ' ) ' Real  Par t : '  
DO I = 1  , NFFT 
Y ( I ) =O . O  
E ND DO 
CALL FFT842 ( 1 , NFFT , X , Y )  
IF ( O DD ) THEN ! st ar t i ng es t i mat e 
J=-N 
DO I =- 1 , N  
VEC ( J ) •X ( I )  
J=- J- 1  
END  DO 
E LSE 
DO I =- 1 , N  
VEC ( I )  •X ( I )  
END DO 
END IF 
WR ITE ( 6 , ' ( X , A1 1 ) ' ) ' F i rs t  pas s '  
LOOP• l. 
CALL VA07 A( RES I D , LSQ , M , N , VEC , R , SS , A , D , EP S , IP RINT , MAXFN , MO DE ,  
+ TEMP R , TEMPQ , NFFT) 
C stopband pass 
C 
I F (OPTION. EQ. 1 )  THEN 
WR ITE ( 6 ,  '(X , Al 9 )  ') ' Stopband only pass' 
LOOP=2 
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CALL VA07A( RESID , LSQ ,MS , N , VEC , R , SS, A, D , EPS , IP RINT , MAXFN , MODE ,  
+ TEMP R , TEMPQ , NFFT) 
END IF 
C 
C result i n  VEC comes back i n  reverse order - i e  h ( O )  - VEC ( N) 
C 
DO I "'  1 , N 




C H ilbert filters or Quad Part of non-linear phase :  duplicate above 
C e xcept use quadrature data . 
C 
C 
I F ( JTYPE. GT . O ) THEN 
WRITE( 6 , '(X , A11) ') ' Quad Part: ' 
DO I= l  , NFFT 
X( I ) =O . O  
Y ( I )  =TEMP Q ( I ) 
END DO 
CALL FFT842 ( 1 , NFFT , X , Y )  
I F (ODD ) THEN ! starti ng esti mate 
J=N 
DO 1 = 1 , N 




DO 1 "' 1 , N  
VEC ( I ) =X ( I )  
END DO 
END IF 
WRITE ( 6 , '(X , A11 ) ') ' F irst pass' 
LOOP=3 
CALL VA07A( RESID , LSQ ,M , N , VEC , R , SS , A, D , EPS , IPRINT ,MAXFN , MODE ,  
+ TEMP R , TEMPQ , NFFT) 
C stopband pass for quad. part 
C 
IF (OPTION . EQ . 1 )  THEN 
WRITE ( 6 ,  '(X , A19 ) ') ' Stopband only pass' 
LOOP=4 
CALL VA07A( RESID , LSQ ,MS , N , VEC , R , SS , A , D , EPS , IPRINT , MAXFN , MODE , 
+ TEMP R , TEMPQ , NFFT) 
END IF 
DO 1 = 1  , N  




C now form  i mpulse response and leave result i n  work i ng X array wi th Y •O 
C 
DO I a 1 , NFFT 
X ( I )  .. Q .  0 
Y ( I ) =O . O  
END DO 
I F (  ODD ) THEN 
X ( 1 ) •TEMP R ( 1 ) 
I F ( JTYP E . EQ . 1 )  X ( 1 ) =0 . 0  
DO 1 .. 2 , N 
J 2 NFFT+2-I  
X ( I ) =TE MP R ( I ) /2 . 0 -TEMP Q ( I )  
X ( J ) =TEMPR ( I ) /2 . 0 +TEMPQ ( I )  
END DO 
E LSE 
DO 1 = 1  , N 
J= NFFT + 1 - I  
X ( I ) =TE MP R ( I ) -TEMP Q ( I )  






c--------------------------------- -------------------------- - - - - - - - - - - - - -
c S UBRO UT I NE RES ID  
C 1 1 -SEP - 1 986 
C User wri tten s ubrout i ne r e qu i red by VA0 7 A  
C 
C Call ed By : V AO 7 A 
C 
C Cal l s :  no thi ng 
c----------------- ----------------- - - - - - - -------------------- - - - - - - - - - - - - -
C 
S UBROUT I NE RES I D ( M , N , VEC , R , I FL , TE MP R , TEMP Q , NFFT )  
REAL  
REAL 
INTEGE R  
INTEGE R  
LOGICAL*1 
V EC ( N ) , R ( M ) ,  TEMP R ( NFFT ) , TEMP Q ( NFFT ) 
F REQ , SUM , F IN CR ,  WEI GHT( 5 1 2 )  
M ,  N ,  IFL 
LOOP , H2 IMP , F2 TYPE ,  NF 1 , NF2 ,  NF3 , NF4 
ODD  
C /USERA / shared wi th modul es CUTHBE RT and LSQ  
C / USE RS/ share d w i th  mod ul e CUTHBE RT 
C 
C 
COMMON /USERA / DR ( 5 1 2 , 30 0 )  
COMMON /US ERS / F IN CR , LOOP , WE I GHT , ODD , H2 IMP , F2 TYPE ,  
+ NF1 , NF2 , NF3 , NF4 
C load DR wi th dr ( k ) / dx ( i ) ,  f or k =  0 ,  . . .  , M and i =  0 ,  . . .  , N  
C at the same t ime as cal c ul ate  r ( i ) . Th i s  i s  used l ater  i n  LSQ 
C 
FRAC= FLOAT( H2 IMP - 1 ) /2 . 0  
SUBLOOP=2 
IF ( LOOP � EQ . 1 . 0R . LOOP . EQ . 3 ) THE N 
NA 2 1 
NB,.NF1  
IF ( F2 TYPE . EQ . 1 )  SUBLOOP=SUBLOOP+ 1  
E LSE 
NA= NF2 ! defaul t l ow pass  s t opban d 
NB 2 NFFT /2 
IF ( F2T YP E . EQ . 1 )  THEN 
NA= l ! l ower s topband  for bandpass  
NB•NF l  
END IF  
END  IF  
L• l  
AMULT=2 . 0  
I F (OD D )  AMULTm l . O  
DO J= 1  , SUB LOOP 
DO I = NA , NB ! I  i s  frequency i ncrement 
SUMmO . O  
FRE Q= FINCR * FLOAT ( I - 1 ) 
DO K=O , N- 1  
IF ( LOOP . LE . 2 ) THEN 
COE FF=AMULT* COS ( FREQ* ( FL OAT ( K ) - F RA C ) )  
E LSE I F ( LOOP . GE .  3 )  THEN 
COE FF= -2 . 0 *S IN ( FREQ* ( FLOAT ( K ) -F RA C ) )  
END  IF  
SUM= SUM+ VEC ( K + 1  ) *COEFF  
DR ( L , K+ l ) =COE F F* WE IGHT( I )  
END DO 
I F ( LOOP . LE . 2 ) THEN 
Z =TEMP R (  I )  
R ( L ) = ( SUM-Z ) *WE I GHT ( I )  
E LSE I F ( LOOP . GE . 3 )  THE N 
Z =TE MP Q (  I )  
R ( L ) = ( SUM-Z ) *WE IGHT ( I )  
END I F  
L= L+ 1 
END DO 
C 
C set next i nter va l  for next subl oop i f  requ i red  
C 
NB=NFFT /2 
I F ( J . EQ . 1 )  THEN 
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NA= NF2 ! defaul t s topband  of l owpass  
IF (  F2TYP E .  EQ . 1 )  THEN 
I F ( LOOP . EQ . 1 . 0R . LOOP . EQ . 3 ) THEN 
NB=NF3 ! pass  ban d for band pas s 




ELS E  IF ( J . GE . 2 ) THEN  
NA=NF4 
END I F  
END  DO 
RETURN 
END 
! upper s topband for bandpass  
! onl y has mean i ng f or band pass  
! on LOOP  1 , 3  
c-- --- ------------ - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ------- - - - - - - - - - -
c SUBRO UT INE LSQ 
C 1 1 -SEP- 1 986 
C User wri tt en s ubrout i ne requi red by VA0 7 A  to set up the coef f i c i ents  
C of  the leas t  s quares normal e qua t i o ns . 
C 
C Cal l ed By : VA0 7 A  
C 
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C Cal l s :  FM02 AS ( Harwel l L i br ar y  Su brout i ne )  
c-------------------------------------------------- ------------------- ---
C 
S UB ROUT INE LSQ ( M , N , VEC , R , A , V ) 
I NTEGER M ,  N 
REAL*4 VEC ( N ) , R( M ) , A ( N , N ) , V( N )  
REAL *8 FM02AS 
COMMON /US E RA /  DR ( 5 1 2 , 300 ) 
DO I =- 1  , N 
V ( I ) = FMO 2 AS ( M , DR  ( 1 , I )  , 1 , R ( 1 ) , 1 ) 
DO J= l , I  
A ( I ,  J )  = FMO 2 AS ( M , D R  ( 1 , I )  , 1 , D R  ( 1 , J )  , 1 ) 
END DO 




c----------------------------------------- ------------------ - - - - - - - - - - - - -
c MJD ULE NAME : S UBRO UT INE ALGAZI 
C 
C DATE : 
C 
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R . D . C . STEP HE N  
DEPT .  OF ELECTRICA L  AND ELECTRON IC ENGINE E RI N G  
UN IVE RS IT Y  O F  CA NTE RBURY  
CHRISTCHURCH 
C NEW ZEALAND 
C 
C LANGUAGE : VAX FORT RAN ,  Ver s i on 4 . 3  
C ( not e : VAX FO RT RAN i s  a su perset of FORT RAN -77 ) 
C 
C DESCRI PTION : 
C 





"On  the Fre quency  wei ght e d  Leas t -Squar e Desi gn of F i ni t e  D ur at i on 
F i l ters" . ,  IEEE  Trans Vol CAS -22 No 1 2  December 1 975  pp 94 3 -95 4 . 
The rout ine  impl ements e quati on 3 5  of the abo ve paper . 
C -- > As yet , th i s  rout i ne CANNOT handl e H i l bert f i l t ers . < ------
C 
C The rout i ne i s  setup to  use the FFT al gori thm FFT842  from 
C the pac ka ge FAS T .  FOR i n  the su i t e  of pro gram s  from " Progr am s  f or 
C D i gi tal S i gn al Proces s i ng" , IEEE  Pres s . 
C 
C On  entry , the rout i ne expects the i deal frequency s pec i f i ca t i o n  
C i n  the X ,  Y arrays ; the des ired  impulse  r es ponse l ength i n  HI MP  and  
C the wei ght in  WE I GHT . 
C At  the s tar t , the r out i ne uses the frequency s pe c i f i cat i on t o  
C set u p  the bandl i mi t i n g  indi ci es K 1  and K 2 .  Then , i f  HI MP i s  e ven , t he 
C frequency s pec  i s  offset before  com pu t i ng the model impul se res po ns e .  
C Then the model impul se  r es ponse  i s  comput e d  and hel d i n  TEMP . T he 
C routi ne i terates for I T E R  
C i ter at ions . 
C 
C On exi t ,  the rout i ne l eaves the f i nal impul se response i n  X 
C wi th Y=O 
C 
C USAGE : 
C CA LL ALGAZ I ( X , Y , TEMP , NFFT , HI MP , WE I GHT , ITER , FT YP E , SAFRE Q )  
C 














R EAL*4 ; FFT data  arrays of d i mens i on NFFT 
REAL*4 ; tem por ar y s tor age ; d i mens i o n  NFFT 
INT*4 ; d imen s i on of ar rays 
INT*4 ; des i red l ength of impul se res pons e 
C WE IGHT : R EAL* 4 ; wei ght paramet er requ i red  ( " A "  of equat ion  
C 3 5  of paper ) 
C 











INT *4 ; type of f i l ter : O - l owpass 
- band pass 
2 .. hi ghpass  
REAL*4 ; the cur ren t sampl i ng frequency . Thi s is  onl y 
re quired by the mod ul e EV EN 





C NOTES : 
C The da ta format assumed by the al gor i thm i gnores the l i near 
C phase t erm by  expe c ti ng the +ve fre quency ( time ) components 
C in the l ower hal f  of the arrays and the -ve frequency ( t i me )  
C components i n  the upper hal f .  
C The user wi l l  therefor e  have to man i pu l at e  ( swap ) the da ta 
C pos i t ions befor e wri t i ng out the impul se  r es ponse . 
C 
C The rout i ne wri tes the i t erat i on number to  defaul t sys t em 
C out p ut ( UN I T  6 ) . Th is  i s  the users terminal on a VAX  
C 
C The f i l ter frequency s pe c i f i cat ion may be l i near or 
C non-l inear phase . 
C 
C * * *  no TABS have been used i n  th i s  code * * *  
C 
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S UBRO UT I NE ALGAZ I ( X , Y , TEMP , NFFT , HIMP , WEI GHT , ITE R , FT YP E , SA F REQ ) 
INTE GE R* 4  
INTEGE R *4 
REAL*4 
LOGI CAL* l  
EV= . FALS E .  
NFFT , HIMP , ITE R ,  FT YP E 
J ,  K ,  K l , K 2 ,  M 
X ( NFFT ) , Y ( NFFT ) , TEMP ( NFFT ) , WE I GHT , SAFRE Q ,  Z 
EV 
IF ( MO D ( HI MP , 2 ) . EQ . O )  EV= . TRUE . 
I F ( E V )  CALL EVEN ( X , Y , NFFT , SAF REQ ) 
C get i nd i ci es for bandl imi t i ng templ ate .  Assumes pas s band on  i nput 
C i s  only  region  wi th magn i tude > 0 on entry . Loo k f or magn i tude  s o  
C that non- l i near phase can b e  handl ed . 
C 
I F ( K 3 . EQ . 0 )  THEN 
K l  • 1  
K2=NFFT /2 
Z =O . O  
IF ( FTYP E . NE . 2 ) THEN 
DO WH ILE( Z . EQ . 0 . 0 )  
K2=K2- 1 
Z=SQRT ( X ( K 2 ) **2 + Y ( K 2 ) * *2 ) 
END 00 
END I F  
K2•K2 + 1  
Z =O . O  
C 
IF(FT YP E . N E . O )  THE N  
DO WHILE ( Z . EQ . 0.0 ) 
K 1  =K1 +1 
Z=SQRT ( X (K1) **2 +Y (K1) **2) 
END DO 
END IF  
K1 2 K1-1 
C now store model of ideal impulse response . Then zero Y and 
C duration li m i t  to HIMP as starti ng approx imati on 
C 
C 
CALL FFT842 (1  , NFFT , X , Y )  
DO I 21 ,  NFFT 
TEMP ( I) =X ( I) 
Y (I) 2 0 .  0 
END  DO 
J=HIMP /2 + 1  
K= NFFT+1-J  
I F( .NOT.E V) J= J+1 
DO I= J , K  
X (I )  =0 . 0 
END  DO 
END  IF 
C begin 
C 
Z= (WEIGHT-1) / WEIGHT 
DO M= 1  , NITE R 
WRITE ( 6 ,  ' ( A2 , I3 ) ' )  ' + ', M 
C 
C get current frequency response of current esti mate 
C 
CALL FFT842 (0 , NFFT , X , Y )  
C 
C bandlimit  current approximat ion 
C 
IF ( FTYP E . NE . 2) THEN 
K=NFFT-K2 +2 
DO I=K2 , K  
X (I) =O . O  
Y (I) =O . O  
END  DO 
END IF 
IF ( FTYP E . NE.O) THEN  
X ( 1) =0 . 0 
Y ( 1 )  =0 . 0 
DO I=2 , K1 
J = NFFT-I+2 
X ( I ) =O.O 
Y ( I ) =0 . 0 
X ( J) =O . O  
Y (J) =O.O 
END DO 
END I F  
C 
C now get T-domain of bandlimited approxi mat ion , wei ght it  and add 
c wei ghted sum of ideal over HIMP range 
C 
2 30 
CALL FFT8 4 2( 1 , NFFT , X , Y )  
K= HI MP /2 
DO 1 • 1  , K  
J•NFFT + 1- I  
X ( I ) uX ( I ) *Z+TEMP ( I ) /WE IGHT 
X ( J ) uX ( J ) *Z +TEMP ( J ) /WEIGHT 
END DO 
I F ( . NOT . EV )  X ( K + 1  ) •X ( K + 1 ) +TEMP ( K+ 1  ) / WEIGHT 
C 




IF (  . NOT . EV ) J= J+1  
DO I = J , K  
X ( I ) 2 0 . 0  
END DO 
DO 1 = 1 ,  NFFT 
Y ( I ) =O 
END DO 
C 





2 3 1 
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c- - ------ --------- ------------------------ - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
c �DULE NAME: SUBROUTINE EVEN 
C 
C DATE: SEPTEMBER 1 986 
C 
C A UTHOR: R . D . C . STEPHEN 
C DEPT .  OF ELECTRICAL AND ELECTRONIC ENGINEERING 
C UNIVERSITY OF CANTERBUR Y 
C CHRISTCHUR CH 
C NEW ZEALAND 
C 
C LANGUAGE: VAX FORT RAN ,  Version 4 . 3  
C ( note: VAX FORT RAN is a s u pers et of FORT RAN -77 ) 
C 
C DESCRIPTION: 
C This subroutin e offsets the f requen cy domain data by exp ( j wT /2 )  
C s o  that after an in verse FFT , the im pul se  r es ponse  is made u p  o f  an 
C even num ber of points - ie the h ( O )  position does not exist . 
C The routin e is designed to cope with linear or non-linear phase 
C filters , so the com pu tations are done on each fre quen cy point i 
C wit hout as suming an y s ymmetry pro perties at al l .  
C This code is design ed to go with , and is required by the m odul es 
C C UTHBERT , DOLPHCHEB , ITERATIVE AND KAISER .  Thus , t he cod e  is bas ed  
C on the  FFT842  code from the suite of program s from " Program s for  
C Digital Signal Pro ces sing" , IEEE Pres s , an d assum es the same data 
C format in the arrays as the m odul es that cal l  this one . 
C 
C Since the fre quen cy res ponse H (w )  is com pl ex , then the n ew 
C val ues in the X an d Y arrays are: 
C 
C H ( w ) e xp ( j wT /2 )  = Hr* cos (wT /2 )  - Hi * sin (w ( T /2 )  
C + j [ Hi * cos (wT / 2 )  + H r  * sin (wT / 2 ) ] 
C 
C Hr  real part of H (w )  
C Hi = imag part of H (w )  
C 
C This com putation explicitl y exc l udes the DC term ( F=O ) since 
C cos ( O ) = 1 . 0 an d sin ( O )  = 0 s o  X (w=O ) , Y (w=O ) are un changed .  
C 
C USAGE: 
C CALL EVEN ( X , Y , NFFT , SAFREQ ) 
C 








X , Y  REAL*4 ; FFT arrays containing the fre quen cy domain data . 
NFFT INT*4 ; dim en sion of the arrays . 
SAFREQ REAL*4 ; the current sam pling frequency 
C SUB ROUTINES REFEREN CED :  none 
c-- - - - - - - -- ---- --- -------------- - - - - - - - - - - - - - - - - - ------------ - - - - - - - ----
C 
SUBROUTINE EVE N ( X , Y , NFFT , SAFREQ ) 
PA RAMETER P i z3. 1 4 1 592 6 




X(NFFT) , Y (NFFT) , OMEGA, SAFREQ 
TEMP , FRAC 
FRAC=2.0 *P I*SAFREQ/FLOAT(NFFT) 
K=-NFFT+2 
DO I =-2 , NFFT /2 
OMEGA• FRAC* FLOAT( I -1) / (2.0 *SAFREQ) 
TEMP•Y ( I) *COS(OMEGA) +X ( I) *SIN (OMEGA) 
X ( I) ,.X ( I) *COS(OMEGA) -Y ( I) *SIN (OMEGA) 
Y ( I) ,.TEMP 
TEMP�Y (K-I) *COS (-OMEGA) +X(K- I) *S IN (-OMEGA) 
X (K-I) ,.X (K-I) *COS (-OMEGA) -Y (K-I) *SIN ( -OMEGA) 
Y (K-I) =TEMP 
END DO 
K=NFFT /2 +1 
OMEGA=FRAC* FLOAT( NFFT /2) / (2.0 *SAFREQ) 
TEMP=Y (K) *COS (OMEGA) +X (K) *SIN (OMEGA) 
X (K) =X(K) *COS (OMEGA) -Y (K) *SIN (OMEGA) 
Y (K) =TEMP 
RETURN 
END 
2 3 3  
APPENDIX 7 
The VAX  FORTRAN subrout ines UNWRAP and WRAP  used t o  i mpl ement the 
phas e unwrapp ing and phase wrapp ing pr ocedur es shown in  F i g .  6 . 1 1 .  
2 3 4  
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c------------------- --------- ----------------------- ------ ------------- - -
c r-K:lDULE NAME : SUBROUTINE UNWRAP 
C 
C DATE : NOVEMBER 1 98 6 
C 






DEPT .  OF ELECTRICAL AND ELECTRONIC ENGINEERIN G  
UNIVERSITY OF CANTERBUR Y  
CHRISTCHURCH 
NEW ZEALAND 
C LANGU AGE :  VAX FORTRAN , Vers ion 4.4 
C 
C DESCRIPTION : 
C 
C Per forms the phase unwrapping procedure of F ig .  6.11 (a) . The 
C routine i s  set up for divi sion by 2 ,  so the JSIZE=ISIZE /2. 
C The code uses the bas i c  methodology for i mpl ementi ng the 
C convol uti on relation described i n  Fig . 5 . 3  and which was desi gned 
C to el i mi nate the (usual) n f i lter /2 delay between the input and 
C output. Thus the f irst and l ast  NFILTER /2 sampl es of OU TPUT 
C must be di scarded. 
C 
C USAGE : CALL UNWRAP ( NFILTER , FILTCOEFF , ISIZE , JSIZE , INPUT , OUTPUT) 
C 
C PARAMETERS : 
C 
C NFILTER : INT *4 ; length of f i l ter impulse response 
C 


















INT*4 ; no of sampl es i n  i nput data 
INT *4 ; no of samples i n  output array 
REAL*4 ; array of di mension ISIZE with i nput data 
to the f i l ter . 
REAL*4 ;  array of dimens i on JSIZE wi th eventua l output 
data 
C SUBROUTINES REFERENCED: none 
c-------------- ------ ---- - --- - - - - - - - - - - - - - ----------- - - - - - - - - - -- - - - - - - - - -
C 
C 
s UBROUT INE UNWRAP( NF IL TE R ,  F ILTCOEF F ,  IS IZE, JS IZ E ,  INPU T ,  OUTPUT) 
INTEGER NFILTER , ISIZE , JS IZE 
INTEGER I ,  IJ ,  J ,  K ,  L ,  M ,  N 
REAL FILTCOEFF(NFILTER ) ,  INPUT ( ISIZE) , OUTPUT ( JSIZE) , 
+ SAMPLE , SUM 
L=NFILTER /2 ! start wi th the hal f  the wi ndow into the data. 
IF (MOD(NFILTER , 2 ) . GT .  0 )  L2 L+1 ! i f filter has odd length 





DO WH ILE ( I.LE.JS I Z E )  
SU M20, 0 
! cont i nue for whole out put array length 
C convoluti on loop: do i t  every 2nd input sample 
IF (M. EQ .  1 )  THEN 
C 
DO K20 ,  N 
I J•L- K 
SAMPLE=O.O 
IF ( IJ.G E.1 .AND. IJ.LE. IS IZE )  SAMP LE= INPUT ( IJ ) 
END I F  
SUM=SUM+SAMPLE* FILTCOEFF ( J )  
J=- J + l  
IF ( J . GT.NFILTER ) J 2 l 
END DO 
OUTPUT ( I )  =SUM 
I = I + l  
! J  i s  modulo NFILTER 
! next out put sample poi nter 
C J  leaves the convolut i on loop wi th the val ue i t  started , hence 
C decrement causes a sh ift  ( of centre poi nt of the f ilter ) by one 
C sample to the right. 
C 
J=J-1  
I F( J.LE.O ) J=NFI LTER 
ELSE 
! shi f t  f i l ter i ndex poi nter 
! J  is modulo NFILTER 
C second pass through , j ust reset M 
M=O 
END I F  
M=M+ l  




! i ncremen t convolut ion loop index point er 
! i ncremen t i nput sample poin ter each time 
c------------- ------------- ---- ------------ ------ ------ ------- -----------
c MODULE NAME : SUBROUT I NE WRAP 
C DATE : NOVEMB ER 1986 
C 






C LANGUAGE : 
C 
C DESCR I PT ION : 
C 
R.D.C. STE PHE N 
DEPT. OF ELECTRICAL AND ELECTRON IC ENGINEERING  
UN IVERSITY OF CANTERBUR Y 
CHRISTCHURCH 
NEW ZEALAND 
VAX FORTRAN , Version 4.4 
C Performs the phase wrappi ng procedure of F ig. 6. l l (b ) . The 
C rout ine  is set up  for multiplication by 2 ,  so JS I Z E 22* IS IZE 
C The code uses the basic methodology for i mplement i ng the 
c convolution relat ion described in Fig. 5. 3 and whi ch was desi gned 
C to elimi nate the (usual ) nf ilter/2 delay bet ween the i nput and 
C out put. Thus the first and last NF ILTER /2 samples of OU TPUT 
C mus t be di scarded. 
C 
C USAGE : CALL WRAP ( NFILTER , FILTCOEFF , IS IZ E , JS IZE , IN PUT ,OUTPUT ) 
C 
C PARAMETERS : 
C 
C NFILTER: INT*4 ; length of f ilter i mpulse res ponse 
C 










I S I ZE : 
JS IZ E : 
I NPUT :  
INT*4 ; no of sampl es i n  i nput dat a  
INT*4 ; no o f  sampl es i n  out put  arr ay 
REAL*4 ; array of  d i mens i on I S IZ E  wi th i nput da t a  





OUTPUT : REAL*4 ; arr ay of d imens i on JS IZE  wi th eventua l  out put 
data 
C 
C SUB ROUTINES REFERENCE D :  none 




SUBROUT I NE WRAP( NF I LTE R , F I LTCOE F F , IS IZ E , JS IZ E , INPUT , OUTP UT ) 
INTEGE R NF ILT E R ,  IS IZ E ,  JS IZE  
INTEGE R  I ,  I J ,  J ,  K ,  L ,  M ,  N 
REAL FILTCOE FF( NF I LTE R ) , INP UT ( IS IZ E ) , OUTPUT ( JS IZ E ) , 
+ SAMP LE ,  SUM , P I2 
L = NF ILTE R/2 ! start wi th the ha l f  the wi ndow i nto  the da ta . 
I F ( MOD ( NF I LTE R , 2 )  . GT . O )  L= L + 1  ! i f f ilter  h as o d d  l ength 
1 =1 
J= 1  
N=NFILTER- 1 
DO WHI LE ( I . LE . JS IZ E )  ! cont i nue for l ength o f  out put arr ay 
C do twi ce for ever y one i nput sampl e 
C 
DO M= 1 , 2 
SUM=O . O  
C 
C co nvo l ut i on l oop 
C 
DO K=O , N 
IJ=L-K  
SAMP LE=O . O  
IF ( IJ . GE . 1 . AND . IJ . LE . IS IZ E )  SAMP LE = INP UT ( IJ )  
SUM=SUM+SAMPLE*FILTCOEFF ( J )  
J=J+ 1 
IF ( J . GT . NFI LTE R )  J = 1  
END  DO  
OUTPUT (  I )  =SUM 
I- I +  1 
IF ( M . EQ . 1 )  THE N 
J =J +  1 
IF ( J . GT . NF I LTER )  J = 1  
E N D  IF  
! sh i f t  f i l ter i nde x poi nt er 
! J  i s  modul o NF ILTER 
END DO 
L= L+ 1 
END  DO 
RETURN 
END 
! i ncr ement  inpu t po i nt er af ter every 2 l oops 
AD- 1 
ADDENDA 
1. Page 1 9, line 1 :  [Woodward ... ] 
An e xamin e r  r ecommended Woodward as  the r e f e r e nc e  for th e 
discussion on the uncertainty relation. 
However, while it is acknowledged that Woodward predates Ternes, 
Woodward ' s  quotation in Eqn 8, p1 1 9  is based on radar in relation to 
ambiguity (uncertainty) between range and velocity. 
In the context of this thesis, I think Woodward ' s  pres entation may 
lead to confusion. The reader  may also consider Papoulis [1 962a ], p63 
wh i ch is pres ented in terms much closer in context to the pres ent 
discussion. 
2. Page 1 00 ,  line 25: " ... it is physically impos sible ... " 
This statement is wrong. It is quite simple to construct a cas e  
where  both s (t) and § (t) a r e  zero simultaneously. eg 
s (t) = sin (x) - sin ( 2x) 
The Hilbert Transform of Equation (Add.1 ) is 
s (t) = -cos (x) + cos (2x) 
(Add. 1 ) 
(Add.2) 
Both equations (Add. 1 )  and (Add.2) are zero for x =2nn, n=0,1 , 2, ... 
The discussion in the thesis is badly phrased. THe example above 
is considered a special case and not r epr esentative of real speech. 
Anticipating the introductory comments in Chapter 5, it is known 
from the work of Gold [ 1 964 ], Golden [ 1 968 ] and Kang et al [1 983 ] ,  
r e lated to vocod e r s, that introducing a speech-like phas e (some 
randomness in the starting phase values) gives perceptually better  
synthesis ed speech. 
The corollary to this is that the traditional vocoder model of 
synthesised voiced speech 
s (t) syn I Aksin (kwt) k= 1 
Ak= 1 , ·  k= 1 ,  ... , n  
(Add.3) 
is poor and that voiced speech is mor e  accurately rep res ented as 
s ( t )  syn I Aksin (kwt+ ek ) k= 1  
(Add.4) 
AD-2 
where the ek are the phase values of the harmoni cs . 
Thus, a more accurate comment should be that for large n, and 
re cogni s i ng that the vocal tra c t  i s  i n  con s t a nt mot i o n, the 
probab ility that both equation (Add .4) and i ts H ilbert Transform are 
exactly zero simultaneously is very small, but fi ni te. Thus, for a 
real speech si gnal, the analyti c zeros { xk } are almost entirely 
complex . Occaisionally, a single analyti c zero w i ll approach the rea l  
ax i s  reflecti ng that both s ( t) and s (t) are nearly zero si multaneously . 
Fig . 5 .6 (c) i s  a good example . 
3 .  Page 12 1, line 33: "Th i s  value of peak factor . . . .  " 
Thi s statement i s  wrong . In  fact a square-wave of amplitude ± 1  has 
a peak factor of 2 .  However, a square wave is a spec ial case of a sum 
of odd order harmoni cs w ith a spec ial power spectrum ( w 0 , 1 /3 w 0 , 1 /5 w 0 
etc .) and therefore not representative of a speech signal. 
In th is  context, a paper by Schroeder that was mi ssed and has a 
d irect beari ng on thi s  i ssue is 
SCHROEDER, M . R ., (1970) Synthesis  of Low Peak-Factor Si gnals and 
B inary Sequences wi th Low Autocorrelation . IEE E  Trans . Inf . Theory 
Vol IT-16 January 1970 pp 85 -89 . 
4 .  Page 124, line 22 : "7 . The i rreduc i ble . . .  " 
I n  v i ew  of the erroneous statement i n  3 .  above, th is  paragraph 
should be deleted . 
5 .  Page 1 29, line 25 : "The i mportant poi nts of . . .  " 
Insert before thi s  line: 
Note that by definition from equation ( 5 .7 ), PF i s  a seg 
d i mensionless quanti ty . Thus the absc i ssa of F ig. 5. 9 ( c), (d) and F i gs 
5 . 10 - 5 . 12 are d i mensionless . 
